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TO THE NUMERICAL MODELING OF SOLUTION THE
CAUCHY PROBLEM TO DEGENERATE NONLINEAR
PARABOLIC EQUATION WITH VARIABLE DENSITY AND
ABSORPTION

Aripov M.M., Alanezi Meshal
mirsaidaripov@mail.ru; m.alalati@hotmail.com
National University of Uzbekistan named after M.Ulugbek,
4, University str., Tashkent 100174, Uzbekistan

In this paper, we study the properties of self-similar solutions of the Cauchy problem to
degenerate type double nonlinear parabolic equation with variable density and absorp-
tion. The property a FSP of solution of the Cauchy problem for a nonlinear parabolic
equation is established. Based on self-similar analysis of solution the condition of Fu-
jita type global solvability of the Cauchy problem for double nonlinear degenerate type
parabolic equation with variable density is proved. The estimates for weak solution
depending on grows of density, value of the numerical parameters is established. The
critical cases are studied.

Keywords: finite speed, perturbation, global solutions, estimate solution, critical case,
asymptotic behavior, numerical analysis.

Citation: Aripov M.M., Alanezi Meshal 2020. To the numerical modeling of solution
the Cauchy problem to degenerate nonlinear parabolic equation with variable density
and absorption. Problems of Computational and Applied Mathematics. 2(26): 5-11.

1 Introduction
Consider in Q = {(¢,z) : t > 0,2 € R"} the following Cauchy problem:

2" |uy = div(u™ | VuF P2 V) — ul (1)
u(0, ) = up(w), v € RN (2)

where n, m, k, p, ¢ are the numerical parameters, V(:) = grad,(-), are the function u =
= u(t,x) > 0 are the solution.

It is clear that the equation (1) is degenerate. Therefore, it does not have classical
solutions on the domain where u(t, ) = 0, Vu = 0. Therefore, in this case we consider a
weak solution from class 0 < u(t, x), div(u™ |Vu*P2Vu) € C(Q) and satisfying to the
equation (1) in distribution sense [1].

Equation (1) are often used to modeling various physical phenomena, such as the diffu-
sive process for biological species, the resistive diffusion phenomena in force-free magnetic
fields, curve shortening flow, spreading of infectious disease and so on (see [2-8] and ref-
erences therein).

The problem (1),(2) intensivly studied by many authors [1-9]. In the work [2] study
the properties of solutions to the following problem (1), (2) in one-dimension case:

p(x)ut = (um_1|ucc|>\_1ux)x - COUpa YIS R7 t> 07
U(.ﬁL‘,O) = u0($)7 S R7

where m > 1, A > 1, p > 0 and ¢y > 0 are constants, the nontrivial initial data ug(x)
is nonnegative continuous and compactly supported, while the variable function p(z) is
positive, bounded and smooth enough.



6 Aripov M.M., Alanezi Meshal

Qualitative properties of solutions of a doubly nonlinear reaction-diffusion, self-similar
profiles of solutions, global existence and blow-up solutions studied in [1-9, 12]. Asymp-
totic behavior of solutions of the nonlinear diffusion equation with absorption at a critical
exponent considered in the works [18-19]. In [10, 11], the Cauchy problem for the following
two equations with variable coefficients is studied:

0
pla) 5y = div(uw" ™! [Vu’*Vu) + p(z)u”

and
0
pla) 5 = dio(™ Va2 Vu) + o’z € RY, >0,

Where p > 1, m+p—3>0, 5>m+p—2, plx) = |z| ™" or p(z) = (1 + |z|)™". The
authors showed that under some conditions for the parameters and for the initial data,
any nontrivial solution of the Cauchy problem blows up in finite time. Moreover, the
authors established a sharp universal estimate of the solution near the blow-up point.
Definition. We will call a weak solution to the problem (1)-(2) in (0,7") with 0 < 7" < +
400 the function with property

0 < u, u™ | VuFP2Vu € C(Q)

and satisfying to the equation (1) in distributed sense

T
/ / (|$\"u%—f T AV Tl VAV VAT qu) dxdt =0

0 RN
for any ¢ € C5°(RY x (0,T)).

2 The self-similar equation

Firstly, we transform equation (1) to the following form

N, IR L L

i, =1t N@ (rN Lym—1 5 a0 —ut (3)
Here r = |x|, N— dimension of space.
Consider following self-similar solution

u(t,r) =u(t)f(€) (4)
where u(t) = (T'+1t)™*, £E=r(T+t)"7, T >0.
After substituting (4) to (1) it easy to check that
b
a=— , n(m+k(p—2)—q) —plg—1) >0

n(m+k(p—2)—q)—plg—1)
m+k(p—2)—q

n(m+k(p—2)—q —plg—1)

The function f(&) satisfy to the following self-similar equation:

”)/:

|dr*

Lig) =N 2

€& <§N_1f

P df war df
d£>+§“§+a§f f1=0 (5)
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In the following, we will consider nontrivial, nonnegative solutions of equation (5) satis-
fying the following conditions:

F(0)=M, MeR* 6
f(d)=0, 0 <d< oc. (6)

We look for the solution (5) the WKB solution in the Hardy form [17]:
f(&) = 2(#(8))- (7)

The function z(¢(€)) is solution of the equation,

-2
A |d s e N
dg dp| de) dp
Where the function ¢(§) to be choose. Then after substituting (7) to (5) and choosing
©(€) as solution of the equation ()P = —v&" gy, ie. (gp)?! = =", we have
1 p—1 _pin m+k(p—2)—gq
p(§) = co+ (—=7)71 £rt,y = :
S =t 0 (it k(p—2) — @) — pla— 1)
Remark. Case n = —p we will call a critical case. In this case the function () is

solution of the equation (gy)? ™' = —7¢ P ie. ¢(§) = 1ng.
Since equation (8) have particular solution
(a— A_lgp)r”:i“?) , kp—2)+m—1>0, (n)y=mazx(0,n)
O il
1 ntp
exp(— %), ¢ =w(€) = T £rr

m—1+k(p—2)

here A = (
p+n
Therefore, the function

__p=1
) m—1+k(p—2) (kz_phD m

( p—1
(a — A*%%) e kE(p—2)+m—1>0, (n)y=maz(0,n)
+

—1

T = (s AR

1
eXP(—WSD), p=p() = o+ k2

p—1 e

\

3 Main results

3.1 The slow diffusion case (m+k(p—2) —1>0)

Using constructed above function f(¢) and the solution comparison method [1] we in
position to establish explicit estimates of the solution of estimate of the Cauchy problem

(1), (2).

Counsider the function

ws (D) F(R), T(€) = (a— A™'g) TR0 k(p—2) +m—1>0, p#—n

1 p—1 _pin m+k(p—2)—q
1, v = >0, (n)y =max(0,n
prnt T Rm k-2 =g —plg—D O e = merOn)
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where U(t) = (T'+t)™, &=r(T+t)”7, T >0, «, v are defined above numbers.
Theorem 1. Let u(t, ) weak solution of the problem (1), (2), m+k(p —2) —1>0

P N
> m+ k(p—2 > — . (N 0. n+#—p n+N>0
qg=m+k(p )+N+n Q>N+n p(N+n)>0, n#—p n+N >

up(r) < uy(0,2), =€ RY
Then for the solution of the problem (1), (2) in @ the estimate

U(t, .CC) < u+<t7 .CC)
And for the front the following estimate

p=1 iy p_]'
o > (@A) (T )
.
_ — m—1+k(p—2)
A (m 1—i—+]{3(p 2)) T+k(p—2 (k2—p|,y|)m
p n

m+k(p—2)—q
n(m+k(p—2)—q) —plg—1)

p?'é—”n’Y: >07

hold.

Proof. Proof of this Theorem based on principle of comparison [1]. For comparison
function we take the function u, (t,z) defined above. We note that according definition
the function has a property

1
uy(t,r) =0 when |z aA) by~ 1-D P T+t
+(t, @) o > (ad)riny p+n( )’

Now to prove Theorem 1 we need to calculate L(u+( )) and show that L(uy(t,z)) <O0.
Indeed we will show that L(f(¢)) < 0 in |¢] < (aA)P~D/F+n),
Calculating

L(F(§) = ) =€ 2 (€ ptp ) am

=&"2(a = (N +n)) — 27 = 2("(a = y(N +n)) = 27)

easy to see that

:v+n

Lif <0, ina — A1, i.e. [¢|
(N +n)(q— (m+k(p—2) —p
n(q — (m+k(p—2))) —p(l —q)
g=m+k(p—2)+

< (@aA)P=V/@Et) ifq — ~(N +n) <0,i.e.
>0

Y

N+n’

Applying the principle comparison we have u(t,z) < uy(t,x) in Q

The proof of the theorem 1 completed.

3.2 The critical case m +k(p—2)—1=0

Theorem 2. Let u(t, z) solution of the problem (1), (2), m+k(p—2) —1=0,

p
>14 -2 g, n+N>0
021+ n#op
up(r) < uy(0,z), v € RN,

Then for the solution of the problem (1), (2) in @ the estimate

u(t,z) <wuy(t,x) = (T + 1) “exp (—%é:ﬂf) L E=x|(T+1)7"
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hold.
This Theorem 2 consist the result Fujita (see [1]) on global solvability of the problem
(1), (2) for the case m +k(p—2)—1=0, k=1, p=2.

3.3 Double critical case

The case m + k(p —2) — 1 =0, n = —p we will call a double critical case.

Theorem 3. Let u(t, z) solution of the problem (1), (2), m+k(p—2)—1=0,n = —p,
p
> 1 ;N
1 * N+n -p
up(r) < up(0,z), € RN\ {0}.
Then for the solution of the problem (1), (2) in @ \ {0} the estimate
(p—1)

u(t,z) Sug(t,z) = (T + t)faexp(—mﬁp/(pfl))a & = lnfz|(T +1)~7

hold.

Prof of theorem 2,3. Theorem 2,3 proved using the same approach as proving of
Theorem 1. As functions for comparison is taken correspond functions wu; (¢, x), us(t, x).
After calculated L(ui(t,z)), L(u(t, z) will checked condition L(uy(t,z)) < 0,

L(uy(t,z)) <O.

4 Numerical analysis of solutions

For numerical solution it is important to choose an appropriate initial approximation that
preserves its nonlinearity properties. On the basis of the above qualitative studies, we
numerical calculations carried out. The numerical results show quick convergence of the
iterative process to the solution of the Cauchy problem (1)-(2), due to the successful choice
of the initial approximation. For numerical solution the generalization of the Samarskii-
Sobol scheme [15] for numerical calculation wave type temperature is used. Programs for
the numerical solution of nonlinear equation in divergence form developed in C#. For
solution problem it is enough to enter the value of the numerical parameters and an initial
approximation. At the end of the file automatically displays the calculated results in the
visualization form. In the same place by running animation can trace the evolution of the
process in time.

5 Conclusion

The property a finite speed of perturbation (FSP) and a space localization of the Cauchy
problem for a nonlinear parabolic equation is established. Based on self-similar analysis of
solution condition Fujita type global solvability of the Cauchy problem for double nonlin-
ear degenerate type parabolic equation with variable density, estimates of weak solution
and fronts (free boundary) is proved. Analysis of solutions and fronts shows that behavior
of solutions and free boundary essentially depends on value of an exponential grows of
density and an initial data. In all cases the property FSP solution have place. In critical
cases the behavior of boundary is chanced. Results of computational experiments shows
that the self-similar solutions are appropriate approximation for an initial approximation
leading quickly to solution of the Cauchy problem.
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In the paper we consider an extension problem of the Euler-Maclaurin quadrature for-
mula in the Hilbert space W2(3’2) by constructing an optimal quadrature formula. The
optimal quadrature formula is obtained by minimizing the error of the formula by coef-
ficients at valu(gs of the second derivative of a integrand. Using the discrete analogue of
i
formula are obtained. Furthermore, it is proved that the obtained quadrature formula is

the operator — 1 the explicit formulas for the coefficients of the optimal quadrature
exact for any function of the set F = span{1, z, e”,e~*}. Finally, the square of the norm
of the error functional for the constructed quadrature formula is calculated. It is shown
that the error of the obtained optimal quadrature formula is less than the error of the

classical Euler-Maclaurin quadrature formula on the space Lég).

Keywords: optimal quadrature formula, Hilbert space, the error functional, S.L. Sobolev’s
method, discrete argument function, the order of convergence.

Citation: Hayotov A.R., Rasulov R.G., Sayfullaeva N.B. 2020. Extension of the Euler-
Maclaurin quadrature formula in a Hilbert space. Problems of Computational and Ap-
plied Mathematics. 2(26): 12-23.

1 Introduction

It is known, that quadrature and cubature formulas can be used for approximate eval-
uation of definite integrals. In addition and even more important, quadrature formulas
provide a basic and important tool for the numerical solution of differential and integral
equations. The theory of cubature formulas consists mainly of three branches dealing
with exact formulas, formulas based on functional-analytic methods, and formulas based
on probabilistic methods [22,23]. In the functional-analytic methods the error between an
integral and corresponding cubature sum is considered as a linear functional on a Banach
space and it is estimated by the norm of the error functional in the conjugate Banach
space. The norm of the error functional depends on coefficients and nodes of the formula.
The problem of finding the minimum of the norm of the error functional by coefficients and
by nodes is called S.M.Nikol’skii problem, and the obtained formula is called the optimal
formula in the sense of Nikol’skii (see, for instance, [10]). Minimization of the norm of
the error functional by coefficients when the nodes are fixed is called Sard’s problem. And
the obtained formula is called the optimal formula in the sense of Sard. First this problem
was studied by A. Sard [12]. Solving these problems in different spaces of differentiable
functions various type of optimal formulas of numerical integration are obtained.

In the present work we consider a problem of construction of an optimal quadrature
formula with derivatives in the sense of Sard. There are several methods for constructing
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the optimal quadrature formulas in the sense of Sard such as the spline method, the p—
function method (see e.g. [3], [14]) and the Sobolev method. It should be noted that the
Sobolev method is based on using a discrete analogue of a linear differential operator (see
e.g. [21-23]). In different spaces based on these methods, the Sard problem was studied
by many authors, see, for example, [2-8,12, 14,16, 21-24] and references therein.

Among these formulas the Euler-Maclaurin type quadrature formulas are very im-
portant for numerical integration of differentiable functions and they are widely used in
applications. In different spaces the optimality of the Euler-Maclaurin type quadrature
and cubature formulas were studied, for instance, in works [4,8,9, 13, 18-20, 25].

The Euler-Maclaurin quadrature formulas can be viewed as well as an extension of the
trapezoidal rule by the inclusion of correction terms. It should be noted that in applica-
tions and in solution of practical problems numerical integration formulas are interesting
for functions with small smoothness.

The present paper is also devoted to extension of the trapezoidal rule and to construc-
tion of the optimal quadrature formulas in the sense of Sard.

Consider the following quadrature formula

N N N

[ otade= 3 cyl108) + Y- Cu Bl 08) + S Culle (1) 1)
0 p=0 B=0 B=0
where
00[0] = }—21,
Colf] = h, 5=1,2,..,N —1, (2)
CO[N] = %,
and
01[0] - %,
Cif] = 0, 8=1,2,..,N—1, (3)
Cl[N] = _%7

Cs [A] are unknown coefficients of the quadrature formula (1), h = N is a natural
number.

We suppose that integrands ¢ belong to W2(3’2), where by W2(3’2) is the class of all
functions ¢ defined on [0, 1] which posses an absolutely continuous second derivative and
whose third derivative is in Ly(0,1) (see [17]). The class W2(3’2) under the pseudo-inner

product

L
N

1
(0 )y = / (" (@) + ¢"(2)) (" (x) + ¢"(x))dx
0
is a Hilbert if we identify functions that differ by a linear combination of 1, x and e™*
(see, for example, [1,17]). The space W2(3’2) is equipped by the corresponding norm

1/2

lplly @2 = [ /0 1(g0’"(:1:) + " (2))%dx

The error of the formula (1) is the difference

1

(6.p) = / o@)dr — S (Golfl(hB) + LB (b)) + ClBl" (hB))  (4)

N
0 p=0
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and it defines a functional
N N
U(x) = e Z% Sz —hB)+ > Ci[B)o'(x — hB) = > Ca[B)o"(x — hB), (5)
B=0 B=0

which is called the error functional of the quadrature formula (1), where i () is the
indicator of the interval [0, 1] , ¢ is Dirac’s delta—function The value of the error functional

¢ at a function ¢ is calculated as (¢, ) f Uz x (see [22]) and / is a linear

functional in W2(3’2)* space, where W2(3 is the conjugate space to the space W2(3’2)
Since the error functional (5) is defined on the space W2(3’2) it is necessary to impose
the following conditions for the error functional ¢

(6,1):= 1= G[f] =0, (6)
5=0
<mw:§—2 JBRE) — 3 Cil] =0, (7)

(0,e %) = / e "dr — (JO [Ble™" — C1[Ble™™ + Cy[Ble™"P) = 0. (8)

The equations (6)-(8) show that the quadrature formula (1) is exact to the functions
1, x and e™®. One can see that the coefficients Cy[] and C4[f], defined by equalities
(2) and (3), satisfy equations (6) and (7). Therefore for unknown coefficients Cs[5], 5 =
=0,1,..., N, we have only equation (8).

The absolute value of the error (4) is estimated from above by the norm

i
Voo = sip AP
’ Plel, o 570 [Pl

of the error functional ¢ as follows

(6 o)l < Ml - 1y e--

Furthermore, one can see from (4) that the norm of the error functional (5) depends on
coefficients Cy[f].
Thus, in order to construct an optimal quadrature formula of the form (1) in the sense
of Sard we have to solve the following problem.
Problem 1. Find the minimum for the norm of the error functional (5) by coefficients
CQ [6], ie.
ngsm* = dnf [l (9)

The coefficients satisfying equality (9) are called optimal coefficients and are denoted
as é’g[ﬁ], 5=0,1,...,N.

For solving Problem 1, first, we find an expression for the norm of the error functional
(5) and next, we calculate it’s minimum by coefficients Cy[5], 8 = 0,1, ..., N.
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2 Coefficients of the optimal quadrature formula

2.1 The norm of the error functional ¢

To get a representation of the norm of the error functional (5) in the space W2(3’2)(O, 1)
we use the extremal function for this functional (5) which satisfies the following equality
(see [22,23]):

(€ 300) = [l - [loell o

From Theorem 2.1 of the work [17] for the extremal function 1), of the error functional ¢
in the space W2(3’2) we get the following formula

Ye(x) = —0(x) * G3(x) + Pi(x) + de™™, (10)

where .

sgnx (e —e ¥ x
= - — = 11
Galo) = B2 (5 - ). (1)

Pi(z) = p1z + po is a linear polynomial and d is a real number.
Furthermore, from the results of [17] we have ||€]|, ) .2+ = [[¢¢]];,c2 and
2 2

112 5 = (6, 0) (12)

Hence, taking into account equalities (5) and (10) we come to the following expression
for the norm of ¢:

2= (6 =— 3 5 CoBICHICH(hB — )

2y cz[mﬁ f Gale = hB)ds = &5 CobJGa(h = k) + 32 C1BIGA (A — 1) )
- & & CUBIGRIGHAE — ) +2 3 5 GlAICBlGA(HA — )

# 52 3 CUACIBIGa — 1) +2 - Gl | Golo — s

—2%001[5]()[(; 1 (z — hB)dx — g‘Ong z — y)dady,

where G3(x) is defined by (11),

S r __ -z S r __ -z
Gi(z) = g;lx (e 26 > and  Go(z) = g;lac (e 26 —x). (14)

Thus, we have calculated the norm of the error functional (5).

In the next section we find the minimum of the expression (13) by coefficients Cs[f],
f=0,1,..., N, under the condition (8).
2.2 The minimization of the norm (13)

Here we solve the problem of finding the minimum of (13) by coefficients C[3], 5 =
=0,1,..., N under the condition (8). For this we use the Lagrange method.
Consider the following function

T (Co[0], Co[1], ..., Co[N],d) = ||€||* + 2d(¢, e7®).
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Equating to zero the partial derivatives of the function ¥ by Cy[f], 8 =0,1,...,N and d
we get the following system of N 4 2 linear equations

N
> Ca]Gi(hB = hy) + de™" = F(hB), B=0,1,2,..,N, (15)
7;0
> Gahle™ =g, (16)
v=0
where
L N N
F(hp) = / Go(x — hB)dx — > Coly|Ga(hB — hy) + > Ci[y]Gh(hB — hy), (17)
v=0 v=0
’ N N
g = l—e!— Z Co[fy]e_}w + Z C, [’y]e‘hv. (18)
v=0 v=0

In this system Cs[5], 5 = 0,1,..., N and d are unknowns, that is, the above system
has N + 2 unknowns and N + 2 linear equations. This system has only solution for every
fixed natural NV and this solution gives the minimum to the norm (13).

Further, we find an exact solution of the system (15)-(16).

2.3 The solution of the system (15)-(16)

In this section we solve the system (15)-(16). Here we use the concept of discrete
argument functions (or functions of discrete argument) and operations on them following
by S.L.Sobolev [22,23].

Suppose ¢ and 1 are real-valued functions of real variable x and are defined in the
real line R. Let h be a small positive number.

A function ¢(hp) is called a discrete argument function if it is defined on some of

integer values of 8. The inner product of two discrete argument functions ¢(hf) and
(hp) is defined as the following number

o0

[o(hB), Y (hB)] = Y @(hp) - v(hB),

B=—00

if the series on the right hand side of the last equality converges absolutely.
The convolution of two discrete argument functions ¢(hg) and 1 (hf) is the following
inner product

o0

p(hB) = p(hB) = [p(hy), ¥(hB — hy)] = Y @(hy) - p(hB — hy)

y=—00

Moreover, we use the following discrete analogue of the differential operator % -1
constructed in the work [15].
The discrete analogue Dy (hf3) of the differential operator % —1 satisfying the equation

Dy (hB) x G1(hB) = da(hB)
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has the form
0, 18] =2,
1

Di(hB) = T —2e", 8] =1, (19)
2(L+e), B=0,

sgn ehB_e—h 1, = 0,
where G (hf3) = 50 ( = ﬂ) and 6,(hf3) _{ . 27& 0

Furthermore, D;(hf3) has the following properties
Di(hB3) * e =0 and D;(hB3) * e = 0. (20)

Now suppose that Cs[5]=0 when = —1,—2,... and = N +1, N +2,.... Then we
can rewrite the system (15)-(16) in the following convolution form

Co[B] * G1(hB — hy) +de™ = F(hB), B=0,1,..,N, (21)
N
Y Gohle™ =g (22)
v=0
where o . .
_ [ (hB-1 —hBy. € _ L
F(hB) = ((e +e ) 1 1) (1 5 + 15 oh 1), (23)
and 1 h h? h
6_
9= ¢ '(1_§+E_eh—1) (24)

which are obtained by calculating the right hand sides of (17) and (18), respectively.
We have the following main result of the work.

Theorem 1. The coefficients of the optimal quadrature formula in the form (1) in the
space W2(3’2)(0, 1) have the following forms:

. eh —1 h? h

Gl = Sl
Colf] = E(h—2+2)—h B=1,2..,N—-1 (25)

2 - eh + 1'6 ) — Ly )

. eh —1 h? h

CIN = o g

Proof. We denote the left hand side of (21) by
u(h3) = ColB] + G (hB) + de ™. (26)

Then we get

C2[B] = D (hB) x u(hp). (27)

Indeed, if the discrete argument function u(hfg) is defined at all integer values of 3, then
using (19) and (27), and taking (20) into account, we get

Di(hB) xu(hB) = Di(hB)* (Gy(hB) * C3[B]) + Di(hpB) * (d e ")
= Cy[f] * (D1(hB) * G1(hPB))
[8] * da(hB3)
18]

|
S
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Hence, in order to find Cs[f] the function u(hf) must be found at all integer values of /.
From (21) we get that

u(hp) = F(hpB) for 6=0,1,...,N, (28)

where F'(hf) is defined by (23).
Next we find u(hf) for § = —1,-2,...and =N +1,N + 2, ....
For the cases § = —1,—2, ..., from (26), using (22), we get

N
1 1
u(hp) = —Zehﬁg + e_hﬁz Z Cy[y]e™ + de P, (29)
v=0
Similarly, for the cases 5 =N 4+ 1, N + 2, ..., we have
1 -
uw(hp) = Z—lehﬁg - e’hﬂz—l Z Cyy]e™ + de P, (30)

v=0
N
Combining (28), (29) and (30), denoting D = 1 >~ Cs[y]e™, we get the following
=0

LMy 4 (d+ D)e ", B <
u(hf) =S F(hp), 0< BN, (31)
g+ (d—D)e " >

In the last equation d and D are unknowns. To find these unknowns we use the values of
u(hp) at points f = 0 and = N. Then we get the following system of equations

d+D—31g9 = F(0) for 3 =0,
d—D—%g = el (1) for g = N.

Solving this system we get
(32)

As a result, from (27) for § = 0,1,..., N, using (19) and (31) with (32), by direct
calculation we get (25). Theorem 1 is proved.

Thus, we have found the optimal coefficients CD’Q[B], 6 =0,1,2,..., N satisfying the
equality (9).

Remark 1. It is easy to check that the optimal quadrature formula of the form (1)
with coefficients (2), (3) and (25) is also exact for function e”. As a result we get that the
optimal quadrature formula (1) which has coefficients (2), (3) and (25) is exact for any
linear combinations of functions 1, z, e~ and e*. )

Further, in the next section we calculate the norm of the optimal error functional ¢.

3 The norm of the error functional ¢ of the optimal quadrature

formula (1)
In this section, we study the order of approximation of the optimal quadrature formula
(1) with coefficients (2), (3) and (25). That is we calculate the square of the norm of the
error functional (13) for the optimal quadrature formula.

The following holds.
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Theorem 2. In the space WS> (0,1) the square of the norm of the error functional (5)
of the optimal quadrature formula (1) with the coefficients (2), (3) and (25) has the form

1 1 | Bl o 21
i Y VX IS _z
1l = 735"~ +12 3T T S T T3 ) he 1
1
- p_ K+ O(h?) (33)

30240 362880

Proof. We rewrite the expression (13) as follows

12 = = 9 CalBI( & Cab )G (k3 = k) = F(15) + 3= Cal}F (1)
- 5 GIACKIGHAS ~ ) +2 2 32 G )G (3 — )
v ﬁf: f: CUBCIBIGa(hB — 1) +2 2= Colf] | Gale = hi)do
23 Cy[A) | Gile = o — [ [ Gl — )y

where G (z), Ga(z) and Gs(x) are defined by (14) and (11), F(hp) is defined by (23).
Hence, using (32) we get

HEHW@ o = Ay — Ao+ 2A3 + Ay + 245 — 246 — A, (34)
where
N N N
A= 52_3002[5] F(hp), Ay = 62_:0 Z_:()Co[ﬁ]co[ﬂGg(hﬂ —hv),
N N N N
Az = >0 . GolBICiGS(hB — hy), Aw= 32 30 GilBICi[Y]G2(hf — hy),
B=0~=0 3=0~=0
N 1 N 1
As = 37 GolB] [ Gs(z — hp) As = 3 Ci[B] [ Gi(z — hpB)dx,
512(1 0 B=0 0
A7 = [ [ Gs(x — y)dady
00

N N Ny
> GolBl =1, > ColBl(hB) =1, S ColBl(hB)? = hg +L

BZO 13:0 BZO

N . v 2
52)02[5]6_’1,3:%(1—% %_eh}_bl))y 52]02[5]€hﬂ:<6_1) (1_%4_%_%)'

(35)
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Taking (35) into account for A;, Ay, Az, Ay, As, Ag and A7 we get

e? —1 h  h? h 20" —1),h 1

A, = l— -4 — — 22 TPy o1
! % ( 5 T 12 eh—l) (eh+1 (12+h) ) ( s T T 1)
h2(eh + 1)2(62 —1) ht h? h(eh +1) 7
Ay, = Ly Mer)_
8e(eh — 1)2 180 9 2(eh—1) 40
h3 h3 h3. el — et 1 1 7
A - -1 - _—__4__3__h2
3 5 roT Gt amr —m T at Bt
h4 ) 4
A, = 1— -
4 2886< >+144’
h(e" +1)(e*—=1) h* 7 ., 47T
A5 = o= — =ht — —,
de(eh — 1) 720 72 40
h2 —1 7 2
Aﬁ = ﬂ<€—€ )—5]1,
11 A7
A = Ze— =11,
7 2°732° T 1o

Using the last equalities, from (34) we obtain (33). The Theorem 2 is proved

Remark 2. It should be noted that optimality of the classical Euler Maclaurln was
proved and the error of this quadrature formula was calculated in L Where L( is the
space of functions which are square integrable with m-th generahzed derlvatlve (see, for
instance, [4,13,18]). In particular, when m = 3 from Corollary 5.1 of the work [18] we
get optimality of the Euler-Maclaurin formula

[ otare = (30 + o) + 02 4 BN - 1)+ 2D )+ 10— (1)
(30

in the space ng)((), 1). Furthermore for the square of the norm of the error functional the
following is valid
h6
I ) = 575
Comparison of equalities (33) and (37) shows that the error of the optimal quadrature
formula of the form (1) on the space W2(3’2)(0, 1) is less than the error of the Euler-
Maclaurin quadrature formula (36) on the space LS’)(O, 1).

(37)

4 Conclusion

In the present paper we have constructed a new optimal quadrature formula Wlth deriva-
tives in the Hilbert space W2(3 , using the discrete analogue of the operator — 1. The
obtained quadrature formula is exact for any function of the set F = span{1, 1 33 et e}
Moreover, we have calculated the square of the norm of the error functional for the con-
structed optimal quadrature formula. We showed that the error of the obtained optimal
quadrature formula is less than the error of the classical Euler-Maclaurin quadrature
formula on the space ng)
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PACIIINPEHUE KBAJAPATYPHOII ®OPMYVY/JIBI
SMNJIEPA-MAKJIOPEHA B IIPOCTPAHCTBE I'1JILBEPTA

1.2 Xaémoe A.P., ' Pacynaos P.,TI., 3 Catipyanaesa H.B.
hayotov@mail.ru; r.rasulov1990@mail.ru
'Nucruryr maremarukn um. B.M.Pomanosckoro Akajgemun HayK Y36eKHCTaHa,
yir. M. ¥Yayroeka, 81, Tamkenr 100174, Y3bekucran
?HamnuonaabHEIl yHEBepcHTeT Y36eKkucTana nvmenn Mupso Yiayroeka,
ya. Yuusepcurerckas, 4, Tamkent 100174, Y3bekucran
3ByxapCKHﬁ rOCYJIapCTBEHHBI yHUBEPCUTET,
yi. M.Ukb6ona, 11, Byxapa, 200114, ¥z6exkucran

B crarbe paccmarpuBaercs 3ajiada pacuimpeHus KBaJpaTypHOU (hopmysibl Ditsepa-
MakjiopeHa B rujibOEPTOBOM IPOCTPAHCTBE VV2(3’2 IIyTeM IOCTPOEHUS ONTUMAJIHHOMN
KBaIpaTypHOit (popmysibl. OnTuMasibHast KBapaTypHast (GopMYyJIa MOy daeTcs IIyTeM M-
HUMU3AIUHI TOTPENTHOCTH (DOPMYJIBI C IIOMOIILI0 KOI(DDUIIMEHTOB IIPU 3HAUECHUSIX BTOPOIt
[IPOM3BO/IHOM IIOBIHTEIPAJIBHOIO BhIpakeHust. VCob3yst INCKPETHDBIN aHAJIOT OIlEPaTO-
pa % —1, nmostydenbl sBHbIE POPMYJIBI J1J1st KOIPDUITUEHTOB ONTUMAJIbHON KBaJIpATy PHOI
dopmysiel. Kpome Toro, mokazaHo, 9TO TOJyUeHHAs KBaJpaTypHas (hoOpMyJia sBIISETCS
TOUHOI Jy1st Jr060# yHkuu MHOXKecTBa F = span{l, z,e”, e~ *}. Hakonern, Bbraucien
KBaJIPAT HOPMbI (DYHKITNOHAJIA TIOTPEITHOCTH JIJTsl TOCTPOCHHOM KBaIPATYPHOI (DOPMYJILI.
[Toxazamo, 9TO MOTPENIHOCTD OJIYIEHHONW ONTUMAJILHON KBaIPATYPHONU (POPMYJIbI MEHb-
IITe TIOTPENTHOCTH KJIACCUIECKOW KBaIpaTypHOU dopMmyanl Jitnepa-Makaopera B po-

3)

crpancrse Ly .

KirodueBble cioBa: onTuMaabHAs KBaJApaTypHas HOpPMY/Ia, MTPOCTPAHCTBO THILOEPTa

) b
dyuknmronas norperinoctu, meto; CobosieBa, (pyHKINS JUCKPETHONO apryMeHTa, MOpsi-
JIOK CXOJIMOCTH.

HurupoBaume: Xaémos A.P., Pacyros P.I., Catipyanaesa H.B.Pacmupenne kBaapa-
TypHOit popmysisl Ditstepa-Makopena B npocrpancrse ['unsbepra // [Ipobiemst Bbrunc-
JIUTEJIbHON U npuk/IaaHoil Mmaremaruku. — 2020. — Ne2(26). — C. 12-23.
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KOOOPUITMEHTDHI OIITUMAJIBHBIX KBA/IPATYPHBIX
OOPMVIJI IJIAd ITPUBJIN2KEHHOI'O PEIHTEHN A OBILIEI'O
NMHTEI'PAJIBHOI'O YPABHEHU A ABEJIAL.

LITTaoumemos X. M., 2 Tarues B. C.
kholmatshadimetov@mail.ru; bahtiyorjon@inbox.ru
MucTuryr Mmaremaruxu nmena B.J.Pomanosckoro AH PY3;

2MeprafcKuil MOJTUTEXHUYHCKII HHCTHTYT.

B pabore naitiensr ontuMasibHble KOI(DMOUIIMEHTHI KBAIPATYPHBIX (DOPMYJI JIJIsT TPH-
OJIMKEHHOTO pellleHnst 000DIIEHHOTO YpaBHeHust ADeJist, KpoMe TOro, BEIYHC/IEHa KBaapar
HOPMBI (PYHKIIMOHAJIA IOTPENTHOCTH KBaIpaTypPHbIX (hopMys B nmpocrpancTse Cobosiesa.

Kurrouesbie ciaoBa: npocrpancTBo CobosieBa, sKcTpeMajbHast (PYHKIINsI, ONTHMAJIbHBIE
K03 PUIMeHThl, (PYyHKIIMOHAJ TOTPEITHOCTH.

Huruposanue: [ladumemos X. M., Jlasrues Bb. C. KoadduiimeHTh! ONTUMAIBHBIX KBa/I-
paTypHbIX MOPMYI s TPUOIMAKEHHOTO PEIIeHUsT OOIero MHTErPAJILHOIO yPaBHEHUS
AGessi. // TIpobGiieMbl BbIMUCUTEIbHON 1 npuKaHoil MaTemaTuku. — 2020. — Ne2(26).

— C.24-31.

1 Bseaenne
B pab6ore [1] s kBajgpaTypHbix dhopmys1 Buia

[,

¢ (OYHKIIMOHAJIOM TIOTPEITHOCTU

|I2

Z , 0<a<l, (1)

N
U(z) = epy(t — ) ZC d(z — hp), (2)
B=0

B npocrpancTse CoboseBa Lgm)((),t) (em. |2] [3]) maiizena sxcrpemasbaast YHKIH U C
€e IIOMOIIbIO BbIYUCJICHA KBa/JApaT HOPMbI d)yHKHI/IOHa.Ha IIOI'PEIIHOCTH

erns | = [ZZC Gin (1 — hf)
p=0p
230 [ (-2 Gl ~ 13
:8:0 0

t t
s [ [ 2= Gle — dudy]. 3)
0 0
MuHUMU3UPYS 3Ty HOPMY IIPH yCJIOBUN

(0, z%) =0, «=0,1,...., m— 1, (4)
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MOJIYIUM CJIEAYIONLYI0 CHCTEMY JJIsi HaXOXKJIeHWs KO3(DMUIMEHTOB ONTUMATbHBIX KBa/I-

0
parypubix dopmya C' [[]:

G (6% C 18]+ Puncs 18] = fu (8], 5=0.1,.., N, (5)
C1Bl=0 B0, (6)
S C BI(B)" = gk = 0,1,.om — 1. (7)
B=0
3nech .
G 8] = 5 o )

t

fon 18] = / (t — )" Gl — hB)da

0

A N (hB)*™ F(a — D)otk (o — D)t — hB)* I

_kzzo(_)Z(Zm—l—k)!(oz—i—k)! (a+2m —1)! ’ (9)
/ a1 k (a — 1)klgat®
gk:/(t—x) q:d:c:w. (10)

0

B paGore [4] paspaboran amropurm perenus cucreMmbl Tuna (5),(6),(7). Dror amro-
puT™ peasmsyeM B ciaydae m = 1. [{jist Beraucsienus: unrerpasos B dopmyiie (1) upemia-
rajuch passindabie Merosl (em. [5] (6] [7]).

2 OcHoOBHBIE pPe3yJabTAaThI

OCHOBHBIMHU pe3yJIbTATAMU HACTOAIIEH PabOThI SIBJISIETCS CJIEJLYIOIIIE TEOPEMBI.
Teopema 1. KosdbdurpeHThl ONTUMATBHBIX KBAIPATYPHBIX (DOPMYJI B IPOCTPAHCTBE
Lgm)((), t) ompeiesisiroTcst (POPMYJIAME

0 e ht ol adl
O[O]:E+m((t_h)+_t ),

0 h1 a+1 a+l a+l
C[ﬁ]Zm((t—h(ﬁJrl)) —2(t—hp)"" = (t=h(B-1)""),
B=1,2 ..N—1
0 h
M=oy

Teopema 2.Ksajapar HOpMBI (DyHKIIMOHAJIA MOIMPENTHOCTH ONTUMAIBHBIX KBAJPATyP-
HbIX hopmyst Buga (1) HaJ IPOCTPAHCTBOM Lgl)(O, t) BbIpazKaeTCs PaBEHCTBOM

N o) £20+1
Y C Bt —hp) -
B=0

(1) 2
[erzi 0.0 = a1

1
ala+1)
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3 JlokazaTeiabCcTBa TeopeM

JlokazaTebcTBO TeopeMbl 1.
B ciyuae m = 1 cucrema (5),(6),(7) umeer Buj

Gy (A% C I8+ A= f18), (11)
upu hf € [0,1],
C B =0 hp ¢ 0.1, (12)
S C=g (13)
B=0

1P N (t — hB)* o+l

— 14
fi16] 2 ala+1) 2c(a+ 1)’ (14)
tOé
= — 15
9= (15)
h = %, N =1,2,..., )\ HEeu3BeCTHBII HTAPAMETD.

O6osuauum wepes U [f] = Gy [B] * (2‘ 18] + A
U3 (11) cremyer, uro ma orpeske [0,t] muckpernas dbyukius U (3] = f[5]. Uz (14)
MMeeT MeCTO

t*h t — hB)> o+l
6+( B)

ulsl = 2a ala+1)  2a(a+1)

hi € 0,t]. (16)

Teneps onpenennm dyukuuto U [5] Bue orpeska [0,t], T.e. npu hf ¢ [0,t]. Ilycrs
h <0 wm =0,—1,-2,..., Torma

0 .0
UB=GilBl+C [l +A =3 Chl*GilB -] +A
Orcroga yunrsiBasg, uro Gy [5] = @ u (12), mosxyanm
N N
U =3¢ by = IS s - h) + A
v=0 v=0
hg N
= S C i+ D2 Bl + A
v=0 v=0
B cuny (13), (15) mmeem
Uls) =~ 4 g, a7)
e .
0 =53 C by +A (18)
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Touno takzke Borancanm U [B] mpu b3 > N | 1e. f=N,N+1,....

t“hs
UlB] = 5~ +ag, (19)
3716Ch
LN
=—3 S°C 8RB+ A (20)
5=0
U3 (18), (20) caemxyer, uto
- o+
\— ag +ag (21)
2
Buauaurs upu J € Z,U [] umeer Buj
— 502 + ag, B<O
— { Lhs (t-hB) ! ot _
U[ﬁ] - + %Ol-i-l) 2;(&4—1)’ 6_0717"'7]\[ (22)
t ﬁ +a 0 ’ B 2 N.

Tenepb omnpe/e M Heu3BecTHBIE Ko3DPUIUMEeHTh a, U ag . /s 3Toro noabsyemcs
HU3BECTHBIM OIIEPATOPOM

0, 6] =2
D[] ={ K7 6] =1 (23)
—2h2, B=0.
Useecrro, uto [8]
w0y 5]+ 2 =53, 24
. sl =4 F=0 25

orciona 1 w3 onpenesenna U [3] cieayer, wro
ClBl=D[f]*xU[8], B=01,2,..N. (26)

Opmuaxo u3 yenosmn C 8] = 0, hA ¢ [0,4] creayer, wro
Dy« U[8] =0, hB ¢ 0.1 (27)

Berauncisist ceeptky B (27), HOIyInM

DA U = S Dilf— AU = h 0[5 1] — U (8] 4 b0 (5 4 1]

y=-00

Orciona n u3 (27) upu = —1 u f = N+ 1 noayvaem cucreMy JIMHEHHBIX ypaBHEHNUIT
— o+
TSl HAXOK/ICHUS HEM3BECTHBIX KO3 UIMEHTOB a, ¥ a

U2 —2U [-1] + U[0] =0,
U[N]—2U [N + 1]+ U[N +2] = 0. (28)
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U3 (22) cremyer, aTo

t*h t*h tott o+t
Ul-2=—+4¢ay, Ul[-1]=—+0a;, U0 = ————,U[N] = m/——
[ ] a +a’0a [ ] 20{+a07 [] 20((@4—1)’ [ ] 2(0{—|—1)7
t+h t* t t
Torya u3 cucremsr (28) HaXOIUM
okl . okl
- _ N — 29
fio 2c0(a+ 1)’ %o 2a(a+ 1) (29)
Orcroma u u3 (21) umeem
A=0. (30)

Tenepb 1€pexXoUM K BBIYUCAEHUIO ONTUMAJBHBIX KOI(PMUIMEHTOB KBaIPaTypPHBIX
dbopmyn Buzma (1) B mpocTpamncTBe Lél) (0,t). Onrumasnbabie ko3 duimenTer pu hf €
[0,t] BbramCasieTCs caemyormeii hbopmyItoit

C 18 =hDi [B+U[B =h 3 Di[B—~]UNL], =012 N

y=—00
[Ipu f =0 u B = N K03pDUITHEHTHI BLITUCIACTCS OTIEIBHO.

Myers § = 0, Torna ¢ [0] = h [D[~1]U [~1] + D[0]U [0] + D [1] U [1]].

U3 (22) HenocpeICTBEHHO MOJIyIaeM

tah ta-i—]. ta+1
Ul-ll=—+—— Ul0)]= ————
=1] 20z+204(0z—|—1)7 0] 2a(a 4+ 1)’
t“h  (t—h)*T! gt
Ulll]=—+ ( )

20 ala+1)  2a(a+1)

3HaYuThH )
(= k)T —get?

o« ho(a + 1)

[Iycts § = N, Torma

0
C [N]=h[D[-1JU[N+ 1]+ D[0JU[N]+ D[1]U [N —1]].
Ananornano u3 (22) nosrydaem
tah ta+1 ta+1
Nyl="Ly Y UN=-—
UVINH =50 Y omry YWNM=snsy
ta+1 toh haJrl
N-1ll=—v——+ ———.
UIN =Y =505 " % T oD
0 N 0
Orciona nosyaaem, uro ' [N] = m [Tepexogum K Boraucseruto C' [f] npu [ =
—1,2,..N—1.

CB=h> DB=AUN=h[DUB+1]+DO]U[E+DNUB-1].

y=—00
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Taxk, kak

t*h3  (t —hp)**! ot

Ulsl = h 18] = 200 ala+1) B 2c(a+ 1)’
upu 5 =0,1,..., N, Torma
0 h~t a+1 a,+1 o+l
0[5]=m[(t—h(5+1)) —2t—hB)"" +(t—h(B-1)""],

upu f=1,2,.... N — 1.
Nrak, Teopema 1 mokazana MOJTHOCTBIO.
0
Bameuanue 1. Ourumasbubie koaddunuentsr C' [5] upu h — 0 crpeMuTcst K HyJIiO.
DToT (haKT cpalzy CJe/lyeT, eC/ii BRIYUC/IMM 3TOT IIpejiesi puMenss npasuiy Jlomuras,
TaK Kak

0 — atl . a+l B - a+1
lim € 5] = lim (t—h(B+1)) 2&;(;?1) +(t—h(8—1))
iy 28— RB)Y = (B (- h(B+ 1) = (B Dt k(B - 1)

h—0 o

= 28t% — (B+ 1)t* — (B — 1)t = 0.

0
Bameuanue 2. Onrumanbibie Kosbdurnmentsl C' [[] emé MoXKHO 3anucarb B APYToii

dopwme.
[Mycrs A? [B] = §[B+ 1] — 26 [8] + § [ — 1],Torma

0 h! 2 a+1
C 8]l = mA 18] * (t — )

Terepb mepexo M K JIOKA3aTE/ILCTBY T€OPEMBI 2.
HoxkazareabcTBo. 113 (3) npu m = 1 nmeem

sz = - [Z 3o g0 g7 L]
5=0 /=0
A S
23 [ (- d
>0

a—1 a—1 |$ — y|
—i—// (t—2)" (t—y) dedy : (31)

0 0
HeHOCpeﬂCTBeHHO BblHuCJIeHUEM MHTErpaJioB I11oJiydaeM, 4TO

t

ol =Bl t°hB  (t—hB)*" fa+l
/ (E=2) 2 do = %0 al@+1)  2a(a+1) (32)
0
[ a—1 a—1 |$ — y| B t?a—i—l

0 0
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B cuny (30) paBencrso (11) npuaumaer Buj

N

tahﬂ (t — hB)*" ot
Z BlIRS = hi| = * ala+1) 2a(a+1) (33)

upu f=0,1,..., N.
Yuaursias (32), (33), (34) Bolpakenus Jyig KBajpaTa HOPMBI (31) mepernuineM B Bujie

t2a+1

;O |81 A1 18] = ala+1)2a+1) -

:Zg (tahﬁ (t —(hﬂ)a e )_ ( 2o+t | (35)

ala+1) 20(a + 1) ala+1)(2a+1)

2
s -

Tak, kak Halla onTUMaJsbHasd KBaJpaTypHad (opMysia TOYHA JIJId KOHCTAHTHI, TO OHa
JIOJI7KHA OBITH TOYHON W OTHOYJIEHA T, T.€.

ta+1

28 [08) = oy (36)

HO 9TO PaBEHCTBO IIOJIy49a€TCd U HEIIOCPEACTBEHHBIM BbI9YMUCJICHUEM. TeHepb IIOJIb3Y4ACbh
dbopmymavu (13) u (36) mocse HEKOTOPBIX yrporieruit u3 (35) mosrydaem

D 9e] (Lt A

(1)
HK/LQ ala+1) ala+1)(2a+1)

Teopema 2 j10Ka3aHO MOJTHOCTBIO.
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B macrosmeit pabore MbI H3yUaeM JMHAMUIECKUE CHCTEMBI, 3aIaBaeMble KyOUIeCKIM
omepaTtopoM. [yt oiHOrO KyOMYecKOro HEBOJILTEPPOBCKOrO OMEpaTopa Ha JIBYMEPHOM
CUMILJIEKCE PACCMOTPEHO U HAIEHO BCE HEIOJBU2KHBbIE TOUYKU, U IOJTHOCTHIO U3YyUEHBI
OBEJICHIEe TPAeKTOPUH STOr0 oreparopa. V3BecTHO, UTO JUHAMUKA, JIMCKPETHON JTHHA-
MUYECKON CHUCTEMBI 3aBUCAT OT HAYAJBHBIX TOUYEK. KU MOyInM HAYAJIBHYIO TOUKY U3
pebpo, TO W3 WHBAPUAHTHOCTH pebOPO CTPEMUTCST K HEMOABMXKHON Toukm. OjHa u3 oc-
HOBHBIX 3aJ1a4 JJI JIAHHOW CHCTEMBI COCTOUT B U3YUEHUU SBOJIOIUU COCTOSHUS CUCTE-
MbI. OOBIYHO TIOTOMKU COCTOSIHUSI CUCTEMBI OIIPEJIESIOTCS HEKOTOPhIME 3aKoHaMu. Jljist
perennii 3a/1a1, BO3HUKAIONINX B MATEMATHIECKON T'€HETHKE HMCIIOJIb3yeTCsi KBaJIPpATH -
HBIE OIIEPATOPhI, TEOPUST KOTOPBIX B HACTOSIIEH BpeMst XOpoIio pa3suta. Jlano onucanue
MHOXKECTBA IIPeJIeJIbHBIX TOYEK TPAEKTOPHUH JIJIsi HEKOTOPBIX IOJKJIACCOB TAKUX Olepa-
TopoB. B macrosmieit pabore Mbl M3yvdaeM INHAMUYECKHE CHCTEMBI, 3a/laBaeMble KyOu-
9eCKUM OIepaTopoM. B pabore m3ydaercss TpaeKTOPHUs OJHOTO KyOHYIeCKOro OIepaTopa
HA JIBYMEPHON CHMILJIEKCE, KOTOPBIIl €CTECTBEHHBIM O0OPAa30M BO3HUKAET MPU U3YUYCHUH
HEKOTOPBIX 3a/1a4 OIYJISAIIMOHHON Ouosioruu. B ripocreiirieit 3a/1ade mMOMyJIsIiUOHHON re-
HETUKH PACCMATPUBAETCST OUOJIOTTIECKAsT CUCTeMa KOHEUHOTO MHOXKECTBA, COCTOSIIIAST U3
n pasHoBujHOCTEH 1,2,. .. n. Cuanraem, 9T0 pA3HOBUIHOCTH POIUTENEN i, J, k OTHO3ZHATHO
OIIPEIEJISAIOT BEPOSATHOCTD KaXKJI0W PA3HOBUIHOCTH | JIJII HENIOCPEICTBEHHOI'O TOTOMKA.

Kuarouesbie ciaoBa: Kybuteckuii onepaTop, ABYMEPHBIN CUMILJICKC, TEOPUs JUHAMUYIEC-

CKHX CHCTEeM, HEIIOJABU2KHasI TOYIKA.

Hutuposanue: Xampaes A. 0., Typcyrnosa A. X. IlonHoe onncanue moBeJeHUS TPAEK-
Topuii ojHOrO Kybmudeckoro omeparopa // IIpobsemMbl BBIYUCIUTETBHON U NPUKJIATHON
maremaruku. — 2020. — Ne2(26). — C. 32-38.

1 Bseaenne

B nacrosimmeit pabore MbI n3ydaeM JHHAMAIECKIE CHCTEMBI, 3a/IaBaeMble KyOMIeCKIM
orreparopoM. OJiHA W3 OCHOBHBIX 3aJa4 JJjIs JAHHON CHCTEMBI COCTOUT B U3YYEHUU BO-
JIIOIIUU COCTOSTHUST cucTeMbl. OOBIYHO TOTOMKHU COCTOSTHUSI CHCTEMBI OIIPEIEISTIOTCS HEKO-
TOPbIMHU 3aKOHaMMU. ,Z[.HH peHleHI/Iﬁ 3a/Ja9 BOSHUKaIOIIUX B MaTeMaTHU4YeCKOU I'eHeTUKe MC-
MOJB3YEeTCAd KBaJIPATUIHbBIC ONEPATOPbI, TCOPUA KOTOPBIX B HACTOAIIECH BpeMdA XOPOIIO
passuTa [1-3].

B pabore [4] mist osHOro BOJBTEPPOBCKOrO KyOUYIECKOrO OllepaTopa Ha JIByMEPHOM
CUMILJIEKCE HaiiJeHbl BCe HEIOJIBUKHBbIE TOUYKM. JIaHO OlMcaHne MHOXKECTBA IPEIeIbHBIX
TOYEK TPAEKTOPHH JIjIsI HEKOTOPBIX ITOJIK/IACCOB TaKUX OIIEPaTOPOB.

B myHKTe 2 HOJHOCTBIO H3ydaeTcs TPAeKTOPH OJHOr0 KyOHIeCKOoro oneparopa Ha S2,
KOTOprﬁ €CTECTBEHHBIM O6pa3OIVI BO3HUKACT IIPU U3YYIECHNUUN HEKOTOPDBIX 3a1a4 ITOITYJ 1A~
OHHOI OmoJtormu. MHOTOUYNCIEHHBIE 3a/1a9W OMOJIOTUN PEITalTCs MPUMEeHEeHNEeM TeOPUHN
Mepbl U TEOPHU JMHAMUYIECKUX CHCTeM [5]. DT JUHAMUYECKHE CUCTEMBI OIPEJIEISIIOTCA
uTepanuaMu HeJJMHEHHBIX orepaTopoB. lajanM ompejeeHne TakKux OIepaToOPOB:
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[Iycrs E ={1,2,...,n}.
Paccmorpum MmHOXKECTBO

ia— {m = (21, Ty .y ty) ER" 12, 20, > ;= 1} .
i=1

Muozxkectso S ! nasniBaeTcs n— 1 MepHBIM cuMILTIeKcoM. Kaxkplit a/ieMeHT sB/iseTcs
BEPOATHOCTHON Mepoil Ha [ 1 ero MOXKHO MHTEPIPETUPOBATDL KAK COCTOAHUE OMOJIOrHYe-
cKoii (busmaecKoit, CONUOIOrNYECKON U T. 11.) CHCTEMbI, COCTOSAIIEH U3 1 9JIEMEHTOB.

B mpocreiimeit 3a/1ave MOMYJISIIIMOHHON N€HETHKU PACCMATPUBAECTCA OMOJIOITUIECKAsT
cucrema F cocrosiinast u3 n pasnosuaocreil 1,2, ..., n [6-9]. Cunraem, 910 pa3sHOBUIHOCTH
poaureseit i, j, k OJHO3ZHATHO OIPEJIEIAI0T BEPOSITHOCTh KaxKJI0# pa3HOBUIHOCTH [ st
HEIOCPEICTBEHHOr0 MoToMKa. O003Ha4INM 3Ty BepOATHOCTD 4depes Py ;. Torma
Pijry = 0, 27:1 Pijr; = 1 u 3navenus P, He MeHsgeTca 11pu Jiro0oil epecTaHOBKe 1, j, K,
eC/Ii Pa3HOBUIHOCTH HE CBAHBLI C IIOJIOM.

CocrosiHue TIOMYJIAINE OIUCHIBAETCST HAGOPOM & = (1, T3, ..., L) BEPOSITHOCTH PA3HO-
suHocreit. CiaeoBaTensno, x € S™ 1L

[Ipu ciy4gaiinom ckpernuBanum

n
! _
ry= Y, Pjnxizire, 1=1,2,...,n (1)
ij k=1

OyJ/IeT MOJTHON BEPOSATHOCTHIO PA3HOBUIHOCTHU JIJIsI HEITOCPEICTBEHHBIX MTOTOMKOB.

[Tycts W : S"~1 — S"~! orobpaxkenue onpegensemoe pasencrsom (1). Oneparop
W mazoBem KyOmdecKuM orepaTopoM. Taxkum oOpa3om, ecjii B HEKOTOPOM IMOKOJIEHUN
MOITYJIATIASA HAXOAUTHCS B COCTOSTHUN T, TO B CJIEJIYIONIEM ITOKOJEHUU OHA HAXOINTHCA B
cocrosinnn ' = Wx.

2 06 onHOM KyO6U4yeckoM omeparope Ha S2.
PaccmoTpum Kybmaeckwmii oneparop W : S2 — S? ciemytomero Buja:

' =z (2* 4 3zy + 3z2)
W< v =y(y*+ 3xy + 3yz + 3x2) (2)
2

2 =z (2% + 3yz + 3zz + 3xy)

IIycts A\g = (o, Yo, 20) € S? HavambHOe pacupejenenne. TpaeKTOPUs TOYKH Ag
pu JieficTBIN orepaTopa (2) ompejessiercs cJaemyomum obpasoM: A, = W (A1), n =
—1,2....

OcHoBHasl 3a/7]a9a 3TOrO MyHKTa COCTOUT B U3ydeHHU Tpaektopun {\,}, T.e. onmcarsb
MHOYKECTBO PE/IeIbHBIX TOUEK HOCTIEI0BATENLHOCTH N, = W (™) (M) =W (W(”*l) (/\0))
s moboro g € S2.

3 IlocTrpoenme TpaeKTopuii OJHOTO KyOMYEeCKOTro oliepaTropa

3.1 HenoaBu>kHbIe TOYKH.

JI71s1 onmcaHust HEMTOJBUKHBIX TOYEK PACCMOTPUM cucremy ypasaeruit W (A) = .

a) 3amerum, uro M; (1,0,0), My (0,1,0), M3(0,0,1), T.e. Bepmunbl cumiiekca S>
SIBJISIETCST HEMTOJIBUKHBIMU TOYKAMU JiJIst (2).

6) Hycrs x =0, y > 0, z > 0, T0 U3 (2) HoMyIUM

1=y>+3yz
1 =22+ 3yz.
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DTa cucrteMa UMeeT €MHCTBEHHOE DeIleHne y = 2 = %, T.e. N (0, %, %) HETIO/IBUKHA

TOYKA.
c) Ilycrs zyz # 0. Torma u3 (2) umeem

r =z (2® + 3zy + 3x2)
y =1y (y*+ 3zy + 3yz + 3z2)
z =z (2% + 3yz + 32z + 3wy).

. Takum obpa3zom,

=

DTa cucreMa MMeET eIUHCTBEHHOE DEIIeHHe, T = 3,y = 2 =
C (3, %, 1) Tax:Ke HEIOJABUXKHAS TOUKA.
CiieloBaTeIbHO, MHOYKECTBO HEIIOJBIZKHBIX TOUEK oreparopa (2) ecTh

FZI’(W) = {Ml, M27 Mg, N, C} .

3.2 HuBapumaHTHBIE ITOIMHOXKECTBA.

OueBnHO, YTO Bee IpaHu cuMILIekca S? = M My Ms aBiaaioTcs nHBApUAHTHBIME H0/I-
MHOXKecTBaMu Jijist orteparopa (2). Kpome toro, meaunana M N siBiisieTcs: ToXKe WHBAPH-
AHTHBIM MHOYKECTBOM. JleficTBUTEIbHO, TO/ICTaBIIsAS, HAIIPUMED,Y = 2 B (2) HOIy9nM, 9TO
y' = 2/. PaccmoTpuM MHOXKeCTBA

S2Z={NeS*:y>ztuSt={NeS?:y<z}

Jlemma 1. MuoxectBa S2 u S% ABIAIOTCA WHBADHAHTHBIMHA IIOJMHOXKeCTBaMU S>
oTHOcuTENHHO W .
HokazarenscTBo. PaccMoTpum

v — 2 =y (y* +3zy + 3z + 3yz) — 2 (2% + 3wy + 3yz + 3x2) =
= (y—2) (v* + 2% + 32y + 3wz + 4yz) > 0.

CureoBarensno, iy > z'. AHAJIOIrMYHO, MOXKHO JI0Ka3aTh, 4TO U3 § < z ciaeayer y' < 2.
Jlemma oKaszaHa.

3.3 IlloBenenme TpaekTopuu Ha pebpax.

[Tycrs A € M7 M, (ocranbhbie pebpa uccieayorcs anasorndno). CyzkeHue oneparopa
(2) ma M My, umeer BuI:

{ v = x (2 + 3zy) 3)
Y =y +3zy)

YuureBas z +y = 1 uz (3) nonyunm f (r) =2’ = 2% (3 — 2x).
Bneco f saBiserca Bospacraromeii npu x € [0, 1].

[Tosryunm

Fiz(f) ={z €[0,1]: f(z) =z} ={0,1,1}.

Ucnonb3ys BeieymoMsHyThie cBoiicTBa QyHKImU f(7) I/I HpOBepKI/I \ f (a)|, npm
a € Fix(f) Moxno yBuaeTs, uto mocienosatensocts ™ = f(z™ V) n > 1, ana
AN [0, 1] umeem ciiejtytoriue mpeie bt

lim ™ = 0, 2%
n—00 a 17 ZL‘( ) S
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3.4 HOBe,JIeHI/Ie TpaeKTOPpUMA HAa MHBAPUAHTHBIM MeMaHe.

[Tycrs © # y = z. Cyxkenue oneparopa (2) wa My N, yaursiBasi,  + 2y = 1 umeer Bu/I
g (y) = y* (6 — 8y). 3uech g aBagerca Bozpacratommeit upu y € [0, 1/2]. Toxyuum

Fiz(g) ={y €[0,1/2] : g(y) =y} = {0, %, 3

Ucnosb3yst BeieynoMsaHyThIe cBojicTBa dynkuuu ¢(y) u nposepku |¢'(a)|| npu
a € Fiz(g) MoxHO yBUIETh, uT0 TIocaeoBarebiocts 2 = g(z™ V) n > 1, qua y© €
[0,1/2] mmeem ciretyrorue Ipe/iesibt

(0) 1
lim y(n) — { (1)7 Yy S [97 41)7
2 402

n—oo

3.5 IloBenenue TpaekTopumii Ha S2 U S2

Iyers A = (z,y,2) n ¢ (A) =y — .
Jlemma 2. Jlna jmoGoro majenbkoro € > 0 u A € (Si U Si) N{\e S?:z < ¢}
CIIPABEJJIUBO HEPABEHCTBO

e(W(X)) = p(A).

JlokazareabcTBO.
e(WN) =y — 2| = |y (y* + 3zy + 3z2 + 3y2) — 2z (22 + 3zy + 3yz + 322) |
= (N |y* + 2% + 3zy + 3z + dyz| = o(\)(v* + 2° + 3wy + 3zz + 4y2) = (@)
PM((y +2)" +32(y + 2) + 2y2) = (M) ((1 = 2)* + 32(1 — ) + 2y2) =

PN +2+2(yz —2%)) Z N1+ +2(yz — €2)) = (N)

JlemMma 3. I masnenbkoro € >0 n A € (Si U Si) N{\ € S?: x < ¢} cupaseUBO
PaBEHCTBO

lim ¢ (W™ (X)) = 1.

n—oo

JokazareabcTBO. [lycTh nmpousBo/ibHBIH MajeHbKUl € > 0 u A € (Si U Si) Nn{x €

S? . 1 < e}. TlepByio paBeHCTBY ollepaTopa MOXKHO IlepenucaTh B Buje [ (z) = 2/ =

= 22 (3 — 2x). Torma mveem lim ) (z) = lim ™ = 0.

B cuny snemmer 2, ¢ (W&iﬁ()\)) > @Tfﬁ%) (A), ¢ (W™) monoronno sospacraer
npu \ € (Si U Si) N{\ € 5% : z < e}. deno, aro 0 < ¢ (\) < 1. Crenosaresnsbno,
© (W(”) (A)) cxomurest. Iycrs

lim o (W™ (X)) = p <1,

TOLJIA,

P(WED()) . 1+$(n)+2(y(n)z(n)_(m(n))Q)
L=lim S wooyy L+ m z

Nmeem
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li 1 () 4 9 (M) _ (£(n))2)) =
n’L_@O(—Fx +2(y"z (z™)?)) =0
Otkyma lim y(")z(”) < 0, uto npotusopeunt A € S?. Jlemma joKazana.
n—oo
Bce pe3ybraThl 9TOTO MyHKTa MOXKHO C(HOPMYIMPOBATH B BUJE CJIC/IYIONIEH TEOPEMBI.
Teopema. [l yoboit A = (r,y,2) € S? TpaekTopuu onepartopa (2), UMeeM CJieLyro-
e Tpeesbl:

(), eciu A € Fiz(W)
,%,%;, ectn A € {z =0}
,0,5), ecm A € {y =0}
lim W (X)) = 4 1,0), ecmm X € {z =0}
n—oo

N N N~~~

S O Hul-vi O

)

Ve

4 3akJro4yeHue

B crarbe onuchiBaeTcs moJibHas JJMHAMUKA KOHKPETHOTO OllepaTopa JIMCKPETHOIO TH-
na. JlokazaHo, 4To Jirobasi TpaeKTOpUs TAKOI'O ollepaTopa CXOJAUTCS K HeloiBuKHOM. VH-
BapUaHTHOCTH KazKJIOro pedpa U MeInaHbl IIOMOraeT U3YUeHUIO JUHAMUKU OllepaTopa.
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In this paper, we study dynamical systems defined by a cubic operator. For a cubic
non-Volterra operator on the two-dimensional simplex, all fixed points were found and
the behavior of the trajectories of this operator was completely studied. It is known that
the dynamics of a discrete dynamical system depends on a starting point. If we obtain
the starting point from the edge, then the trajectory converges to a fixed point. One of
the main tasks for this system is to study the evolution of the system state. Usually,
the descendants of the state of the system are determined by certain laws. For solving
problems arising in mathematical genetics, quadratic operators are used, whose theory
is now well developed. A description of the set of limit points of the trajectory for some
subclasses of such operators is given. In this paper, we study dynamical systems defined
by a cubic operator. In this paper, we study the trajectory of a single cubic operator on
the two-dimensional simplex, which naturally arises in certain problems of population
biology. In the simplest problem of population genetics, a biological system of a finite set
consisting of n species 1,2,...,n is considered. We assume that the species of parents
1, j, k uniquely determine the probability of each species [ for the immediate descendant.

Keywords: Cubic operator, two-dimensional simplex, theory of dynamical systems,
fixed point..
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CaMapKaHJICKUl TOCYIapCTBEHHBII YHUBEPCUTET,

140104, Y36ekucran, CamapkaH, Y HOUBEpCUTETCKU OyIbBap, 15.

B pabore paccmarpuBaercst 3ajiada MOJEIUPOBAHUS KUCJIOTHOTO BO3IEUCTBUS HA
npu3aboiHyI0 30HY IJACTa HEPTIHBIX MECTOPOXKICHUN ¢ KapOOHATHBIMU TPEIMHOBATO-
MIOPUCTBIMU KOJIIeKTOpaMu. MoeupoBaHue mporecca OCYIIeCTBIAETCA B PAMKAX MeXa-
HUKJ MHOTOKOMIIOHEHTHOU MHOTO(Ma3HON (DUIILTPAINN C UCIIOIH30BAHUEM OCPEHEHHBIX
BeJIMYUH (DUIHTPAIIMOHHO-EMKOCTHBIX IAPAMETPOB C yUEeTOM XUMUYECKON KuHeTuku. Ha
OCHOBE TPEJJIOKEHHON MOJIEJIN UCCJIEYIOTCS IIPOJIBUKEHNE KUCJIOThI 1 M3MEeHeHre (hUTh-
TPAITMOHHBIX XaPaKTEPUCTUK MPU3A0O0IHON 30HBI IJIaCTa B XOJE HATHETAHUs PEAreHTA.
OrneHuBaeTCs BIUsIHAE PEKUMOB HATHETAHUS PACTBOPA KHUCJIOTHI HA ITPOIECCHI IIPOUC-
XOJIIIe B IPU3abOHOI 30He I11acTa. BBIOJIHEHbI YNCIEHHbIE PACYEThI U OIPEIEIEHbI
XapaKTEPUCTUKHU IIPOIIECCA.

Kuarouesbie cioBa: abcoJioTHasi IPOHUIIAEMOCTb, KOMIIOHEHTa, KOHIIEHTPAIUsI, MaTe-
MaTUIeCKOe MOJEINPOBAHNE, HACBIIEHHOCTD, TOPUCThIE OJIOKH, PACTBOP KUCJIOTHI, Tpe-
MUHBI, dasza, PUIbTPAIIHS.

Hutuposanue: bypnawes B.D., Xyocaépos B.X., Axmedos O.MonenvpoBanue Kuc-
JIOTHOT'O BO3JIEHCTBUS HA MPU3a0ONHYIO 30HY IIACTa HEMTSIHBIX MECTOPOXKJICHUN C Kap-
GOHATHBIMU KOJLIEKTOPAMU € yUETOM TPEINMHOBATOCTH TOpobl // TTpobieMbl BbIauc/ -
TeJIbHOI 1 IpuKIaHoi Maremaruku. — 2020. — Ne2(26). — C. 39-57.

1 Bseaenne

Kuciornas obpaborka mpusaboiinoit 3oubr miacra (I[1311) seisiercs nanbosiee pacipo-
CTpaHEHHBIM METO/IOM nHTeHcudukaun 100brau HedTu. B mporecce pazpaborku nedrs-
ubix Mectopoxktennit B [1311 cyrecrBenHo yXy/aImmaoTcst KOJJIEKTOPCKIE CBOMCTBa 3a CIeT
3arpsa3HeHns TIKeIbIMI KOMIIOHEHTAMH HeDTH, B3BEIIIEHHBIMI JaCTUIIAMHU, TTOCTYITABITIH-
My u3 mwiracta B [I3I1, 9To mpuBOAUT K CHUYKEHWIO MPOyKTUBHOCTH CKBayKuH. KoJurek-
topckue cpoiicta [I3I] Moryr cHmkarhcd U 3a cyeT HeOOPATUMBIX JedopMariuii opo-
JIbl, BOBHUKAIOIIUX IPU CHU2KEHUU IIJIACTOBOIO JIABJIEHUS, T.€. MOBbIIIeHNN 3D HEKTUBHOTO
JIABJICHUS TI0 Mepe IKCILTyaTaIuu II1acTa.

MupoBoii onbIT IPUMEHEHNA KUCTIOTHON 00pabOTKH MOKa3bIBaeT, YTO 3P(PEKTUBHOCTH
METO/Ia OCTaeTCsa HeBLICOKUM, B npeaenax 30-40 % . Takas curyanus oObsacHSIETCS TEM,
YTO MPOIECC KUCJIOTHOTO BO3JIENCTBUS OMpeesiseTcs OOIbINM KOJIMIeCTBOM (haKTOPOB,
MEXaHU3M ¥ CTEIeHDb BIUSHIS KOTOPLIX He JI0 KOHIIA BhICHEHBI. Takoe pa3zHoobpasue BJiu-
AIOIIUX (PAKTOPOB OCJIOXKHSIET OIEHKY 3(P(MEKTUBHOCTH IIPOIiecca KUCIOTHON 00paboTKM
U ONITUMAJIBHBIH TIOJ00P T€0I0r0 — (PU3NIECKUX U TEXHIKOTEXHOJTOTTIECKUX TTapaMeTPOB
UrpaeT BayKHYIO POJIb JIJIsi YCIIENTHOCTU MPOBOAMMBIX Meporpudtuit. OTMedeHnHoe moKa-
3bIBaET AKTYAJLHOCTH ITPOBEJIEHUs] MCCJIEJIOBAHMIT MTPOIecca KUCJIOTHOIO BO3JIEHCTBUS C
YYIETOM OCHOBHBIX BJIUSIONIUX (haKTOPOB.
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SHauMTEeTbHBIN WHTEPEC BBI3BIBAET MCCJIEI0BAHUE, B TOM UNC/IE MATEMATH-IeCKOe MO-
JICJTUPOBAHUE, MTPOIECCOB (DUIBTPAIUU B CPEJIax ¢ HAJTUIUEM TPEIIUH - Y3KUX ITPOTIAKEH-
HBIX KAHAJIOB BBICOKOI IIPOBOJMMOCTHU. Pa3BuTasi TPermHOBATOCTh KaK €CTECTBEHHOIO,
TaK U TEXHOPEHHOI'O XapaKTepa IPUCYIa MHOTUM THIIaM KojuteKTopoB [1]. Heemorps na
TO 0OCTOSITESILCTBO, UTO TPEIINHBI 3aHUMAIOT HEOOJIBIION OTHOCUTEIbHBIN 00beM, 38 CcUeT
BBICOKO TIPOBOJIMMOCTH WX BJIMSHHE Ha J0OBITY yTJIEBOIOPO/IOB MOXKET OBITH OIIPeIe Is-
oM 2, 3.

MecTopoxKieHus ¢ HaJIM9HeM TPeIUMHOBATOCTH cojmepzkar 6osee 20% MUPOBBIX 3a-
nacoB HedpTH U rasa [4], omHako paspaboTKa TaKUX MECTOPOXKJIEHUIi COMpsi?KeHa C Dsi-
JIOM TpyJIHOCTelH 1 yacto ObiBaer HeaddekTupnoit. Hanpumep |5, mecropoxnenune Circle
Ridge B CIITA paspabarbiBaercs yake B Tedenne H0 JjieT, Ipu 3TOM KO3 DUIHEHT U3BIeve-
Hug HedTH cocrapigeT junib 15%. Ananornynas curyalms Habogaercsa Ha TaJuHeKoi
wrormau KpacHOJIEHHHCKOrO MecTOpoK ieHus [6] - Gosbinas 9acTh MECTOPOKICHUST pa3-
OypeHa Thict9aMyu CKBayKnH, OJHAKO J00bITo MeHee 10% HavyaabHBIX 3allacoB, IIPU 9TOM
B TedeHue rnoceannx 20 jget HabJromaeTcs BbICOKas 3aBOJHEHHOCTD pe3epByapa. Jloroi-
HUTEJIbHO, B CBSI3M C BBICOKUM CIIPOCOM Ha YTJIEBOJIOPO/IHOE ChIPbe B IIPOIECC PaspabOTKI
BKJIIOYAIOTCST MECTOPOKICHUS C HI3KUME TTOPUCTOCTHIO U ITPOHUIIAEMOCTBIO, & TaKXKe, Ha-
npuMep, KapOboHATHBIE KOJIJIEKTOPHI, CKJIOHHBIE K 00Pa30BaHUIO TpeIuH. B mepBoM ciydae
oOpa3oBaHue TPEIUH UJIET BCJACJICTBUE TaK HA3BIBAEGMOI'O I'MJIPOPA3PhIBa, ILIACTA, ABJISIO-
IErocsi OJTHUM U3 OCHOBHBIX METOJIOB HOBBI-IleHust HedreoTnaun 7). Bo Bropom ciryuae
13-3a XPYIKOCTH ITOPO/Ibl TPEIIMHBI MOI'YT 00Pa30BbhIBATHCS €CTECTBEHHBIM 00pa30M B IIPO-
ecce pa3pabOTKH MecTOpokaeHus [6].

UccnenoBanne puibTPaAIMOHHBIX IIPOIECCOB B Cpelax ¢ HAPYIIEHUSIMEU B BHJIE TPEIINH
nMeeT OoJjiee IMMPOKOE 3HAYEHUE: 33/[a9i MHOTO(MA3HONH MHOTOKOMIIOHEHTHON (UIbTPa-
UM B TAKUX CPEJIaX BO3HUKAIOT, HAIIPUMED, IIPU MOJIEIUPOBAHUU IIPOIECCOB B SJIEPHBIX
peakTopax, a TaK»Ke B UCCJICTOBAHUHU PACIPOCTPAHEHUS 3arpsa3HEHU IIPU 3aXOPOHEHUH
0TX0J10B [8].

Paznensior ancro TpemuHOBaTHIe W TpelmHOBaTO-TIoprcThie cpebl [9]. TlepBbie u3
HUX TIPEJICTABIAIOT cO0O0# OJIOKU, MEXKIy KOTOPBIMU HUMEIOTCS TPENIUHBI, IPUIEM CaMHI
OJIOKM HEIIPOHUIAEMbI U He OOMEHUBAIOTCS >KUJIKOCTHIO ¢ TpelmmHaMu. B TpemmuHOBaTO-
MIOPUCTO# cpejie OJIOKU TIPEJICTABIIAIOT cOO0 KYCKH OOBIYHOI TOPUCTOM CpeJibl, 00J1a,/1a10-
el MOPUCTOCTHIO U IIPOHUIIAEMOCTHI0. B 000oux ciiydasix 06beM TpemuH IpeHeOpeKuMo
MaJI TI0 CPaBHEHUIO ¢ OOITUM 00'HEMOM, 3aHATHIM TBEP/ILIM CKEJIETOM U ITyCTOTAMU, B 00/Ib-
IIUHCTBE CJIYYaeB OH MaJl U 110 CPABHEHUIO ¢ OOIIUM 00BEMOM IIyCTOT, B KOTOPBINA BXOJIAT
00'beMBbI TIOPOBOT'O IIPOCTPAHCTBA IMOPOBLIX OJIOKOB M CAMUX TPEIINH.

QubTpalys B YUCTO TPENUHOBATHIX CpeIaX MPONUCXOINT KaueCTBEHHO TaK Ke, KaK B
OOBIYHBIX TIOPUCTHIX [10], ¢ HEKOTOPBIMU KOJIMYECTBEHHBIMU OTKJIOHEHUSME: B YACTHOCTH,
yCpeJIHeHne B JIAHHOM CJIydae BeJIeTcd He 110 pa3MepaM Iop, a 1o pasmepaMm 0J10KoB. B
cepejiHe TPOIILIOro BeKa B paboTax |11, 12| 6buta mpeioxkeHa MOJIesIb JBOWHO OPUCTO-
CTH W JIBOMHOM ITPOHUIIAEMOCTH, B KOTOPOI CpeJia MPEJICTAB/IAETCd B BUJIE JIBYX COOOIA-
IONUXCA MEXKJIy OO0 KOHTUHYYMOB, IIPUYUEM CUCTEMa TPEIIUH ITPEJIITOIAracTcsa CBA3HOIM.
HeobxoiuMo 0OTMETHTH, 9TO IPHU KMCIOJIB30BAHUE B YUCJAECHHBIX pacderax MOJIEIN JIBOM-
HOU CpeJIbl MPOUCXO/IAT Y/IBOEHHUE YMC/Ia HEN3BECTHBIX, YTO MOXKET 0KA3aThC KPUTUIHBIM
JIJIsT PACCMOTPEHUS CJIOXKHBIX MHOTO(MA3HBIX MHOTOKOMIIOHEHTHBIX HEM30TEPMUIECKUX Te-
YeHWil ¢ yueroM XuMmmudecKux peakmuii. B pabore [13| misa yuera cybeeficMuaeckux Tpe-
IMIAH, XapaKTepHOe PAaCCTOsTHUE MEKTY KOTOPBIMHU JIOCTATOYHO BeJUKO - mopgiaka 10 ,
a HpOTsizKeHHOCTh mopsaka 102 M, OblLi1a rmocTpoeHa Mojesb single porosity, onucbiBaio-
as CBOMCTBA CPe/bl B PAMKaX €IUHOTO KOHTHHYYMAa, IIPU 3TOM KakK abCOTI0THAsI, TaK 1
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OTHOCHTEIbHBIE (DAa30BbIE ITPOHUIIAEMOCTH UMEJIN CKAJSIPHBIN XapakTep, a JJjIsd OIUCAHUS
9Tara ObICTPOrO MPOJIBUKEHIS BOJIBI 110 TPEIIHAM TI0CIeIHIE 00/1a/1a/11 ClIeNnOUuIeCKuM
BuoM. Takoe npub/IMKeHne OKa3aJ0Ch pa3yMHBIM, U aBTOpaM Y/AJI0Ch YJIOBUTb B Pac-
YeTax C IMOMOIIBIO ITON MOJIE/IN OCOOCHHOCTU 3aBOIHEHUS [TUJIOTHOTO YIaCTKa OJHOIO U3
KpynHeimunx Mecropoxkaennii biamxuaero Bocroka. Ciieyer oTMeTHTD, 9TO pa3Mephl Cy0-
ceficMIIeCKHUX TPEIIHH, & TaKxkKe TO 00CTOSTeIbCTBO, YTO, Kak npasuio [13-15], aa srame
pacdeTa (PUJIBTPAIMOHHBIX TEUYECHUI TeOMETPHUs TPEITUH CINTACTCs 33/ IaHHOM, TO3BOJISTIOT
TOBOPHUTDH O JIETEPMUHUPOBAHHOM PaCIIpeieIeHuNn 0COOEHHOCTE! B BU/Ie TPEIUH B HEKOTO-
poii cpene, acbdekTuBHbIE PUIBTPAIMOHHDBIE TTAPAMETPhl KOTOPOH TPeOyeTCsl OIPEIe/ T Th.

/3 npakTHKM U3BECTHO, YTO BO MHOI'HX CJIydasX Cpeja 00/IafaeT aHu30TPOINE, IpH-
“geM IPUMEPOM 00bEKTa, IIPOSIBJISIONIETO 3HAUNTE/IbHbIE AHH30TPOIHbIE CBOCTBA, ABIISCT-
Cs1 IMEHHO TPEIIHOBATas cpejia. AHAJIN3 BO3HUKAIOIIETO B CBSI3U C 9THM 00CTOATEIbCTBOM
BOIIpOCa 00 YVYIUTBIBaIOIEM aHU30TPOIINIO BhIPpAZKEHUU JIJId IIEPETOKa ME2KYy TpelInHaMU 1
MaTpHIleil B MOJe/N JABOIHOI cpe/ibl IpoBeieH B [16] i orpaHNYHBAETCA TEOPETHIECKUMNI
BBIKJIQJIKAMH JIJIst CJIydasl HALIOPHOTO MEXaHU3Ma OOMEHa MeK/ly MaTpHIEH U TperiHa-
mu [17], 9To 3arpygHseT ero ucrnosib3oBanue B obmeM ciydae. IToaxon single porosity
B pejie 3aJad OKasblBaeTca 3P EKTHBHBIM, OAHaKo Tpebyer Gosree KOPPEKTHOrO ydera
AHM30TPONNH, 0COOEHHO B MHOrO(da3HOM cirydae [18].

Jpyroii 0coOOEHHOCTBIO TTPOIECCOB (DUIBTPAIIMHI YKUJIKOCTEN B TPEIUHOBATHIX CPEJIaxX
ABJIAETCA HaJIMINe MHO2KECTBa XapaKTEPHbIX MaCI_HTa6OB, KaK II0 BpeMEHHt, TaK 1 II0 IIPpO-
cTpaHcTBy. UTO KacaeTcs MPOCTPAHCTBEHHBIX MACIITabOB, B OOJILIITMHCTBE CJIYyIaeB 00beM
TPEIUH 3HAYUTEIHLHO MEeHbIe 00beMa IOPOBOr0O IPOCTPAHCTBA. TaKumM 00pa3oM, B Tpe-
IIIHOBATHIX CPeJjlaX MMeeT MeCTO CyIIeCTBeHHAas Pa3HOMACIITaOHOCTD 110 IIPOCTPaHCTRY. B
CUJIy TOIro, 9TO IIPOHHUIACMOCTb CUCTEMbI TPCIIUMH BO MHOI'O pa3 60JII)HI€ IIPOHUITAEMOCTH
IIOPOBBIX KaHaJIOB, CKOPOCTb JABU2KCHHA KUAKOCTU IIO0 TpelmuHaM 3HaYUTEJIbHO 6OJ'IbHIe
CKOPOCTH JIBUZKEHMUSI TI0 TIOPaM, ITO MPUBOIUT K Pa3HBIM BPeMeHHBIM MacIITadaM.

B pab6ote [19] ucnonb3yercs: moIxo He3aBUCHMOT (DUIIBTPAIUH 110 JIBYM HAlIPABJIEHH-
SIM, TIPU TOM JIJTsT CAMMETPHU3AINHN HAJIAraloTCs JTOTOTHUTEIbHBIE OTPAHIYEHNS, TPUBOIS-
e K mepeornpejiesienHoil cucreme. B pabore [20] cpema paccmarpuBaercs Kak cucreMa
HapaJsIeIbHBIX JIDYT JIPYTY CJIOEB, YTO 3aTPYAHSET IPUMEHEHHe MPEJJIOKEHHOro B Heil
MeToja B GoJiee CIOXKHBIX ciaydasx. B [21| mokaszana SKBHBaJEHTHOCTH JIBYX BBIIIEIIEpe-
YUCJIEHHBIX KPUTEPUEB JJIsi METO/Ia, Tpeiokenuoro B [22]. Kpome Toro, mokazano, 11o
TEH30D MPOHUIIAEMOCTH, MMOJIYyIaeMbIil IPHU MTOMOIIHU JTAHHOTO MeTO/a, CHMMETPUIHBINA 1
MOJIOZKUTETLHO onpejesennubii. Hetoctarkom sBgeTcs NpenosiozKenne 0d omnpeieseH-
HOM BHJI€ TPAHUYHBIX YCJIOBUIl, & MMEHHO UX MEPUOJIUIHOCTH, YTO HAJIAraeT OI'PAHUYEHUE
Ha KJIACC PACCMAaTPUBAaEMbIX IOJell mponunaemocta [23).

MHOTOYHCIEHHBIE IKCIIEPUMEHTAIbHbIE JaHHble |24, 25| JeMOHCTPUPYIOT HajIudue
OIIPE/IeJIEHHBIX BUJIOB CUMMETPUM TPEIIMHOBATHIX CPEJI, TIO9TOMY aHAJM3 (DUILTPAIUOH-
HBIX CBOMCTB TaKMX OOBEKTOB, OCOOEHHO B MHOTO(A3HOM CJIydae, MPeJICTaBIdeT 3HAYUU-
TesIbHBIN nHTEpec. B [26] ormedaercst, UTo ABHKeHNE XKUKOCTE U ra30B, U B 0COOEHHOCTH
MHOTO(a3HBIX BEIIECTB, B TPEIMHOBATO—IIOPUCTOM ILJIACTE 00JIa/IaeT IEJIBIM PSJIOM OCO-
bennocteil. B TpernmHOBaTO—IIOPUCTOM ILIACTE €MKOCTBIO U IIPOBOJIMMOCTBIO 00JIAIAI0T
KaK OJIOKH ITOPO/Ibl, TaK M CaMU TPEIUHbI. Kcm 6JI0K1 TOpoIbl HEITPOHUTIAEMbIe, TO CUCTe-
MY TPEIIUH MOXKHO CYUTATh CBOeOOPa3Hoil (hUIbTpyIONIeil cpeoii. Y paBHEHUE HEYCTAHO-
BUBIIETOCA ABUXKCHUAA OJITHOPOJHON KUJIKOCTUA B TAKON CpeJie (B cydae, KOHEIHO, Caboi
CKUMAEMOCTH CpeJIbl) Oy/eT BIOJIHE AHAJIONMYHBIM YPABHEHWIO JIBUYKEHUS OJHODPOHOMN
JKHJIKOCTH B OOBIYHOI IIOPUCTOI Cpejie, T. €. YPaBHEHUIO THUIA TerionpoBojanoctu. Ecin
JKe€ TPEIUHBI B TPEIMHOBATO—IIOPUCTOM ILJIACTe KAKUM—TO 00pa30M C/eaTh HEIPOHU-
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IAEMBIMI B ITPOJIOJILHOM HAIlPABJ/IEHUH, HO MPOHUIIAEMBIMU B TIOIIEPEYHOM HAaIlPaBJICHUH,
TO, YIUTBHIBas, 9TO OObEM TPEIINH OOBIYTHO HEBEJIMK 10 CPABHEHUIO C TIOPOBBIM 00BEMOM
OJIOKOB, TPEIUHOBATO — TOPUCTBIN IJIACT MPEBPATUTCH MPAKTUIECKUA B OOBIYHYIO TIOPU-
cryio cpejy. Takum oOpa3oM, TPEIUHOBATO—IIOPUCTAs CPEJIA MOYKET B IIpeeie «IIpeBpa-
MATHCS» KAaK B CPEJLy C YUCTO TPENIUHHON MOPUCTOCTHIO, TAK U B OOBIYHYIO IMOPUCTYIO
cpety. B obmmeMm ke citydae 9Ta cpejia COJAEPKUT MPU3HAKK KaK IMOPUCTOM, TaK U -
CTO TpemuHHON cpepl. [losToMy mpnm MaTeMaTHIeCKOM ONMMCAHWY JBUZKEHUS OJHOPOIHO
JKHJIKOCTH B TPEIMHOBATO—IIOPUCTON CPeJie eCTECTBEHHO MPEJICTABUTH Ty CPeJy B BUJIE
«BJIOXKEHHBIX» JIPYT B JIpyTa MOPUCTOI u Tpemunnoi cpes. [lpu yeranoBusIiemcs 1BuxKe-
HUM KUJIKOCTH B TPEIIUNHOBATO—IIOPUCTOI cpejie 3Ta cpeja OyJieT BecTu ceds Kak cpe/ia,
MIPOBOIMMOCTD KOTOPO# paBHa CyMMe ITPOBOIMMOCTEH TTOPUCTO U TpelmuuHoit cpet. K
JKe JIBUZKEHUe YKUJIKOCTH B TPEIMHOBATO—IIOPUCTON CpeJie HeyCTAaHOBUBIIEECs, BCTYIUT
B JIeficTBHE dBJIeHne OOMeHa KHUJIKOCTHIO MEK/Iy CUCTEMOI OJIOKOB M CUCTEMOI TPEIHH.

B [25, 26| npezamonaraercs, 9To MpH 3aKadKe B TPEIHHOBATO-TIOPUCTHINA TLIACT BOJIbI
OHAa BBITECHsET HedTh U3 TPENINH, a U3 OJIOKOB IOPOJIbI B TPEIIUHBI TOCTYIaeT HedTh 3a
cUeT KalWLIAPHONE TpormuTKu. MaTeMaTnaecKoMy MOIEIU-POBAHKIO IIPOIECCOB (PUIBTPa-
N KUJKOCTEN U ra30B B MOPUCTOM cpejie MPU KUCJIOTHOM BO3JIefICTBUM Ha HEE TOCBIA-
mens! paboTsl |27, 28].

B mannoit pabore mpejicraBiiena MaTeMaTHIecKas MOJIe/Ib KUCJIOTHOTO BO3JEHCTBUS
Ha [I31] HedTaHBIX MeCTOPOK IeHUT ¢ KapOOHATHBIME TPEITTHOBATO-TIOPUCTHIMU KOJLITEK-
rTopamu. B ormmaun ot [25, 26| BeITecHEeHNE HEMDTH MTPOUCXOIUT U3 TPEIIUH W MOPUCTHIX
610k0B. B otyimaun ot [27, 28| pacemarpuBaercs TPENMHOBATO-IOPUCTHIN KOJLIEKTOD.

CJ102KHOCTH crcTeMbI JuddepeHIra bHbIX YPABHEHU T OMUCHIBAIOIIIX KU-CIOTHOE BO3-
neiicreus Ha 11311 HeTAHBIX U TA30BBIX MECTOPOXKIEHUI ¢ KApOO-HATHBIME KOJIJIEKTOPa-
MU U UX HEJIMHEHHOCTDb He MO3BOJISIIOT IIPOBOJIUTH aHAJIMTUYECKUE UCCIIE0OBAHNUS, IO9TOMY
JIMIID YUCJIEHHBIE METOMbI ¢ ucciaepoBanueM Ha DBM u Tiarensno nposenennbie ¢husn-
YeCKHe SKCIIEPUMEHTBI MIO3BOJIAIOT JIATh JOCTATOYHO TOUHOE pernenne. O630p HEKOTOPBIX
METOJIOB TPUOIMZKEHHOTO MOJIETMPOBAHUSA (DUIBTPAIMOHHBIX T€YeHUH B HEOJIHOPOHBIX
0 ToJIIMHE HeTAHBIX IJIacTaX, & TakyKe YUCIEHHBIX METOJIOB UX PelleHusl JaH XaJiu-
noBbIM, JleBu u mp. [29)].

O030p M3BECTHBIX YHCIECHHBIX METOJOB PEIIeHHs OJHOMEPHBIX 3aa49 (PUILTPAIMN
HECMETTIBAIOIINXCS KITKOCTel naH B pabore /Ixxoncona u ap. [30]. B nepsoit wactu 0630-
pa paccMaTpUBAIOTCS aHAJMTHYECKHE CBOMCTBaA pellleHns: ypaBHeHust Baxies-JleperTa:
HeIIPePbIBHbIE PellleHns, 00pPa30BaHUsl CKAYKOB, rpaduiecKue CIocoObl IOCTPOEHUSA Pas3-
PBIBHBIX PEIIeHnI MeTOJIOM XapaKTepUCTHK. BO BTOpOIl 9acTW paccMaTpUBAIOTCA HHC-
JIEHHBIE METOJIbI: METOJI XapaKTEPUCTUK, KOHEYHO-PA3HOCTHBIE METOILI M METOJ KOHed-
HBIX 9JIEMEHTOB. Pa3BUTHe YMCJIEHHBIX METOJOB IPHUBEJIO K CO3JIaHUIO0 HOBOI'O MOIIHOT'O
CpeJICTBa MCCJIeI0BaHNs “BbIYUCIUTEIbHOMY SKcriepumenTy” [31]. B wactroCcTH, B BhItnc-
smrenbHOM TeHTpe AH CCCP ObL1 OCyImecTBIeH psiji IMCIEHHBIX KCIEPUMEHTOB TI0 UC-
CJIeJIOBAHUIO CJIOXKHBIX Ta30MHAMIIECKIX TeIeHH ¢ MCIIOIb30BAHNEM HECTAIIMOHAPHOTO
meroza "kpynubix wactui" [32]. B [33], [34] usmaraercs ducieHHBI aaropuTM pactde-
Ta OHO- M JIBYXMEPHBLIX IIPOIECCOB TpexdasHoi (pUIbTPAIi, OCHOBAHHLIA Ha METOJe
"KPYIHBIX YaCTHUIL UCIOJIL3YIOIINI CXeMy CKBO3HOIO CYeTa, IIO3BOJISIONINI HeIPePhIBHLIM
06pa30M IPOM3BOUTE PacUeT PasanIHbIX obracteil uabrpaun. B pabore [35] uccremy-
eTCsI yCTOWINBOCTD YUCTEHHBIX CXeM MOIN(PUIIMPOBAHHOTO METO 1A "KPYITHBIX YacTHIL J71st
HECTAIlMOHAPHOW HEM30TepMHUIeCKoil MHOrodasnoit duibrpanun. [logydensl Kpurepun
YCTOWYUBOCTH CXEMbI MOAUMDUIMPOBAHHOIO METOJIAa «KPYIIHBIX YacTUIl» B IEJIOM.
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2 IlocranoBka 3aga4n

[Tosraraem, uto B mporecce puabTpaiuu B HedTe-BOIOHACHIICHHON TPEIUHOBATO-
MIOPHUCTON cpejie yIacTBYIOT BOJHadA (as3a, COCTOsANIass U3 KHUCIOTHOM, COJIEBOM, ra30BoOil
1 cOOCTBEHHO BOJIHOM KOMIIOHEHT, 1 HedpTsaHas daza. B ornenbhyo dazy, He TpuHIMaiO-
Y10 y9acTus B (QUIBTPAINH, BBIIEISETCs MOPOJia (CKeJIeT TPEIMHOBATO-TOPHUCTOl cpe-
Jet). O6pasyronuiicst B pe3yJibTaTe PeaKInl KUCJIOThI ¢ KApOOHATOM Ta3 B BOJE PACTBO-
psieTcs He mostHOCTBIO. [Topoa pacTBopsieTcss KUCJIOTOM Jinib dyacTu4dno. KanumigpHbie
CUJIbI HE YUYUTBIBAIOTCS.

MaremaTnaecKkast MOJEIb KUCJIOTHONR 00pabOTKM Mpu3abOiiHON 30HBI Tpe-IIIHOBATO-
IIOPUCTOTO HEPTIHOIO IJIaCTa ¢ KapOOHATHBIM KOJIJIEKTOPOM MOKHO IIPEJICTABUTH B BHUJIE
YPaBHEHUN.

-YpaBHeHHe COXPAHEHUA MAaCChl KMCJIOTHONW KOMITOHEHTBI, BHEJIPAEMO B ILJIACT:

B (npet') o (7)1

+2 (pa DO @2 (e 5)) + (1) g .

r J(i) - M (i)R(i) "
e Jo = Myay’ R’ - Macca KUCIOTBI, HM3PacXOJ0BAHHON B €IMHUILY BPEMEHHU B €IUHU-

(2)
e obbema, RY = Ey <C‘I—M&> - CKOPOCTb XHUMUYECKON peakimu, Fy = Ef exp( oE )

KOHCTAQHTa CKOPOCTHU PEAKIIMH OIPEJIEISIeTCs COOTHOIEHneM AppeHuyca (AE - 9HEprugd

akTuBanuu, R - razosas nocrosuuas), M, - MOJIEKYJIAPHbIN Bec KUCAOTHL; V' @ _ CKOPOCTbD
dbunprpanum BogHON (haswI; m - HOpI/ICTOCTb Pa - UCTUHHAS TJIOTHOCTh KUCJIOTHI;

¢ maccopast KOHIICHTPAIINA KICIOTLL; Sy M_ - HACBIIIEHHOCTH IIOPOBOT'O ITPOCTPAHCTBA BOJI-
HBIM pacTBopoM; D) - koaddurment MosekymspHoit quddysun; t —Bpems; al(,i) = s /p®)
yIeIbHast HOBEPXHOCTH peaxinn, s\ - miomas nosepxuoctu peaxinn, v - oobem I1311;

pace & (p® —p®) mpn p —pM >0 .
Qo = 1 a“’ - MacCCOBad CKOPOCTH OOM€Ha KHCJIO-
pact % (p® —pM) mpu p® —pt <0

TON MeXK/Ty TIOPUCTBIMU OJIOKAMU U CUCTEMON TPEIUH, (v, - KOIMDUITNEHT, XapaKTepu3y-
IOIUIl UHTEHCUBHOCTH OOMEHA BOJIHOTO PACTBOPA MEXKJIy CHCTeMaMu OJIOKOB M TPEIH,
[y - BA3KOCTb BOJHOI'O pacTBOPA, p® - napnenme; i = 1,2: 1 - TpemuHbl, 2 - TOPHCTHIC
OJIOKN.

- YpaBHEHHE COXPAHEHUA MACChI COJIM XJIOPUCTOIO KaJIbIUsl, PACTBOPEHHON B BOJIE,
oOpasyroleiicss B pe3yJibTaTe XUMUYIECKOW PeaKInu:

8 (mOpuc2S) 4 2 (Vi) = 2 4+ (-1 g, @)

rje J = fysc)J ) _ macca comm XJIOPUCTOI'O KaJIbIHsl, BOSHUKIIEN B pe3y/IbTraTe peakIuu B
eIMHUILY BPEMEHU B €JMHUTIE 00beMa, m&? - OTHOIIEHNE, YIACTBYIOMIX B PEAKIIIN, MOJIAD-
HBIX BECOB COJIM XJIOPUCTOI'O KAJIBIUS W KUCJIOTHI; . KOHIIEHTPAIUS COJIU XJIOPUCTOTO
KaJIbITUUS Pge - IIJNIOTHOCTDH COJIN XJIOPUCTOI'O KaJIbI U4,
psccgg) Qw <p(2) — p(l)) upn  p@ —pd >0

(sc = 1) o Huw

PscCsc u_::} (p(Q) — p(l)) pu p(Q) _ p(l) <0

XJIOPUCTOI'O KaJIbIIuA ME2KAY IIOPUCTLIMU OJIOKaMI W CHCTEMOM TpEIIrH.
- ypaBHeHI/Ie COXpaHeHud MaCChbl COJIX XJIOPUCTOI'O MaIl'HHWI, paCTBOpeHHOﬁ B BOJE, 00-

pasyroreiica B pe3y/ibTaTe XUMUIECKON peaKITuin:

d i i i d i i i i—1
57 (M0 S0) + 2= (PamcDVi) = I + (=1 e (3)

- MacCCOBasd CKOPOCTDb obmMmeHa coJin
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i i) (i .
rue Js(n)z = fys(n)@Jé ) _ Macca coimn XJIOPUCTOT'O Marnugd, BOSHUKIIEH B Pe3yJIbTaTe PeakIiiul B
i
€JINHUILY BPEMEHU B €JIMHUIIE O0beMa, ’yg% - OTHOIIIEHNE, YIaCTBYIOIINX B PEAKIIAN, MOJISP-

7
HBIX BECOB COJIM XJIOPHUCTOI'O MarHusd U KHCJIOTDI; Cg% - KOHICHTPaIlkugd COJIN XJIOPUCTOI'O
MalrHud; Pgy, - JIOTHOCTL COJIM XJIOPUCTOI'O MaIl'HUI;

psmcgnz ( (2 _ ( )) npu p(2) _ p(l) > 0
Gsm = D a" ) _ ) @ ) - MaccoBas CKOPOCTH OOMEHa COJII
PsmCsm ( ) npu p'“ —pt <0
XJIOPUCTOTO MATrHUST MKy IMOPUCTHIMU OJIOKAMU W CHCTEMOI TPEIInH.
- YpaBHeHNE COXpPAHEHUs] MAaCChl BOJTHON KOMIIOHEHTBI, 00pas3yIolieiicsa B pe3yabTaTe

XUMUYECKON peakIud U BHEIPAEMON B ILJIACT:

0 ‘ N 0 N ‘

= (m® 0 o g(@) = (0 D@y = @) 1)1,0 4

at (m wcw w ) + ax (pwcw w ) w +< ) qw ( )
rie ng,o = 7w J @ _ \acea BOJIbI, BO3HUKIIEH B Pe3y/IbTaTe PEeaKIuu B €JIUHUAILY

BpeMeHU B ejuHuie obbema, %(,,) - OTHOIIEHNE, y4YaCTBYIOIIUX B PeaKIUU, MOJISIPHBIX
BECOB BOJIBI U KHUCJIOTBI; Cy’ - MaccoBasg KOHIEHTPAIUs BOJbI; pl - IJIOTHOCTH BOJIBI,

; e (2) ay (p(2) _ p(l)) upu p@ —p® >0
@ = wC 1 Z - MaccoBas CKOPOCTh 0OMeHa, BOJIOIt

MEXK /1y HOpI/ICTbIMI/I OJIOKAMU U CUCTEMOI TPEIuH.
-YpaBHEHHE COXpaHEHUsT MaCChl YIJIEKUCJIOTO ra3a, 00pa3ylomnerocs B pe3yabrare Xu-
MHUYECKOU PEaKIAM:

o, ) L . .
0 Oy 59) + 2 (V) = S + (-1, g

%
rae Cé) - KOHIOEHTPanua yIJIEKUCJIOI'o I'a3a B BOJIE; Py - UCTHHHaA IIJIOTHOCTDb YIVIEKHCJIOTO

rasa; Jg(z) = %S’) J$ _ Macca yruteknesoro rasa, 06pazOBAHHOTO B eIMHIILY BPEMEHH B €Tii-

HuIe 0613eMa, ’}/él) - OTHOIIEHUE, YHaCTBYIOIIUX B PEaKIUU, MOJIAPHBIX BECOB YIJIEKHUCJIOI'O

2)
pect 2 (p® —p®) mpu p® —pt) >0
1)
pgcé )M_w (p(Q) — p(l)) HpI/I p(2) — p(l) < O
obMeHa YTIJIEKHCJIOTO ra3a MexK/y HOPUCThIMUA OJIOKAMU U CUCTEMOI TPeInH.

- YpaBHeHUue COXPAHEHHS MAaCChl HEe PACTBOPUMBIX YaCTHIL ITIOPOJIbI, 00Pa3yIOIIEerocs B
pe3yJibTaTe XUMUYIECKON pPeaKITnun:

rasa u KUCJIOTBI; (g = - MaccoBasi CKOPOCTh

% (m(i)ﬂbcz(f)SS)> 881: (/)bCl(,Z)Vw > = J + (— 1)1'—1% (6)

rjie CS) - KOHIIEHTpAaIWgd HEe PACTBOPUMBIX YAaCTHUIL ITOPOABLI B BOJIE; Pp - UCTUHHAA MJIOT-

HOCTb HE PACTBOPUMBIX YaCTHUI] IIOPOJILL; Jlfl) = 7151) J - Macca me pacTBOPHMBIX Ha-

CTHIL ITIOPOJIbI, 0OPA30BAaHHOIO B €JIMHUILYy BPEMEHHU B €JIUHHIE 00beMa, 'yéi) - OTHOIIIEHHE,

YHaCTBYIOIUX B PEAKIINN, MOJIIPHBIX BECOB HE PACTBOPUMBIX YACTHUIL MTOPOILI U KHUCJIO-
2

poer) e (p® — pW) mpn p® —pM >0
1

poey) e (p® — pW) mpn p® —p® <0

PaCTBOPUMbBIMHU YaCTUIIaMM IIOPOAbI ME>KAYy IOPUCTBIMUA 6JIOKaMI/I 1 CUCTEMOI TpeuinH.
- YpaBHeHNEe COXpaHeHUsI MaCChl BOIHOI (has3bl:

O (mOAISD) + 2L (V) = I+ (-1)" g, g

TBI;, q, = - MaccoBas CKOPOCTb OOMeHa He

rie
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I = =g+ 3@+ I+ I8+ 5+ I,

,01(5) = c(j) pa+ Cgic),osc + cgﬁ%psm +c) P+ C;(,i)pb + cgl) Py

QwZQ3+Qa+QSc+QSm+Qb+QQ-

- YpaBHeHue coxpaHeHus Macchl HeTAHOM has3bl:

o o -
57 (mP0,557) + - (p, Vi) = (=1)" g, 8)

i
rjie sS4 HACBIIIEHHOCTh TOPOBOI'O IIPOCTPAHCTBA HEPTHIO; p, - IIOTHOCTh HEPTH;
Go = PoQo (p(2) — p(l)) - MaccoBas CKOPOCTh OOMeHa Ta30M MEXKJIy MOPUCTBIMEU OJIOKaAMU 1
. 2)2 .
cucTeMoil TpemuH, «, = K (Q)ag ) / o - KO3 duUIEeHT, XapaKTepu3y oIl HHTeHCHBHOCTh
obMeHa HeThIO MKy cucTeMaMu OJIOKOB M TPEIIUH, [i,~ BA3KOCTH Ta3a.
- YpaBHeHUEe COXpaHEHUsI MACChl CKeJIeTa MOPO/IbL:

9 1 i
(1= m® = ) ) = )
rie Jﬁ)‘ = 77(7? Jéi) - Macca MUHepaJia, pacCTBOPEHHOI'O B €JIMHUILY BPEMEHU B €JIMHUIE 00b-

eMa, 77(71) - OTHOIIEHUE, YHaCTBYIOIIUX B peaKIIUN, MOJIAPHBIX BECOB MUHEPaJIa U KUCJIOTHI]
Pm - UCTUHHAA IIJIOTHOCTD ITOPOJIbI.
ypaBHeHI/Ie N3MEHCHUA ITOJIOZKCHM A d)pOHTa KHNCJIOTDBI:

(1)
Aoy’ @) Pay ) 0 (10)
dt m . fa ~fa
rje V( n Cf) - CKOPOCTb IIOTOKA U KOHIEHTPAIMS KUCIO-Thl HA (PPOHTE KUCJIOTHI.
,ZLJI;{ ckopocTu pUabTparmu (a3 Ucroab3yercd 3akon Jlapen:

' Q)3 ) (4) . () 1.(8) 9..(i)
yo = KOkTOPT e Kk O (11)

Y [y Oz ° o  Ox
rie K@ kg , kS~ aBcomornast u orTHOCUTENBHBIE da30BbIe MPOHUIIAEMOCTH BOJIBI U

nedtu.
st Bbrauc/ieHus: abCoIOTHON TPOHUIIAEMOCTH UCIIOIB3YETCs CJIeLyIOIIast SMITUPUIe-

CKad 3aBUCHUMOCTDB: )
@\
i N[ m
KU:K(g)( ) (12)

(%)

i 7
rae T](Z) - KOHCTaHTBI, OoIlpee/ideMbIC 110 9KCIIEpUMEHTAJIbHBIM JaHHBIM ] Ké ) - HadaJIbHada
IIOPUCTOCTDb U abcoJrroTHasd IIPOHUITAEMOCTb.
- ypaBHeHI/Ie N3MEHCHU A y,H‘eJIbHOfI IIOBEPXHOCTHU PECaKIUU IIPUHUMACTCA B BUJIE:

, (1 =m® —m®
) — 0 | - (1)) 13)

v

rae a,[()l), m[()l) - Ha4daJibHad yAeJIbHad ITOBEPXHOCTb U IIOPUCTOCTD.
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JlobGaBiisist oUeBUIHBIE PABEHCTBA

S 480 =1,
N (14
) 4 e ) oy 0y 1, )
ypaBHeHI/IH COCTOAHUA
P =P (D)y Po=pD): Pa=pa(p),
(15)
a ={a,sc,sm,qg,b};
3aBUCUMOCTU JJIA BHSKOCTeﬁ
1) = 1D (), =, (p) (16)
N OTHOCUTEJIbHBIX (1)&3OBBIX HpOHHHaeMOCTeﬁ
1-53) ) (i)
RO = ) sy v > e
1 S0 < s -
(S0 =Su2) gl o gi) )
L@ — (1-S%) w we
’ 0 8P <sY
rae Sgg - OCTaTO4YHasd BO,ILOHaCbIHLeHHOCTb; Ha4daJIbHBbIC yCJ'IOBI/IH
P (@,0) =", m® (2,00 =m®", SP (x,0) = 577, (18)
FpaHHqule yCJIOBI/IH
VI (0,8) = V), SE(0,¢)=1,80(0,¢) =0,
c&i) (0,t) = cg)c (t), «a={o,a,sc,sm,q,b}, (19)
' ' ac(i)
@) (L ) = p@° a —0
pV (L,t) =p B

z=L

HOJTY IMM 3aMKHYTYIO cucremy ypasaenwuii (1) — (19), onucebiBaomumx (Gpu3snKo-XUMIIECKHe
IIPOIIECCHI, TIPOUCXOJISIIIIE B IPU3aOONHOI 30HE TPEIMHOBATO-IIOPUCTOrO TA30BOI0 ILJIACTa
IIpU ee KUCJOTHO# 0OpaboTKe.

3 Meton penienus

[Ipumennm anroput™ mMeTona "KpymHbIX dacTull"K 3ajade KUCIOTHOTO BO3JEHCTBUS
Ha [I3I] HedTAHBIX MECTOPOKICHHIT C YI€TOM TPEIIMHOBATOCTH 1TOPOJibl. Crieays JIOruKe
POTEKAIOIIUX [IPOIECCOB, HeCTAIMOHAPHYIO cucTeMy ypasHenuil (1) — (19) pacmiernisiem
1o pusudeckuM mporeccam u B obstactu [1311

Q={(z,t):0<z< L, 0<t<7}
CTPOUM NIPOCTPAHCTBEHHO BPEMEHHYIO JiJIEPOBY CETKY

an = {tn,1 = tn — At, n = 1, Nt;

J— (20)
rj1=x;— Az, j=1,N,}.
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Cpeny MomempyeM CHCTEMON M3 YKUJIKNUX TACTHI], COBIAIAIONINX B JAHHBIH MOMEHT
BPEMEHH C sTIefKOIl 9iilyiepoBoil ceTku. Pacuer KaxkKa0ro BpeMeHHOTO Iara pa3domBaeM Ha

TpH dTalla:

1 sTan - npenedbperaem 3dpdekTamMu, CBI3aHHBIMEU C IIepPeMeNIeHHeM 3JIeMeHTapHON
AYEUKM U BBIYUC/ISIEM H3MEHEHUE MaCChl KarKJ0# ¢a3bl U KOMIIOHEHTBI 3a CUYET BHYT-

PEHHUX IIPOIECCOB B MOMEHT BPEMEHU 1,

(mCaCaSw)g'i)N = (mcacaSw)g.i)" + At (Ja)g.i)n +

AtD® o o
A L me) 2 (s -
_ [(771pa)§7’zq/2 + (mpa)éﬂ)ﬁm] (caSu) "+

+ (mpa)gzjﬁ/g (Casw)g':)-?}

A1) (g0)] +

(mpSCCSCS’LU)(’i)N Y = (mpSCCSCS’LU)gL)n + At (JSC)‘EZ)TL + At(_l)z_l (qSC);L Y

J

(L))" = 20T

) [psc (é?) an, (p® (1))} (p® = pM)7 >0,

(dsc)j = [ e (ng> o (p? pm)} (p® = pV)" <0,
(MpanenS)"” = (MpaamSu) " + At (L) + A1) (e, )]
(J9) = [P0,

. [pg (ngn > v () — p<1>)]7f (p? —p™)" >0
() [pg} (Cg ng) tu (52 pu))]f (b2 —p0)" <0,

(mpewSu)'™ = (mpbewS) ™ + At (J9)" + At(-1) ()7

(22)

(24)
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pwjn = [capa + Cscpsc + prBJ] ;l)n

(Qw)? = [QSJ +Ga + QSC]? )
(m38,)5" = (m59,)" + At(=1)"" (q;)7
(4); = [pZooco (p(Q)Q - p(1’2> /po}:,

Q= [ K®q /u ] : (27)

mj m Yaj
. [ em)@1"
KW = K |~
( )_7 0 mg) ) (28)
. ‘ (O)n
(xF)g'z) = (33F)§'Z)n + At (”YMP—VFACFA) :
J
~(1) (1) ~ (4) ~ (4) ~(7) @ @) _ _ )
Qj_1/9P5—1 (O‘j—1/2 +O‘j+1/2>p +a]+1/2p]+1 —F;, (29)
i)~ =0 _ @)
(Vw)@N _ Kk, \ Y Pjta)/2 pj71/27 (30)
! fw ) Az
() (i)
)~ Kk \Y" D110 = 5571
%(Z):_ o J+1l/ J /. 31
N o (31)

IT sTanm - BBIUKMCIAEM TEPEHOC MACChl U SHEPIUU KaxK0i (ha3bl U KOMIIOHEHT {epes
rpaHunsl d4deek. [foTokn ¢a3 m KOMIOHEHT 4Yepe3 TpaHUIbl TYeeK PACCUYU-TBIBAIOTCS 10

dopmysiam

~ i)
(paca)%)sv )]4—1/2 At, (V )§+(1§2 >0, (32>
(Paca)jlﬂ (Vi )]+1/2 At, (Vi >]+1/2 <0,

et 0,
(psccsc)g:)_l (Vi )]+1/2 At (Vio)jire <0,

A<Mca)(i)j+1/2 = {

A(]Wcsc)(i)jﬂ/2 — {
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j+1/2 ="

O (V)AL (V)Y <0,

j+1/2 20

(psmesm)™ (Vi)' p AL, (V) >0,
)

j+1

(36)

()" (V)& AL, (V)W >0,

J j+1/2 j+l/2

(po)% (‘/0)521/2 At, (Vo)ﬁlm <0.

A(Mo)(i)j—f—l/Q = { (37)

III sTam - Ha OCHOBaHUU 3aKOHOB COXpPaHEHMsI HAXOIUM 3HAUeHHUs ITapaMeTpoB (a3 u
X KOMIIOHEHT Ha HOBOM BPEMEHHOM CJIO€

(TeracaLSQU)y)nJrl = (mpacaSw)y)N +
+L[A(Mc )= AMe)? ) (38)
A a j—1/2 a j+1/20
(mpsccscsw)g‘i)n—i_l = (mpsccscsw)g‘i)N + 39
P (AMe) Yy = AMe) ) ()
AZ’ sc J,1/2 sc ]+1/2 )
(mpsmcsmsw)g'i)nJrl = (mpsmcsmsw)g'i)w + 1
+i[A(Mc ) = AMeg)? ] (40
AI‘ sm j71/2 sm ]+1/2 )
(mp?ucwsw);.i)nJrl = (mp?ucwsw)y)N + )
1 3 i
R AV =AM )
(mpuSu)y" ™ = (mpuSu)i" +
1 (0 (i (42)
+E[A(Mw) j—1/2 A(Mw) j+1/2]’
(mpoSO)§i)n+1 = (mpoSO)g'i)N +
1 (0 (0 (43)
+E[A(MO) j—1/2 A(MO) j+1/2]a
()™ = (mp) Y + A (1) (44)

) . (i)n+1
i)n+1 7 o
()" = (@) + AL (32 Vyacsa).

I J
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Pasnocrras cxema (21) — (43) ycroiiauBa mpu BBITOTHEHUN YCJIOBHA [35]

Ax Az? Ax Az? 1 9
el P el el O il = . 4
5 |v] TR +At [( 5 ] 1 U> 4 2( +pv,)° >0 (45)

4 (O6cyxkaeHne pe3yJIbTaTOB

Jlns ueestejoBanus BIMSTHAS PA3JIMIHBIX PEKUMOB KUCJIOTHOIO BO3JEHCTBUS Ha IPU-
3a00iHYI0 30HY HEe(TAHOrO ILIACTa PH YCJOBUU IIOCTOSHCTBA IIOTHOCTEH U BA3KOCTEi
JKHJIKOCTEH ¥ Ta30B POBEICHBI BHIYUCIUTEIbHBIC SKCIEPUMEHTHI ¢ UCIOIb30BAHUEM CJIe-
JIYIOIUX 3HAYeHnit mapaMerpos: p, = 1190 kr/M3,) pg. = 1396 kr/M3, pg, = 1396 xr/M3,
po = 807.2 xr/M3, p, = 2160 kr/m*, p% = 1111.6 xr/nM®, p,, = 2160 xr/v3, p, = 1.6
kr/mM*, D = 10-8 M?/c, n = 2, @ = 10, x; = 10 M1, xp = 1 M1, v = 0.76098, 75, =
0.65283, v, = 0.247051, v, =0.603523, v, = 0.252877, ~,, = 1.011507, f,,— 1.768 - 10
6 [Ta-c, 11,—807.2-10 Ma-c, AE%— 0.51-10-6 m/c , AE —86400, R —8314, T — 373
K,ao — 0.3 w1, p°=p@°— 0.1 MITa, ¢l — 1, 2"~ 1, SV~ 0.8, 52"~ 0.8, Ve 0.
135493-10-5 /¢, ¢ = 0.15, ¢ = 0.85, ¢ = 0.15, ¢ = 0.85, L = 3 m, ¢ — 2592000 c,
KV =0.048-10-12 v2, K =0.0048-10-12 M2, m{" =0.03, m{? =0.3.

Ha puc. 1-5 npejcrasienbl pe3yibraThl YUCJEHHBIX PACYETOB P Hellpe-PhIBHOI 3a-
KadKe pacTBOpa KHUCJIOTHL. VX aHa/In3 IIOKa3blBAeT, UTO M3MEHEeHHe abCOJIIOTHO IIPOHU-
IIAeMOCTH, TOPUCTOCTH, JABJCHNS U KOHICHTPAIUN KHACJIOTH B IIOPUCTHIX OJIOKAX M Tpe-
IIHAX CYIIECTBEHHO PA3JIMYalOTCsl, KaK [0 BeJIMIHMHE, TaK ¥ 110 TpocTHpaHuio (puc.1-4).
Haub6osee cymmecrBeHHblEe N3MEHEHUS TPOUCXOJAT B TPENIUHAX. DTO CBA3AHO C T€M, ITO
13-32 OTHOCUTEJILHO MAaJIOi IIPOHUIIAEMOCTH IIOPUCTBIX BJI0KOB GOJIbINas YacTh HArHeTae-
MOIT KHCJIOTBI OCTYIIAeT B TPEIIMHBL. B pesy/braTe 4ero JapjeHne B OKPECTHOCTH HarHe-
TaeMoii CKBaXKUHbI B TPEIIMHAX HAMHOIO HHKE, 9eM B MopucTbhix Osokax (puc. 4). Ilpu
9TOM y7Ke depe3 2 CyTOK (PpOHT KUCJIOTHI B TpenmHax jgocturaer rpaxuisl [1311. To ecth
OCHOBHAasl Macca 3aKauuBaeMOl KHUCJIOThI Yepe3 TPEIIUHbI, He IPOPearupoBas ¢ MOPOJIOH,
BeIXOUT 32 npesessl 11311 (puc. 5)..

K:
A2
10 0
2

3
I

0,25

0.2

0,15

01

0,05

0 i — — p——  — {— y— — — ) |

03 06 09 12 15 18 21 24 27 3

Puc. 1 Pacupesenenne nponunaemoctu B 11311 npu nenpepoiroit 3akaduke kucjaorsl: t = 10 cyT;
CILJIOIIHAA JINHUSA - TPELIUHbI, IIYHKTUPHAS — IIOPBI.
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0.8

0.6

0.4

0.2

0 1 1 1 1 1 i 1 1 1 1

03 06 09 12 15 18 21 24 27 3

Puc. 2 Pacupenenenne nopucrocru BII3II mpu mempepsiBHOl 3akadxke kuciaorwl: t = 10 cyT;
CILJIOIIHAA JINHUSA - TPEIUHDBI, IIYHKTUPHAS — IIOPHI.

C
%015

0,12
0.09

0.06

0.03

03 06 09 12 15 18 21 24 27 3

Puc. 3 Pacupenenenne kourenTpanun kucaorel B [I311 npu menpepoiBroit 3akauke: t = 10 cyT;
CILIONIHAA JIMHUAA - TPEIIUHDBI, IIyHKTUPHAA — IIOPHI.

p-n
10°B _
Ma

03 06 09 12 15 18 21 24 27 3

Puc. 4 Pacnpenenenune napienust B 11311 mpu HempepbiBHOM 3akatke kKucjaorel: ¢ = 10 cyr;
CILJIOTITHAS JIMHUS - TPEIUHBI, ITYHKTUPHAS — TOPBHI.
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%35

25 F

Puc. 5 [lonoxxenune gpponta Tederuss kucaoThl B 11311 npu HenmpepbIBHOI 3aKadKe: CILIONTHAS
JINHUS - TPENIUHBI, IIyHKTUPHAs — HOPBHI.

B nessix vck/oYeHns paHHEro mpopbiBa KucjioThl 3a npesesbr 11311 mposeiensbr pac-
YeThI IPU MTEPUOINIECKON 3aKaYKe PACTBOPa KUCJIOTHI, PE3y/IbTAThl KOTOPBIX ITPUBEICHBI
Ha puc. 6-9. l3menenue pe:kuma HarHEeTaHUS TPUBOJIUT YBEJIUUECHUIO JIABJICHUS, KaK B
HOPUCTHIX BJI0KaX, Tak 1 TpenHax (puc. 9). @poHT KUCIOTHI B MOPUCTHIX GJIOKAX HE JI0-
cruraer upegesios 1311 (puc. 10). To ecth Beg Harmeraemasi KHCJIOTA UCHOIB3YETCS JIJIsT
pPacTBOpPEHUS MTOPO/IbI.

03 06 09 12 15 18 21 24 27 3

Puc. 6 Pacnpenenenune npounnmaemoctu B 11311 npu nepuoguieckoii 3akauke kucjaorsr: t = 10
CyT; CIJIOIITHAS JIMHUS - TPEIMUHBI, IYHKTUPHAs — IIOPHI.

04
03 —_—_———————-

02

0.1

o

0 1 1 I 1 1 I 1 1 I i

XM
02 06 09 12 15 18 21 24 27 3

Puc. 7 Pacupenenenne nopucrocru B 1311 mpu nepuoanyeckoit 3akauke kucjgorel: ¢t = 10 cyT;
CILJIONITHAS JIMHUS - TPEIUHBI, ITYHKTUPHAST — HOPBHI.
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0 1 I 1 i PR A T T T

KM
03 0B 09 12 15 18 21 24 27 3

Puc. 8 Pacupenenenne kounenrpanuu kKuciaorsl B 11311 npu nepumoamdeckoil 3akaudke: ¢ = 10
CyT; CILIOIIHA JIMHUSI - TPEIINHBI, IIYHKTUPHAs — ITOPHI.

10% .
na 3 [

0 1 1 1 ) L M N T

03 06 09 12 15 18 21 24 27 3

Puc. 9 Pacupenenenne napiennst B 11311 npu nepuonmdaeckoii 3akaduke Kucjotbl: ¢ = 10 cyT;
CILJIOITHAS JIMHUS - TPEIUHBI, IYHKTUPHAS — TOPBHI.

X5
M35 r

3 b

25

Puc. 10 [Honoxenne dponra redenus: kucaorsl B [13I] npu nepuonyaeckoit 3akadke: CIJIONIHAS
JIMHUS - TPENTUHBI, IIyHKTUPHAS — TOPHI.

Ha puc. 11 nokazano B/IMgHHE U3MEHEHUS PEXKUMa 3aKadKNd PACTBOPA KU-CJIOTHI HA
nosiozkenune GppoHTa Teuenns Kucaorsl (puc. 1la, 116) n3menenue abCOTIOTHON TPOHUTIAC-
moctu (puc. 118, 11r) B mopucreix 6/10Kax u TperuHax. AHam3 pe3yabTaToB MOKA3bIBAET,
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9TO Hambosee CYIEeCTBEHHOE BJINAHUE NNEPUOJUIHOCTD 3aKa9YKM OKa3bIBA€T Ha ITPOIECCHI,
IIPOUCXOJAIIINE B IIOPUCTHIX OJIOKaxX.

L
M35 -

25 F

a)

i
M35

25 -’

03 06 09 12 15 18 21 24 27 3 °"

B)

0,0052

0,005

0,0048

03 06 09 12 15 18 21 24 27 3

r)

Puc. 11 Biugnue pexkmma HarHeTaHusi KUCJIOTHI HA: IMOJIOXKeHUE (DPOHTA TEUCHUSI KUCJIOTHI B
TPEIUHAX, a); B mopax, 6); pacipe/ie/leHne IPOHUIIAEMOCTH B TPEIUHAX, B); B IOPaX, T'); CILIOII-
Has JIMHUS - IIePUOJUYECKas, IIYHKTUPHAs - HellpephIBHASL.
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5 3akJrroueHue

[IpencraBinena aByxdasnas mMareMaTudecKas MOJEIb KHCJIOTHOTO BO3JEi-CTBUS Ha
[I3I1 nedranbix MeCTOPOXKIeHUI ¢ KAPOOHATHBIMY TPEIIUHOBATO-IIOPUCTBIMU KOJLIEKTO-
paMu, B OCHOBY, KOTOPOH IIOJIO?KE€HA MO/IeJIb JBOMHOI IIOPUCTOCTU U JABOWHOI IIpoHUIIaC-
MOCTHU. BBIrYucmTeibublii 9KCIEePUMEHT MTOKa3aJl, YTO IpejiiaracMas MOJe/Ib TO3BOJIAET
IIPOBOJINTH MIPU 3a/IAHHBIX TTapaMeTpax IMpollecca pacueT MoKasaTeseil KUCJIOTHON oOpa-
OOTKHU C MCCIeIOBAHUEM BJIMSHUSA TAaKUX MapaMeTPOB, KaK CKOPOCTb HArHETAHUs KUCJIO-
ThI, KOHIIEHTPAIIAA KUCJIOThI, CKOPOCTh XUMUYIeCKO peakiuu. Mo/ie/b Mo3BoJIsieT OIeHNTh
HEeOOXOIMMOe BPEMs OCTAHOBKHU CKBaKUHbBI Ha PEAKITUIO U ITyOUHY NMPOHUKHOBEHUS Pac-
TBOpPa& KHUCJIOTHI B ILJIACT.

JlaybHeiinee pa3BUTHE MOJIE/IA CBA3AHO C opejeeHneM (PyHKIIMOHAIbHONW CBA3U KU-
HETUIECKUX KOHCTAHT, TOJyIaeMbIX B JIADOPATOPHBIX OMBITAX, 1 WHTEHCUBHOCTHIO DeaK-
IIUU B TIOPUCTON CpeJie, YTOUHEHNEeM OIMUCAHNS MeXaHu3Ma (DUILTPAIUU B TOPUCTBIX OJI0-
KaX U TpelHax, ¢ y4eTOM HEOIHOPOJHOCTH ILJIACTA.
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MODELING OF ACID IMPACTS ON THE BOTTOM-HOLE
ZONE OF OIL DEPOSITS WITH CARBONATE
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The paper considers the problem of modeling the acid impact on the bottom-hole
zone of oil fields with carbonate fractured-porous reservoirs. Modeling of the process
is carried out within the framework of the mechanics of multicomponent multiphase
filtration using averaged values of the filtration-capacitive parameters taking into account
chemical kinetics. On the basis of the proposed model, acid advancement and the change
in the filtration characteristics of the bottom-hole zone during the injection of the reagent
are investigated. The effect of injection acid solution injection regimes on the processes
occurring in the bottom-hole zone is evaluated. Numerical calculations are performed
and the process characteristics are determined.
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YN CJIEHHOE MOJEJINPOBAHUE BUBPAIIUN
KOMIIOBUTHbBIX TPYBOIIPOBO/IOB,

TPAHCIIOPTUPYIOHINX ABYX®A3HBIN ITOTOK
YKNJIKOCTU

Xydaspos B.A., Komunosa X.M., Typaece D.2K.
bakht-flpo@yandex.ru; komilovab91@mail.ru; t.fozil86@mail.ru

TammkeHTCKMlt MHCTUTYT WHYKEHEPOB UPPUTAIMI ¥ MEXaHU3AINU CEJIbCKOTO XO3SAMCTBA

B crarbe npejicTaBieHbl pe3yIbTAThI UCCIEIOBAHUIN IPOIIECCOB KojaebaHust Tpybompo-
BOJIOB, TPAHCIIOPTUPYIONTUX MBYyX(a3HbIil TOTOK KujakocTu. [Ipu uccmemoBanuu kKoJeba-
HI TPyOOIIPOBOIOB C MIPOTEKAIONIEl BHYTPU Ia30COIePKAIIE KUTKOCTHIO UCIIOIb3YEeT-
csI BSI3BKOYIIpyTasl MOJIe/Ib Teopun OaJIOK M MoJiesb BuHakiaepa ocHoBanus. s onrcanust
BSA3KOYIPYTIUX CBOMCTB MaTepuaJja TpyboIpoBoOIa U OCHOBAHMI IPYHTa UCIIOJIb30BaHa, Ha-
CJIeJICTBEHHAsT Teopusi BA3Koylnpyroctu Bomabimana-Bossreppa. YucaeHHO ucc/ie10BaHbI
BJIUSIHUE CKOPOCTH ITOTOKA Ta30BON U YKUJIKOHN (has3bl, BIUAHIE PACTATUBAIONINX YCUIUN B
[IPOIOJILHOM HAIIPAaBJIEHUU TPYOOIIPOBO/IA, TapaMeTphbl OCHOBaHu Bunkiepa, napaMeTpbl
CHUHTYJIIPHOCTH B sSi/[paX HACJIEJICTBEHHOCTH U T€OMETPUIECKUX ITapaMeTpPOB TPyOOIIpoOBoO-
J1a Ha KojiebaHusl KOHCTPYKIWi, 00JIaJafonX BASKOYIPYTUMI CBOiicTBaMu. BbIsBiieHO,
4TO yBeJIMUYEHUE JIJIMHBI 30HbI IY3bIPbKAa I'a3a IPUBOJUT K YMEHBIIIEHUIO aMILJIMTY/IbL U Ya-
CTOTHI KoJiebauuii Tpybonposoga. OupejiesieHbl KpUTHUYECKHE CKOPOCTH IOTOKA, JJIsl JIBYX-
dazuoii xugKocTr. BeigB/ieno, 9To yBeInvdenne mI0THOCTH IPYHTA OCHOBAHUHN TPUBOIAT
K BO3PACTAHUIO KPUTUIECKON CKOPOCTHU IMOTOKa rasa. llokazaHo, 9TO y4uer BI3KOYIIPY-
I'UX CBOMCTB MaTepuaJa KOHCTPYKIMUA W OCHOBAHUU IDyHTa HPUBOJAUT K YMEHBIIIEHUIO
KPUTHUYECKON CKOPOCTHU MOTOKA.

KitroueBbie ciioBa: mareMaTuydeckasi MOJEJb, TPyOOIPOBO, AByxdasHas KUIKOCTD,
KPUTUYIECKas CKOPOCTh JABYX(A3HOIr0 IMOTOKA, KOJIeOATEILHBIN ITPOIiece.

Hutuposanue: Xydaapos B.A., Komunosa X.M., Typaes @.2K. Hucjaernoe Moaempo-
BaHUe BUOpAINii KOMIIO3UTHBIX TPYOOIPOBOMOB, TPAHCIOPTUPYIOMNX JIBYX(MA3HBIN 10~

TOK Kujkoctu // TIpob/ieMbl BBIYUCINTEIBHON 1 NpUKIaaHON MaTemaruku. — 2020. —
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1 Bseaenne

B nacrosiiee BpemMsi TpyOOIIPOBOIHBIN TPAHCIIOPT UMeeT OOJIbINoE 3HAYEHHE I 9KO-
HOMUYECKOT'O PA3BUTH MHOTHX CTPaH MUpa. 1pyOorrpoBo/ibl, TPAHCIIOPTUPYIOIIUE YKU/I-
KOCTb, ABJIAIOTCA 3JEMEHTaMU KOHCTPYKITUH MHOTUX WHXKEHEPHBIX coopyxkenuii. Tpyodo-
MIPOBOJIBI UCIIOJIB3YIOTCA B 00bEKTaX HedTEra3oBoil OTPAC/IH, MPEIPUITHAX XUMUIECKOH
IIPOMBIIIJIEHHOCTH, Ha 3aBOJax II0 IepepaboTKe rasa, aTOMHON SHEPreTHKH, W TakK da-
Jjiee. TpaHCIIOPTUPOBKAIIO TPYOOIIPOBOAAMOTIMIAETCs OT JIPYTUX BUJIOB TPAHCIIOPTHPOBKU
CBOEI SKOHOMUYIHOCTDIO, YI00OCTBOM M HEIIPEPHIBHOCTHIO JOCTABKH B HA3HAYEHHBI OOHEKT.
OpHaKO CIydaiiHbIil paspbiB TPYOOIPOBOIa MOXKET HAHECTH YIIEPO SKOJIOIUU U IIPEICTaB-
JIATH OTACHOCTD JIJIA Y€JIOBEYECKO# »KU3HU. BuOparum oT/ie/IbHbIX YIacTKOB TPYyOOITpo-
BOJIOB C TIPOTEKAIONIEH KUIKOCTBIO SIBJSIOTCH CJIOXKHOW IMpobsemoit jiid u3ydenus. Ha
CEroHSIIHAN JIeHb pa3paboTaHOo MHOXKECTBO IMHAMHUYIECKMX MOJIEJIeH IS PEIIeHUs 110-
JIOOHBIX 3a/a9. B OCHOBHOM 9TH MOJIE/IH OIMHUCHIBAIOT CTA MU MPOIECCOB, MPOUCXOIATINX
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B TPYOOIPOBOJIE C IMPOTEKAIONIEN YKUJKOCTBIO M razoM. K pereHnio JIMHEHHbIX U HeJIu-
HEIHBIX 33/1a49 O KOJIEOAHUIX U JTMHAMUYECKON YCTONIMBOCTH TPYOOIIPOBOJIOB ITOCBSAIIIEHO
3HaUUTEIbHOE Yncao pador [1,12].

B pa6ore [13] paspaborana TpexmepHasi HeJTMHEHHAS MOJEb JJisl UCCJIEI0BAHUS BUX-
peBbIX KoJiebaHuit THMOKUX TPYyO, TPAHCHOPTUPYIOMNX BHYTPEHHUN ITOTOK JKUJIKOCTH.
Henuneiinbie ypaBHeHus JIBUKEHUS ¢ TIOMOINBIO MeTo/1a ['a/lepKuHa JIMCKPETU3UPYIOTCH,
B pe3yJbTaTe MMoJIydaeTcsd MHOIOMEPHas MO/JIE/Ib CUCTEMbI ¢ YMEHbIIIEHHBIM MTopsakoM. Ha
OCHOBe Teopuu OAJIOK THMOIIIEHKO MCC/IeI0OBaHbl BUOPAIIMOHHBIE XapaKTePUCTUKU TPYO,
TPAHCIOPTUPYIOMIUX KUJIKOCTH [14]. JIjist BBIBOJIA HEJTMHEHHOTO YpABHEHHsI TOIePEYHbIX
KoJiebaHuil TpyObl, MpUMeHsIeTcsi 0000meHHbIH mpuaIun ['aMuabToHa. Yuc/IeHHbIe Tpu-
MepbI TTOKa3bIBAIOT, YTO BUOPAIMOHHBIE XapaKTEPUCTUKHN TPYObl OUY€Hb YYBCTBUTEIHLHBI K
JUIMHE, TOJIIIHE, MOJY/II0 ¢aBura n ckopoctu. OTHOCHTEIbHAS PA3HUIA MEXKIY JIBYMS
MOJIEJISIMI TPYO 3aBUCHT OT CKOPOCTH ITOTOKa M MOXKeT HpeBbImarsh 100

TpyOonpoBoHOE TPAHCIIOPTUPOBAHUE Ta30COIEPIKAIIEH KUJIKOCTH COITPOBOXKIAETCS
BUOPAIIMOHHBIMU BO3JIEHCTBUAME Ha TPYOOIIPOBOJI, KOTOPBIE IPUBOIAT B OT/EJIHLHBIX CJIY-
JasgxX K yCKOpEeHHOMY paspyineruio Tpy0. CKollleHusi 1 HEpABHOMEPHOE PAaCIIPE/Ie/IeHne
raza 1o Jjinae TpybonpoBo/ia MIPUBOJIAT K IIYJIbCUPYIONIUM KOJIEOAHUAM, & TaKxXKe K CMe-
ICHUIO TEHTPA TAXKECTH TOTOKa BHHU3 110 CEUYCHHIO TPYOBI, B pe3y/bTare TPYyOOIIPOBOJL
HOJIyYaeT JOTMOJHUTEbHYIO JTUHAMIYIECKYT0 HArpy3Kky |15, 35].

B pabore [15] mpejiozkena Mojiesib pacnpocTpaHeHus BOJIH JIaBJIeHUs Jist IByxdas-
HOT'O Ia30CO/IEPKAIIEr0 YKUJIKOCTHOT'O IIOTOKa ¢ yueToM m3MeHeHusi das3bl. [lokazano, 94To
CKOPOCTH PACIPOCTpaHeHnsa AByXda3HO BOJIHBI JaBJeHUs CHadaja HEMHOIO IIaJIaeT, a
3aTeM YBEJIMUINBAETCs ¢ YMEHbIIEHHEM JOJIM IIyCTOT BJIOJIb HAallpaBjeHus IOoToKa. B cra-
The [16] nccaemyercs nByxdasHbIil TOTOK TBEP/BIX M KUJIKIX CMeceit Mo TpyOoIpoBoLy Ha
boJibie paccroguusd. [Ipeyioxkerna MaTeMaTndecKas MoOJIe/Ib, KOTOPast OIMUCHIBAET CIIOCO0
obpaszoBanus npoboK B Tpyborposogax. B pabore |7| paspaborana maTemMarnueckas Mo-
JiesTb IBYyX(a3HOIo MOTOKA [T »KUJIKON U ra30Boiil a3 B cucTeMax TPyOOIPOBOJI-CTOSIK.
[IpoBoauTcss cpaBHEHHE YHCIEHHBIX U IKCIIEPUMEHTAJIBHBIX PE3YJIHLTATOB, OTHOCSIIIXCSI
K CTOsAKY. HenmHeliHble [UHAMIYECKHE XapaKTEPUCTUKU BEPTUKAJIBHOTO CTOAKAC YIETOM
BUXPEBBIX Kosiebanuit n 6a30BbIX BO30Y K IeHuit nccsenosansl B [18|. Biusune Buyrpemnueit
CKOPOCTHU KHUJIKOCTH, CKOPOCTH TIOTIEPETHOr0 TIOTOKA M 0A30BOI'0 YCKOPEHUS Ha, CBSI3AHHY O
JaCTOTy M aMILIATY/Ibl KOJIeOaHU CTOSTKa M3YIeHO [/l JIMHEHHBIX 1 HeJIMHEHHBIX aHa Iu-
30B. Pesyiabrarhl 1OKa3bIBAIOT, 9TO, KOIJIa CKOPOCTH ITOIEPEYHOIO MOTOKA CTAHOBUTCS B
00JIACTH CHHXPOHU3AIMHN, BUOPAIIMOHHBIE XapaKTEPUCTUKHN CTOSIKA M3MEHSIOTCSI OT alre-
PUOJIMYECKUX K TEPUOJIMICCKUM JIBUKCHUSIM C sIBJICHUEM CKAYKa MEXKJLy STHUMHU JIBYMS
BUJIAMU JBUXKeHU. MojgeanpoBaHre HEM30TEePMUIECKON OJHOMEPHON IIepexo Holl ToMO-
reHHOM JIByX(a3Hol ra30IIpPOBOIHON CUCTEMBI ¢ UCIIOJIb30BAaHUEM yPABHEHUN COXPAHEHUS
JBYX Kujkocreii uccsenoanbl B [19]. s ompenenennst Ko3bOHUIMEHTOB C2KIMAaEMO-
CTU TIapa W KUJIKOCTU UCIIOJIb30BaHbl ypaBHeHue coctosHus llenra- Pobuncona. Ananms
JNBYX(Aa3HBIX MTOTOKOB C MIOMOIIBIO YNCIEHHOTO MOJIETUPOBAHNSA JJIsI JUIMHHBIX TPYOOITPO-
BojioB m3ydenbl B [20]. Paspaborana maremarnueckasi MoJeb JIBYX(da3HBIX TeUeHUil B
JTMHHBIX TPyOOIIPOBO/IaX, KOTOpas BK/IOYAET JBa YPaBHEHHUS COXPAHEHUs] MACChl U JIBYX
HUMITYJIbCOB, 110 OJIHOMY JIJIsl KayK 101 (pas3bl, a TaKzKe OJIHO YPaBHEHUE COXPAHEHUST SHEPT I
st emecu. CucreMa ypaBHEHUN JIUCKPETU3UPYETCsS B KOHCEPBATUBHONM (hopMe B paMKax
KOHEYHO-PA3HOCTHOI CHCTEMBI M PeIaeTcsi YucJIeHHbIM MeTogoM. B [21] mpoBouTest wuc-
JIEHHOE WCCJIeJIOBaHUE JIMHEHHOW YCTOMYMBOCTU MaTEMATUYECKOW MOJIe/IM JIBYX(A3HOTO
OTOKa B cucTeMe Tpy6ornpoBoj-crosik.B pabore [22] npejyioxkena yrounenHas Marema-
TUYIECKasl MOJEJb JJIs UCCIeOBAHUS TedeHHsI ABYX(a3HON >KUIKOCTH, OCHOBAHHAS HA
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ypapHeHusAX ABrkeHns HaBbe-CToKca 1 ypaBHEHUsIX cOCTOsiHUS Tula BaH-j1ep-Baanbca.
B pabote Takzke mpejyioXKeHa JByMepHas MOJEIb TedeHUi IBYX(a3HOTrO OJIHOCKOPOCT-
HOTO KOHTHHyyMa. B pabore [23| paspaborana nquHaMudeckas MOJETb KOHCOJIbHO TopH-
BOHTAJILHON CHCTEMBI TPYOOIIPOBOJIOB, TPAHCIOPTUPYIOIINX I'a302KUIKOCTHOE JIBYX(a3HOe
tedenne. [lomydennr ypaBHeHUs JIBUXKEHUS JJIsT KOHCOJILHONH TOPU30HTAJIBHON CHCTEMBI
TPYOOIIPOBOJIOB, TPAHCIOPTUPYIOMHUX JIBYX(da3HbIil OTOK mpoboK. [lokazano, uro cob-
CTBEHHas YacTOTa TPyOOIpPOBoOja H0jee CUIBHO 3aBUCUT OT TApaMETPOB B 30HE Ta30BOTO
Iy3bIPs, & He OT apaMeTPOB B 30He JKUJIKOIO T0TOKa. B pabore [27| npuse/ieHo skciepu-
MEHTAILHOE UCCJ/IC/IOBAHNE JBYX(a3HOro MOTOKA IIJIOTHOIO ra3a U BA3KO# HedTH, mpore-
Karoreit mo Tpybomnposoy. CpaBHEHBI pe3yJ/ibTaThl H3MEPEHU Pa3HbIX TIOTOKOB TEUCHUIA.
B pab6ore [28] uzyuena Bubpaiwsi B TpyOOIPOBOIax, BbI3BaHHAS JBYX(PA3HBIM MOTOKOM.
[IpoBeieHbI NCTIBITAHUSA B PA3JIMYHBIX JUATa30HAX JIBYX(A3HOIO MOTOKA B MPAMOJIMHEN-
HOI TOPU30HTAJIBLHON TpybOe ¢ (PUKCUPOBAHHBIM 3a2KUMOM.

O0630p UTEpaTypHI, OTpazKarleil Hanbojee COBPEMEHHBIN MTPOrpece MCCJIeT0BAHMIA
B 00/1aCTH BUOPAIUMHU, BBI3BAHHON JIByX(]a3HBIM ITOTOKOM Te€UEHUH B TPYOOIPOBOJIAX, TO-
JpobHO npuBesieH B cratbe [29]. B crarbe [30] anamuTuuecku u 9MCIEHHO UCCIIEI0BAHA
JIMHAMUKa TPYOOIIPOBOJIOB, TPAHCIOPTUPYIOMINX JIBYX(a3Hble ra30CcojieprKalliue KuJIKO-
CTHU. HpOBe,Z[eHbI IHapaMeTpuieCKne ucCcjaca0BaHud JIJ1d aHaJIn3a BJIMAHMA O613€MHOI71 JIOJI
raza U OObLEMHOT'O pacxojia Ha JUHAMUKH TPYO, TPAHCIOPTHPYIONUX JIBYX(Ma3HbIi MO-
TOK BO3/yX-Bojia. B pabore [31| skcriepuMeHThI IPOBOMINCH B TOPU30HTAIBHBIX TPybax
BO3/IyX-Boj1a JuaMeTpoM 32 u 50 MM. Pe3y/ibraThl SKCIIEpUMEHTOB CPABHUBAIOTCS C TEOPU-
eil, IpeJIcTaBJICHHOI B paboTe, a TaK»Ke C paHee OIyOJIMKOBAaHHBIMUA I'MIPOIUHAMIYECKIMUI
MOJICJIAMMU.

00630p uccaeaoBaHUil ra30KUIKOCTHBIX JBYX(A3HBIX CTPYKTYP IMOTOKA U CXEMbI 110~
TOKAKapThl B ainabaTHIeCKUX U JHadaTHIeCKuX YCJIOBHUAX IIPEJICTABICHBL B [32].

B nacrosiee BpeMs ceTbCKoe X034icTBa, HedTerazoBas NPOMBIILIEHHOCTD W YKAJIAIITHO-
KOMMYHAJIbHOE XO34iCTBO YaCTO CTAJKUBAIOTCA C TTPOOJIeMaMi PEMOHTa, PEKOHCTPYKITHHI
U BOCCTAHOBJIEHUsI TPYOOIIPOBOMIOB M3-3a BO3/IENCTBUS HA HUX PA3JINIHBIX BHEITHUX (DaK-
TopoB. OJHUM U3 IIyTeil pelreHns JaHHOi MPOOJIEMBI ABJISIETCA TPUMEHEHNEe COBPEMEH-
HBIX, PECYpPCOCOEpPEeraloninx, SKOJIOTnIeCK 0e30IMacHbIX TEXHOJIOTUN, K KOTOPHIM MOXKHO
OTHECTH UCIIOJIb30BaHNE HEMETAIMIECKUX, B YACTHOCTH, TOJTUMEPHBIX KOMITO3UITMOHHBIX
marepuasios [37,38|. Ilosromy MeTopl 1 poOIEeMBbI TEOPHU HACIECTBEHHOI yIIPyrocTn
MPUBJIEKAIOT OOJIBIIIOE BHUMAHME HCc/ieioBaTeseil. Meercs 3nadnTeIbHOE YUCIO YO IH-
Kallnil, MOCBSAIIEHHBIX PEIIEHNIO 38/1a9 PacyeTa XapaKTePUCTUK BA3KOYIPYTUX TPYyOOIPo-
BOJI0B (39, 52].

B psaze pabor [40,42, 44| ypasHeHust JBuzKeHUsI TPYObI COJEPIKAT CJIAraeMble, yUUThI-
BalOIIie paccesHue SHEPIUuU B MaTepuajie TpyoObl corsiacHo runorese Kenbpuna-Doxra.
Biusinne dbyHKIMM 9acTOTHON XapaKTEePUCTUKY JIjI BA3KOYIPYTHX TPYOOIIPOBOIOB U3Y-
geHo B pabotre [40]. Ilpn paccMoTpeHnn ynpyrux cucTeM BHYTPEHHee TPEHHe MaTepHasia
YIUTBIBAETCS C TOMOIIBIO 0000ITIeHHO MHOTO3IeMeHTHO Mofien Kenbsura-Poiirra. Hc-
cJIeJOBaHbI BA3KOYIIPYTHE CBOWCTBA MaTeprasa TPyOOIpoBoa Ha Pe30HAHCHBIE YaCTOTHI,
a TakyKe IacTOTHO-3aBUCUMOE JIeMIDUPOBAHKNE DE30HAHCHBIX NUKOB. B crarthe [42] 10-
CTpOEHA TpexXMepHas HeJIMHelHas JTUHAMIYIECKas MOJEIb O KOJeDaHUsIX JJTUHHOIO MOD-
CKOI'O CTOfIKA C YYETOM BA3KOYIPYTIUX CBONCTB MaTepuajia TPyOOIIPOBOJA, B YCJIOBUIX
BUXPeBO#l BuOparnuu. i onucanus mporeccoB J1eOpMUPOBAHUSA BI3KOYIPYTUX MaTe-
PHAJIOB HCIOIB3YIOTCH Mojiesib KenbBuna-Poiirra. Pe3yabraThl YncieHHOro MoJIeTMpOBa-
HUSIIPOBEPSAIOTCS IIyTEM CPaBHEHUS C ONyOJIMKOBAHHBIMU SKCIEPUMEHTAJIHHBIMU JIAHHDI-
Mu. V3 1osrydeHHbIX pe3yJIbTATOB BUJHO, YTO IMapaMeTpbl BA3KOYIPYTOCTH MaTepHhaJia
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OKa3BIBAIOT CYyIECTBEHHOE BJIMSIHNE HA €CTECTBEHHYIO YaCTOTY HMCCJIEyeMOr0 MOPCKOTO
TPYOOIIPOBO/Ia-CTOSIKA.

B pabore [43] paspaborana maTeMaTHueckas MOJETb KOJeOaHUIT BI3KOYNPYIHX M-
JIMHIPUYIECKUX 000JIOUEK C YIETOM CeCMUYECKO U rujipoTepMabHoil Harpysek. [Iporecc
n3MeHeHus JiepOpPMAIUU TeJla, KOHCTPYKIUN yIUThIBAETCA Ha OCHOBe Mojean KerbBuHa-
Doitrra. B [44] uccienyercs Biausiaue ruIpaBJIndeckoro yiapa B TpyGonpoBojIax ¢ yIeTom
CBOMCTB BA3KOyHpyroctu. Paspaborana MaTreMaTudecKast MOJIE/b THAPABIMIECKOrO yia-
pa B moiuMepHbIX TpybonpoBojiax. [Ipornece uamenenus jecbopmaninii Tesia KOHCTPYKITHIT
YUUTBIBaeTCst Ha ocHOBe 00001eHHOoit Mojenn Kenbsuna-®oiirta.Ha ocHoBe Teopun Oa-
JIOK Ditytepa-BepHy/n mccieloBaHbl BUOPAIMOHHBIE XapaKTEePUCTUKU TPYObI C yIeTOM
ocHoBanuil [45]. s onmcanust mporeccos jiehOpMUPOBAHUS BA3ZKOYIPYIOrO OCHOBAHMUSI
ucrosb3yercs mojeib Keabpuna. [Ipumenss npunmun ['aMubToHA, IOy YeHbI YpaBHEHUS
JBHzKeHusT TPyObl. Onpe/iesieHbl KpUTHYIeCKne cKopocTr 1motoka. B pabore [46] mpoBomst-
¢ IUCJIEHHBIE UCCTIeI0BaHUs KOJIe0aHMil HaA3eMHBIX BI3KOYIPYTIUX TPyOOIpoBoIoB. M3y-
yeHa 3(H@PEKTUBHOCTD BAZKOYIPYTUX CBOWCTB MaTepuasa KOHCTPYKIWH JIjId CMATYICHUS
ceficMuIecKnX KoJiebannii TpyoorpoBojia. YucjaeHHbIi aHAII3 TPOBOUTCS C MCIIO/IH30Ba-
HueM rnporpaMmuoro makera ANSYS. [loydennble dnc/ieHHbIE PE3YILTATHI TOKA3BIBAIOT,
YTO BSI3KOYIIpyTrHue CBoiicTBa Marepuasia 3HMEKTUBHO CMATYAOT celficMuiecKne Kojeda-
HUsI Ha3eMHBIX TPyOompoBosioB.B pabore [39] msydenbl nuHaMu9IecKne XapaKTePUCTHKN
JUTUHHOM TpyObI M3 BA3Koynpyrux MmarepuasioB PE100. Pazpaboranbl jiBe MaTeMaTnde-
CKHe MOJICJIH, OJIHa U3 KOTOPBIX COCTOUT M3 YeThIPeX YpaBHEHHI, a BTOpas YIIPOIIEeHHAas
MOJIesIb U3 JABYX ypaBHenwnii. [lokazano, uro Baskoymupyroe nosegerne PE100 urpaer mep-
BOCTEIEHHYTO POJIb B JIeMII(pUPOBAHNHN SIBJIEHUsI THPABINIeCKOro yiapa.B crarwbe [41] uc-
CJIe/IOBAHBI C yIETOM INeOMETPUYECKON HEJMHEHHOCTH JIUHAMUYIECKUe 33/1a9i O BUOpAIun
BABKOYIPYTOil TPYOBI, TPAHCIOPTUPYIOMIEH KUTKOCTb. Y PABHEHUS IIJIOCKOTO JIBUZKEHUS
TPYOBI MTOJIYIEHbI C UCIOJIb30BaHUEM Teopun Ditjepa u 000OIIEHHOTO MPUHITAIIA [ aMuIb-
ToHa. UHUCJIEHHO HUCCJIEI0BAHBI BJIMSIHUE MaCCOBOIO OTHOIIEHHS, CKOPOCTU YKUJIKOCTH U
HEJIMHEHHOro K03 puImeHTa Ha HeJIMHeTHbIe aMILINTY/Ibl U 9aCTOThI BA3KOYIPYTOi TPY-
Oer. B pabore [?| uccienoBana ycrodunBocTh KoJIeOaHUIT BA3KOYIIPYTOro TPyGOIPOBOIA
¢ IpOTeKaIeil *KUJIKOCThI0. MaTeMaTuiecKue MOJAEIN JTUHEWHBIX U HEJIMHEHHBIX 3218
0 KoJiebaHusX TPYOOIPOBO/IA-TI0JIOIO CTEPXKHS OIMKMChIBACTCA Tud DepeHnnaabHbIMU yPaB-
HEHUSIME B YACTHBIX ITPOU3BOAHBIX. [lo/TyueHHble YncieHHble pe3y/IbTaThl CPABHUBAIOTC C
aHAJIMTUYECKUME pesyJibratamu. B pabore [47| nccsie1oBanbl yeTORIMBOCTE MHOTOIIPOJIET-
HBIX TPYO U3 BA3KOYNPYroro (byHKINOHAIBHO-TpaauenTHoro Marepuasia (PI'M), rpamc-
MOPTUPYIOIMINX KUJIKOCTh. V3ydeHbl BIMSHIE CKOPOCTU YKUJKOCTH, BHYTPEHHErO JaBJIe-
HUs ¥ BHYTPEHHEro JIeMI(pUPOBaHNs HA YCTOWIMBOCTD BAZKOYNIpyTrux Tpydo ®I'M, tpamc-
HOPTUPYIOMIUX KUJKOCTh. B pabore [48]| mpejioxken Mojixo/| K ONpeeseHuto (byHKINT
[OJI3YYECTH B BSI3KOYIPYIUX JJIMHHBIX Tpybax. AHaIuTHYECKHe pEeIeHus, M0y IeHHbIe
IPEJTIOYKEHHBIMI METOJIAMK, CPABHUBAIOTCS C PE3Y/IbTATaAMU B 9KCIEPUMEHTATLHBIX TPY-
6ax. B pabore [49] u3ydeHb! monepedHbie BUOPAIN TPYOBI 13 KOMIIO3UTHBIX MATEPHAJIOB.
OrnpejiesieHbl KPUTHIECKNE CKOPOCTH TMOTOKA JIJTsT PA3IUIHBIX TPAHUIHBIX YCJIOBHIA.

B pa6ore [50] uccieoBanbl JUHAMAYECKHE 33J1a9l 00 YCTOWIMBOCTH MHOTOCJIONHBIX
TpyO, TPAHCIOPTUPYIOMINX HEHBIOTOHOBCKYIO KUJIKOCTD. [loTydeHbl aHauTudecKue pe-
3YJILTATHI JII CKOPOCTH BHYTPEHHEH YKUJIKOCTU U JPYTUX MEPEMEHHBIX MOTOKOB. B pa-
6ore |51] mcenenoBanbl yBesnuerue aeMipupOBaHUs CTOSKOB U yMEHbIIIEHHEe BUOPAIlH-
OHHBIX 3(PDEKTOB C YyUeTOM BSI3KOYIPYIHX CBOWCTBA Marepuasa KOHCTPYKimu. Paszpa-
boTana YHC/IEHHAsT MOJE/Ihb, TI03BOJISIONIAs UCCIIEI0BATh COHABUYI-TPYOBI. J[locToBepHOCTH
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MIOJTYI€HHBIX PE3Y/IbTaTOB 10 JAHHON MOJIEN OIEHEHBI C TMOMOIIBIO0 SKCIIEPUMEHTATBHBIX
HCIIBITAHUI, BBIIOTHEHHBIX B Jaboparopun kouctpykiuit 8 COPPE / UFRJ.

N3 npuBesienHoro o63opa MOXKHO Ce/aTh BBIBOJI, UTO pa3pabOTKa aJICKBATHBIX MO-
Jlesieit 3a1a9u 0 KoJIebaHUsIX BA3KOYIIPYTOro TPyOOIPOBO/Ia ¢ IMPOTEKAIOINM JIByXdas-
HBIM TIOTOKOM YKUJIKOCTH, U YUHUTBHIBAIONINX pabOTy BA3KOYIPYTroro OCHOBAHUS T'PYHTA,
MPEJICTaB/IAET COOOM JTOCTATOYHO CJIOKHYIO M aKTYaJbHYIO HCCJIEIOBATE/IHLCKYIO 3a/1a4dy,
KOTOpasl sSIBJISETCS OCHOBHOM T1€J/IBI0 JJAHHOT'O MCCJIEJIOBAHUS.

HaCTOHHlaH pa60Ta IIOCB4dIIeHa PEMIEHUIO BbIINIEHA3BaHHbIX 3a/a9 U IIO9TOMY €€ TeMa-
THUKa BE€CbMa aKTyaJlbHa.

2 IlocranoBka 3aga4n

Pacemorpum Bsizkoytipyruii TpyObOIpoBO, B BHIAE IPSMOIT OJHOIIPOJIETHON ITApHUPHO
orepToit ¢ 060UX KOHIIOB OaJIKu, JiexKalleil Ha BA3KOYIPYTOM OCHOBAHUU, OIHCHIBAEMOM
MojiesTbio Bunkiepa. Boibepem mpaMOyrobHYIO CHCTEMY KOOPJWHAT TakK, YTOOBI OCh T
MIPOXO/IUJIA Tepe3 MEHTPhI TIKECTH CedeHnil TPyObl B OMOpaxX, KOTOPBIM COOTBETCTBYIOT
koopiuHatThl * = 0 u x = L . [lepemerienns Touek ocu TPyOOIPOBO/Ia IO OCH Y TPEJICTAB-
JISTIOT HeM3BeCTHYIO QyHKIMIO nporuboB w(x,t). CKOpocTh TeueHns KUIKOCTH BJIOJb OCH
Tpyb6orpoBosa - U. IIpomonbubie Kosebanus TpyoonpoBojia ne paccmarpupaiorcs. [Ipe-
[I0JIaraeTcs, ITO JBUZKEHHUE IJIOCKOoe, a TPyda HOMUHAJIBLHO Topu3oHTasbHa. [Liomaas mo-
[IEPETHOr0 CeYeHUsT TOTOKA CUUTACTCS MOCTOSHHON. TpyborpoBoI, TPAHCIIOPTUPY IO
ra30:KMIKOCTHBIN JIByX(a3HbIil MOTOK, MoKa3zaH Ha puc. 1. B TpybompoBojie MOXKHO Ha-
OJTI01aTh HECKOJIBKO ITOC/IeI0BATEIbHBIX TOTOK MpobKK. Ha puc. 2 moka3zanbl 30Ha ra3oBoit
dazbl, JmMHa KOTOpOit paBHa L1, U 30Ha KuKO# (aswl, AauHa KOTOPOil cocraBiger Lo.
Jmmna tpy6onpoona cocrasisier L(L = L; + Lg). OcnoBbiBasicb Ha pabore [33,36],

AR

macea sHeuoxkocmii Mmacca asa

Puc. 1 IIpoOKoBbIiT pexknM TeUeHUsT Fra30COAEPKAIIAN KU IKOCTH

Puc. 2 leomerpun nporodHoit yactu TpyoOIPOBOJIA

ypaBHEHUEe JBUXKEHUS TPYOOIIPOBOJIOB, TPAHCIIOPTUPYIOMINX JABYXMA3HbI IIOTOK TPOOKH,
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C YY€TOM CBONICTB BA3KOCTU MaTepuaJjia KOHCTPYKIUI 1 OCHOBAHUII I'PYHTa MMeeT BUJL:

. 0t 0w
E[(l - R )w+2(mLUL+mgUg) m‘i‘
0w *w
(moU; +myU7) —5 5 +(mL+mg+mp)W+ 1)
L
. E(1—-R)Ay [ (ow\®  |*w
kl(l—Rl)w— N0+T/ <%) dx W_O

0

3necy E - Mouysb ynpyroctu mMarepuasia; I - MOMEHT WHEPIUU cedeHus TPyOOIpoBO-
na; EI - wsrubnas KecTKOCTb TPyObI; w - mporud TpybdorpoBoja; L - jjauHa TPyObI
MEKJIy OIOPAaMU; T - HE3aBHUCHUMAs MepeMeHHasl, IPOJIOJIbHAsl OceBasi KOOP/MHATA TPY-
b1, w(z,t) - Iporud B CEYEHUN T B MOMEHT BPEMEHH t; My, My U M, - MACCa JKUIKOCTH,
raza u TpyObI COOTBETCTBEHHO, OTHECEHHAS K €JIMHUIE JTHHBI TPyOOIpoBoia; Agy - 1mio-
ma/lb 1omepedHoro cedennsd Tpyosl; ,Ur, U, - ckopocTn IOTOKa *KHJIKOCTH 1 rasza; ki -
KO DUIUEHT TTOCTEN BA3KOYIIPYyroro ocuoBaunus; Ny - C>K1/1Ma}01uee (pacTsiruBarorree )

ycumue; , R* R} - uHTerpasibHbIe omepaTophbl Buja: Ry f R(t — 1)p(T)dr;Rip(t) =

1(t = T)(T)dT; R(t —T) & Ry(t —7) siapo penakcanuuKonrynosa-Prkanuipiaa [54]:

O\“

R(t—1)=A-exp(=B(t—7)) - (t—7)""",
Ri(t—71)=A exp(=pui(t—7))- (t—7)"7", (2)
A>0, >0, 0<a<l,A;>0, (>0, 0<a<l;
t - Bpems HAOJIIOJEHWS; T - TPEIIIeCTBYIOee MOMEHTY HabJomenust spemst; A, Ap -
napaMerpbl Ba3kocTy; 3, 1 - mapaMerpbl 3aTyXaHus; v, (v - apaMeTp CHHIYJISPHOCTH,

olIpe/lesIgeMblil SKCIIEPUMEHTOM.
Byznem pemars ypasuenue (1) mpu cyieiyonux rpaHUIHBIX YCIOBUSIX

0w (z,t)
w(x,t)zwzo mpu =0, x=L; (3)
1 HAaYaJIbHBIX YCIOBUSAX
’LU(J?,O) :19(33'), w(x,O) =¢($)a (4)

riae 9(x), ¥ (x) - 3a7aHHbe JTOCTATOYHO TUajKkne QYHKINE B 00JIACTH U3MEHEHUsT CBOMX
apryMeHTOB.

3 Merton pemeHus

[Tpubsinzkennoe pemienne ypasHenus (1) Oyjem uckaTh B BUje:

=Y walt)pn (2) (5)

riae wy (t) - HeKoTOpble (DYHKINK, MOJJIEKAIIe K OIpeeseHnto, a MYyHKIMI ¢, (x) To-
JO6paHbl Tak, YTOOBI KayKJIblil wieH cyMMbI (5) yIOBIETBOPSAI MPAHUIHBIM YCIOBHsIM. B
cydae MapHUPHO ONEePTOoil Mo KpadMm TpyObl B pasjoxkeHun metoga byonosa-lajmepkuma
(5), anmpokcumupyorme QyHKIMA TPOrudba BEIOMPAEM B BHIE

©n (z) = sin ? (6)
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[MoncraBum dyukimo (5) B ypapaenune (1) ¥ OpUMeHHM K I[OCJEIHEMY IIPOIELYPY
Byo6nosa-l'anepkuna. B nporecce nnrerpamnuu ypapuenus 1 ot 0 j10l,, pacio/ioKeHHbIe
mmapaMeTpbl IOTOKa, BKJIIOYasd Maccy Ha e€JMHUILy JJIUHBI U CKOPOCTb IOTOKA JIJIsi Ta30-
BOIl 1 KHUJIKOI (hasbl B 30HE Ia30BOI0 IIY3bIPSA W 30HE >KUJKOIO IIOTOKA, HHTEIPUPYIOTCS
OTJIeJIBHO B MHTepBaJie oT Hysast 10 Ly, u orL; moL (puc. 16). [Tocie HecnoKHBIX TIpe-
00Opa30BaHUil MOJIYINM CHCTEMY HHTErpo-auddepeHnnaabHbIX YPaBHEHUN OTHOCUTETHHO
kosbdunuenros (5).
Brens caemytomnue 6e3pa3zMepHble BEJTUTHHBI

r w t El
L'L" L2\ mp+mg+my,

U COXPaHss IIPU 3TOM IIPEeKHNE 0003HAYEHUA, IOy YUM CUCTEMY UHTErpo-1uddepeHnnaabHbIx
YPaBHEHUN OTHOCUTEIIBHO Wy, :

N N
Z Aknwn + 22 ('YLkn/BLuL + ’ng:nﬁgug) w

Z Qonp, (5Lknu% + 5gknu3) Wy, + aOnNOwk + kw (]- - RI) wk+ (7)
n=1

N
Y100k Z Oniwg(1 — R )w,w; + agk(l — R )wy = 0.

n,i=1
Wy (0) = Wopm; Wn(0) = Wopm; k=1,2,...,N.

I 1
Sﬂer Akn = 5Lkn + 5gkn;§Lkn = f(;pn(x)gok(x)dxaégkn - f )dxafyLkn =
0 L
L1 1
=L [ ¢ (2)en(x)da;ygen, = % f (x)dx - Gespazmepnblie K03hDPUIUEHTI;
0
A0L2 mry, 2 k1L4
— . — . — ky = ’
T 7 BL \/mL—l—mg—l—mp’ g = NP

Mg : LUL,/ — LU ,/
mp +mg +my,

- L
T, = L 5n_{ ) ecm/In%O

L 1, ecm n = 0.
L?N,
No= "% s = mim® (B + 0s) /4

-6e3pasmMepublie apameTpbl. TouKM Ha/[ IEPEMEHHBIME O3HAYMAIOT B3sTHE IIPOU3BOJIHOM 110
BPEMEHU COOTBETCTBYIOIIETO IMOPSIKA.

Haseek cucreme (7), onuchiBaromieii 3aj1a4dy o KoJaebaHugX TPyOOIpPOBOIA, TPUMEHEH
quc/eHHblit Metos [55, 57|. Ha ocHoBe 9TOro Mero/a onucan ajJropuT™ YUCACHHOTO Pelre-
uust cucreMbl (7). VuTerpupysi cucremy 7 aBa pasa 10 ¢, 3alicaB ee B HHTETDATBHOMN
dopme 1 ¢ TOMOMIBIO PAIMOHAIBHOIO TPeoOpa30BaHMUs, UCKJIOUNM CHHIYISPHBIE OCO-
OeHHOCTH MHTErpasbHBIX orneparopoBR* u R} . Barem, nosnaras t = t;,t; = i - Aty =
=1,2,... (At =const)u 3aMeHsis HHTErPAJIbl KB IPATyPHBIMU (hOPMYJIaME TPAIIEIHil JIJIst
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BBIYHCIEHUsT Wy, = Wi (t;), , momyunm dbopmynbl st siapa KoaryHosa-Prkanunbiaa
(R(t)=A-exp(=Bt)-t* 1 0<a<)

Takum 06pa3oM, COITIACHO YHUCJIEHHOTO METO/Ia OTHOCUTETHHO HEM3BECTHBIX MTOJIYIHM
cucremy ajrebpanueckux ypasaenuit [52,57,61|. Ing pemienust cucreMbl UCHOIb3YyeTCs
metos1, [aycca. Ha 6a3e pazpaboraHHOr0 ajiropuTMa CO3/IaH IMPUKJIAIHBIX KOMITBIOTEPHBIX
nporpamM. Pe3y/ibTarThl BBIYUCIEHUN TIPEJICTaBICHBI B TAOIUIE U OTPAXKAIOTCI TpaduKa-
MW, TPUBEJIEHHBIMA Ha puc. 17 - 22.

4 O6cykaeHne pe3yIibTaTOB

PesysibraThl pacueToB npejicTaBiieHbl B Tab uie. B Tab/mie npuBeeHbl KpUTUIECKHEe
CKOPOCTH TIOTOKa Tasa, ompejesnenuse mo gopmyste (7). Ilpu ckopoctsix, Korga u > U,
KoJie0aTeIbHOE JIBUKEHIE ITPOUCXOIUT C MHTEHCUBHO HAPACTAIONUME aMILIUTY/IaMHI 1 MO-
JKeT TPUBECTU KOHCTPYKIMIO K Pa3pyIIEHUIO, a B Cydae, Korja U < e, aMILTATYIA
KoJiebanuii 3aryxaer. OTMETHM, YTO MPH U > U, pasioxkenue (7) pacxomutcs.3mech
Uer-KPUTHIECKAST CKOPOCTD JIBYX(ha3HOIO IMOTOKA.

[IpuBeeno ncceoBaHne BIUSAHUS BA3KOCTH. Pacdersl moKa3ad, 9TO y4IeT BA3KOIO
COITPOTHUBJIEHHUS TIPUBOJIUT K CHUYKEHUIO KPUTHIECKOTO 3HAUEHUsT CKOPOCTH mToToKaHa 40 7%
110 cpaBHeHUIO ¢ yupyruM perenuem. [Ipu A=0 u A=0.1 kpuruieckass CKOpOCTh TA30BOI'O
IIOTOKA COOTBETCTBEHHO paBHa 2.89 n 1.73. MccienoBanus mokasaJjn, 9TO B 4aCTHOM CJIY-
Yae pe3ysIbTaThl YHUCJICHHOTO MOJIEJIMPOBAHUs COMIACYIOTCs ¢ pedyjbrataMu pabor [62].
C yBesimdeHmeM CHUHTYJISIPHOTO ITapaMerpa (pUTHIecKasi CKOPOCTh Ta30BOTO MOTOKa yBe-
JimauBaeTcd. I1or 3ddekT bosiee CUIIBLHO 3aMeTeH Ipu 3HadeHusaX a=0.75 B oTyimame oT
snadennsd a=0.1. YucjaeHnble pe3ybTaThl MOKA3a/I1, 9TO BJIUTHUE MTapaMeTpa 3aTyXaHus
[B sijipe HAC/IEICTBEHHOCTH HA KPUTUIECKYIO CKOPOCTH IIOTOKA 110 CPABHEHUIO C IIApaMeT-
POM BSI3KOCTH A M CHHTYJIIPHOCTH (vOKa3a/10Ch He3HAaInTe bHbIM. C yBe/InIeHneM 3TOTO
3HAYEHUs CKOPOCTHb MOTOKA yMEHbIIAeTCsi, HO He3HaYuTe/IbHO. [lo/rydenHoe Kpuruieckoe
3HaYEHHEe CKOPOCTHU MOTOKA I BA3KOyIpyroit Tpyosr mpu S=0.07, Bcero na 3,9 % Huxe
110 CPaBHEHMIO C 3HAYeHUsIMU cKopocTu mmotoka mpu S=0.01.

VBenudenne napamerpa k, NPUBOIAUT K CYIIECTBEHHOMY H3MEHEHUIO KPUTUIECKOM
CKOPOCTH IIOTOKa JIJIsi ra30Boil (dasbl. VcciaemoBanns ObLIn mpoBejeHbl upu k,, =0; 10;
30 u 40. BujHo, 9TO ¢ yBeJIMYeHUEM ILIOTHOCTH I'PYHTA OCHOBAHUI IIPUBOJIUT K BO3PAC-
TAHWIO KPUTHIECKON CKOPOCTH TOTOKA Ta3a.

N3y4eno BimsgHEE BHEITHBIX PACTATUBAIONINXYCHIUN B TIPOJIOJILHOM HAIIPABICHUN TPY-
6oripoBosia. M3 Tabini BUIHO, 9TO POCT PACTATUBAIONIUX YCUIUN B IIPOIOJILHOM HallpaB-
JIEHUUTPYOOIIPOa MPUBOJNAT K YBEJIUIECHUIO KPUTUIECKON CKOPOCTHU IOTOKA JIjIsI Ta30BOit
dazer. [Ipu N, =0.1 u N, =10.5 kpurudeckasi CKOPOCTh IIOTOKA, JjIsT ra30Boit (has3bicooT-
BeTcTBeHHO paBHa 1.76 u 3.67. Hanporus, ckumaromue ycumsa N, TPUBOJAT K TaKOMY
JK€ TIPOTIOPIMOHATBHOMY CHUYKEHUIO KPUTUYIECKOW CKOPOCTH IOTOKA JIJIA ra30BOil (pas3bl.

W3 tabsuir BuiHO, 9TO yBeIUUeHNe 3HATEHUsT TapaMeTpa BI3KOCTH OCHOBaHUi A ipu-
BOJIUT K CHUKEHWIO CKOPOCTH TIOTOKa. Lerephb mcceieyeM BAUTHUE TTapaMeTpa CUHTYIISAp-
HOCTH OCHOBAaHHUII I'PYHTa HA CKOpPOCTh 1oToka. C yBesmdenueM mnapamerpa «y or 0.05
q0 0.7 pa3HuUila KPUTUUECKUX CKOPOCTEll, OIpeJIe/IEHHBIX 110 (hopMysie 7 yBeIUINBACTCS
na 14.5 %. Hanpumep, npu oy = 0.05 ckopocth motoka cocrasiser 1.52, u npu oy =0.7
CKOPOCTDb MOTOKa, cocTaBjseT 1.74.

Uccie1oBalHo BIHsIHEE TapaMeTpa Ly , XapaKTepHU3yIOero JUIMHY 30HbI Iy3bIphKa
raza Ha KpUTUYECKHE CKOPOCTU TOTOKa Jijisd ra30oBoil dasbl. [lomydeno, 9To ¢ yBendeHu-
eMIapaMerpa Li HPOUCXOIUT YMEHbIIEHIe KPUTHIECKIX CKOPOCTEH IIOTOKA JIJIsl Ta30BOil
dazbl, 9TO 00bACHAETCA TEM, UYTO C POCTOM JIUHBI 30HBI FA30BOI'0 MIOTOKA CKOPOCTDb KU/I-
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KOCTH B 30HE Ia30BOT0O ITOTOKa HAMHOIO MEHBIIIE, YeM B 30H€ YKIJIKOTO IOTOKa, 0COOEHHO
KOTJIa JITHHA TPYObI OOJIbIasd.

UccnenoBasioch BiMAHIE BA3KOYIIPYTUX CBOWCTB MaTepuaJsia Ha IMOBejeHue TPyOoIpo-
Boja. Ha puc. 17 m3obparkeH 3aKoH pacupejeseHus Mporuda TpyOOIpoBOIa C yIETOM
BA3KOYIPYTUX CBOMCTB MaTepuaJja M IOKa3aHO ero pa3BuTue Bo Bpemenu. st yupyrux
TPYOOIIPOBOIOB KOJIEOAHNS HOCAT IIPaKTHIECKHU IIepHonIecKnii Xxapakrep. Kak Buanm, ¢
y4UeTOM BSI3KOYIIPYT'OI'O CBOWCTBa MaTepuasia KOHCTPYKIINN aMILINTY/ia KojgebaHuil pe3ko
cumzkaercd. Mexkry TeM BusHUEe BA3KOYIIPYTOTO CBOICTBa MaTepuaJsa TPyOoIpoBo/ia Ha
aMILTUTY/Ly KosiebaHuii TpybonpoBojia B Hadase mpoiecca (ydacTok Kpuboil w(t) B aua-
nasod < t < 0.2) nposiBiisiercss B CyIIECTBEHHO MeHbIeii crenenn. Haunnast ¢ 7 > 0,2
BSA3KOYIPYTHE CBOHCTBAa MaTepuaja CYIIeCTBEHHO BJIUSIOT Ha KoJieOATeIbHBIH IIPOIecc
TpybompoBoma. AHaINU3 pe3y/IbTaTOB IMOKA3BIBAET, UTO YBEeJIUUYCHNE 3HAUCHHS IIapaMerpa
BA3KOCTH A MPUBOIUT K 3aTyXaHUIO KOJIEOATETHHOTO TPOIECCa. JTH BBIBOJIBI U PE3YIbTa-
ThI TIOJIHOCTBIO COOTBETCTBYIOT BBIBOJIAM U pesyJibratam pabor [1,57,62,63].

N3y4eno BimsgHIE CKOPOCTU TIOTOKA, JIJIsd YKUJIKOM (pa3wl uy, Ha KoJjebanua Tpyosl. Ha
puc. 18 npejcraBiaeHbl rpadukn GyHKIUA TPOruda Jijisg TPyOOIPOBOIa C YIETOM BI3KO-
ynpyrux cgoiicts marepuasa ( = 0.01) u ocHoBanuii rpyura (A; = 0.01), npu pasaudHbIx
CKOPOCTSAX MOTOKA Jist KUKOi daszwl uy, = 1.4 (kpusag 1); uyp = 2.92 (xkpusas 2). st
3HAYEHUN CKOPOCTH IMOTOKA I YKUJKOW (asel ur, = 1.4 ammanTyma KojgeOaHmit 3aTy-
xaeT. [lpy yBesmueHnn CKOpPOCTU MOTOKA IS »KUIAKOM (as3bl 10 u;, = 2.92, KosebaHusd
mprobpeTatoT OBICTPO BO3pacTarolue aMITyIbl. CKOPOCTh KUIKON (a3bl MPEBBINIAET
KPUTHYECKYIO CKOPOCTh moToka.Hasio ormeTnTh, 9T0 KOIEOAHWAC BO3PACTAIONIMME aM-
IJIATY/IaMUA MOT'YT IIPUBECTU K YCTAJIOCTU KOHCTPYKITUN.

w

0.018}

0.012

)

0.006

-0.006

-0.012

-0.018

24 3.6 4.8 6

Puc. 3 Bapucumocth nporuba TpyOGhl W OT BpeMeHH t IPH Pas/IMuHBIX lIapaMeTpax BA3KOCTH:
A =0 (kpusas 1); A = 0.05 (kpuBas 2); A = 0.1 (xkpusas 3); a=0.25; §=0.05; k,, = 3.5; L1 =
= 0.3; v1 = 0.005; A; = 0.01; a1 = 0.25; 51 = 0.05; N, = 0.01;ur, = 0.3;uy = 0.5.
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Tabuauia 1 3aBUCUMOCTb KPUTUIECKONH CKOPOCTH MOTOKA JBYX(a3HOU YKUJIKOCTH OT (DU3UKO-

MEXaHUIECKUX W NeOMETPUIECKUX IapaMeTpPOB TPYyOOIIPOBOIOB

A

a | B v |kw|Li| Ar | a1 | Bi | No |up| ugr
0 10.25/0.05]0.005|3.5|10.3| 0 1]0.25|0.05/0.01{1.5| 2.89
0.001 2.874
0.01 2.79
0.1 1.73
0.01 | 0.1 {0.05]0.005|3.5]0.3] 0O 10.25{0.05|0.01|1.5]2.682
0.05 2.81
0.75 2.82
0.1 [0.15/0.05/0.005{3.5{0.3] 0 (0.25]/0.05/0.01(1.5| 1.45
0.5 2.1
0.75 2.3
0.01 {0.25]0.01]0.005|3.5]0.3| 0 |0.25(0.05]/0.01|1.5] 1.78
0.07 1.71
0.1 10.25]0.05(0.005| 0 [0.3] O |0.25|0.05{0.01|1.5| 1.7
10 1.95
30 2.4
40 2.6
0.1 10.25]0.05(0.005|3.5/0.1] 0 |0.25|0.05{0.01|1.5| 1.7
0.5 1.66
0.7 1.59
0.1 10.25]0.05(0.005|3.5]0.3]0.001|0.25{0.05(0.01|1.5| 1.72
0.1 1.61
0.2 1.56
0.1 10.25]0.05(0.005|3.5/0.3| 0.1 |0.05]/0.05(0.01|1.5| 1.52
0.3 1.64
0.7 1.74
0.1 10.25]0.05(0.005|3.5/0.3] 0.1 |0.25/0.05| 0.1 |1.5| 1.76
2.3 2.3
5.5 2.9
10.5 3.67
0.8 . ,:“f
0.6 /.
0.4 //
//
,//
%ﬁﬁWWWW VAAAAANAAAAANAAAA
- - t
16 31 ER) 10
Puc. 4 3asucumocts w(t) Opu pasJUIHbIX CKOPOCTSIX MOTOKA Jiist KUAKOH dasbl up = 1.4

(kpusast 1); ur=2.92 ( kpupas 2); A=0.01; a=0.25; 3=0.05; k, = 3.5;L; = 0.3; 74 = 0.05;
a1 = 0.25; 81 = 0.05; N, = 0.01; uy = 1.5.

Al = 001,
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0.8}

B

0.6

04

9.6 12.8 16

Puc. 5 3asucumocts w(t) 0pyu pa3iInIHbIX CKOPOCTSIX IMOTOKA, JJIst rasopoft aser ug = 2.7 (kpu-
Bast 1); ug—=2.81 (kpusas 2); A=0.01; o=0.25; §=0.05; ky, = 3.5;L; = 0.3; y1 = 0.05; A; =
=0.01; a7 = 0.25; 51 = 0.05; N, = 0.01; ur, = 1.5.

0

0 14

Puc. 6 3apucumocts npornGa Tpy6er w oT Bpemenu ¢ npu ky=4.8 (xpuBas 1); k,=5.1 (kpuBast
2); A=0.01; «=0.25; =0.05; L1 = 0.3;y; = 0.05; 4; = 0.01; g = 0.25; 81 = 0.05; N, =
= 0.0L;ur, = 1.5; ug = 2.81.

0 2 4 6 8 10

Puc. 7 3aBucumocts mporuda Tpyosl w OT spemenu ¢t upu No = 0.08; (kpuBasi 1); N, = 1.05;
(kpusas 2); A=0.05; 8=0.05;0=0.25; ky, = 3.5; L1 = 0.3;y1 = 0.005; 41 = 0.15; a3 = 0.15; 51 =
= 0.05; N, = 0.0L;ur, = 1.5; ug = 1.7.
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Puc. 8 Ilpumep Bbruncienust xojebanuil Touku & = L/2 nBymsi OpUOJINKEHUSIMU B METOJE
Tasiepkuna. Pesynbrarsr pador [1] (kpusasi 1); Hacrosinmit pesysbrar (Kpusasi 2).

Anajiorudnbie pe3y/IbTaThl MOy IeHbl JIJIsi CKOPOCTH TIOTOKa JIjisi ra30Boil dasbl (puc.
19). Pacuersr Obl1u 1poBeieHbl IpH u,—2.7 (kpusast 1); u,—2.81 (xpusas 2). Ilpu u,—2.81
MBI IMEEeM KOJIe0aTe/IbHOE ABUZKEHNE ¢ OBICTPO BO3PACTAIONIMMU aMILIUTYIAME, KOTOPOE
MOYKET IPUBECTH KOHCTPYKIIUIO K Pa3pyIIeHUIO.

[IpuBeienb! nccaeI0BAHNS BIAUSHASA TapaMeTpa OCHOBaHUi k,,, Ha KOJjiedaTeIbHbBIN ITPO-
necc (puc.20). Kak BugHo m3 rpaduka, s obonx 3HadeHnii ocHoanuii rpyara k,—4.8
(kpuBas 1) u k,,=5.1 (kpuBas 2) upu ckopoctu uj, = 1.5 u u,=2.81 mposBiisgeTcs auHa-
MUYecKasi HeyCTOWIMBOCTh, JIBUYKEHIE MIPEJICTABIIeT cO00M KO/IeOaHus CO CTPEMHUTETHHO
BO3PACTAOIINMY aMILTHTy1amMu. [Ipu pacdere ncrosib30BaHbI CIEAYIONINE 3HAYCHUS T1a-
pamerpos: A=0.01; a=0.25; $=0.05; L; = 0.3; v1 = 0.05; A; = 0.01;0; = 0.25; 3, =
= 0.05; N, = 0.01.

Ha puc. 21 uzobpaxkenbr kpuBble w = w(0.5;1), MOCTPOEHHbIE JJIsi PA3IUIHBIX 3HA-
YeHU pacTAruBaionux ycuanii. Kpusble BBIYHUC/IEHBI /)i TPYOOIIPOBOJIA ¢ ITapaMeTPaMu
N, = 0.08; (kpusasz 1); N, = 1.05; (kpusasz 2); A=0.05; 5=0.05;a=0.25; k,, = 3.5; L, =
= 0.3;71 = 0.005; A; = 0.15;0q = 0.15;3; = 0.05;N, = 0.01;u; = 1.5;u, = 1.7..
N3 puc.13 BuaHO, 9TO PACTATHBAIOIIAE YCUJIUS 110 HAIPABICHUIO TEUEHUsI OKA3bIBAIOT
CUJIbHOE CTAOU/IM3UPYIOIIee BIUSHUE, CIIOCOOCTBYS 3aMETHOMY POCTY CKOPOCTH TIOTOKA,
IPOIIOPITUOHATHLHOMY BEeJIUUINHE PACTATHBAIONIUX YCUINA.

Ha puc. 22 npejicraBiieHbl pe3yIbTaThl BbIUUCIEHUs KoJaebanuii Toukn © = L/2 Tpy-
O01poBOIA, ABYMs NpuOIMKenuaMu B Metojsie [aepkuna. B gactHOM ciiydae KojieOaHust
TPYOOIIPOBOMIOB ¢ IIPOTeKaromeil oHOoMpa3HO! >KUJIKOCTHIO COBIAIAIOT C Pe3yabTaTaMu
pabot [1] (kpuBasil). Dror darT moaTBEpKIAECT PabOTOCIIOCOOHOCTH U DHEKTUBHOCTD
MIPEJIJIOYKEHHBIX METOJIOB U KOMITBIOTEPHBIX TIporpaMM. B citydae, J1ByXdas3HOro moToka,
AMILIUTY/Ia U 9acTOTa KoJaebaHus yMeHbIaoTest (KpuBas 2).

5 3akJroueHue

Paspaborana Mmaremarmdeckasi MOJAEIb JUHAMUKHI IIPSIMOTO BI3KOYIIPYTOTO TPYOOIIpo-
BOJIa TIPU NIPOTEKAHUN Yepe3Hero JABYyX(as3Hoil KujkocTu. Pazpaboran BHIYUC/IATETHHBII
AJITOPUTM JIJId pemeHud 3ada49 JUHAMUKHA BASKOYIPYIUX pr6OHpOBOILOB C IIPpOTEKalo-
meit aByxdaznoit KuakocThio. Ha ocHoBe paspaboTaHHOTO BBIYUCIUTEIHHOTO aJrOPHUT-
Ma CO3JIaH IHAaKeT IPHUKJIAIHBIX KOMIIBIOTEPHBIX IIPOTPAMM, O3BOJISIONIUN HUCCIEI0BATD
KoJiebaTeIbHbIE IPOIECChl BI3KOYIPYTUX TPYOOIPOBOIOB € IIpOTEKaoIei AByxXdas3Hoit
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razocojepzKalreil KuakocTbio. [Ipn MogenmpoBaHnn HEJTMHERHBIX 3a/1a9 HCCJIET0BAH DS
TuHAMIYIECKIX 3D PEKTOB:

— YCTAHOBJIEHO, UTO BA3KOYIPYTHE CBOWCTBA Marepuaja TPyOOIPOBOJA MPUBOIAT K
YMEHBITEHUIO0 KPUTUIECKON CKOPOCTH MOTOKa JBYX(a3HON ra30coaep:KaIeil K TKOCTH;

— BBIZABJIECHO, YTO yBe€/JIMY€HUE JIJIMHbI 30HBI IIY3bIPbKa I'a3a IIPUBOAUT K YMEHBIIIECHUIO
AMILTUTY/IBI M 9aCTOTHI KoJlebaHuit TpyOoIpoBoIa,;

— MOKa3aHO, YTO y4YeT BA3KOYIPYIUX CBONCTB OCHOBAHWH I'DyHTa IMPUBOJUT K YMCHb-
MIEHNI0 KPUTUIECKOH CKOPOCTH ITOTOKA;

— BbBIABJIEHO, YTO C yBe€/IMY€eHUEM IIJIOTHOCTU I'DYHTAQ OCHOBaHU IIPUBO/UT K BO3pPac-
TaHUIO KPUTUIECKON CKOPOCTH IIOTOKa ra30BOil (hasbl.
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Resultsof studies of the oscillations of pipelines conveying a two-phase slug flow are
presented in the paper. A viscoelastic model of the theory of beams and the Winkler
base model are usedin the study of pipeline oscillations with a gas-containing slug flowing
inside. TheBoltzmann-Volterra hereditary theory of the viscoelasticity is used to describe
the viscoelastic properties of the pipeline material and earthbases. The effect of gas and
liquid phases flow rates, influence of tensile forces in the longitudinal direction of the
pipeline, parameters of Winkler bases, parameters of singularity in the heredity kernels
and geometric parameters of the pipeline on the oscillations of structures with viscoelastic
properties are numerically studied. It is revealed that an increase in the length of the
gas bubble zone leads to a decrease in the amplitude and oscillation frequency of the
pipeline. The critical rates for a two-phase slug flow are determined. It is revealed that
an increase in thesoil density of the bases leads to an increase in the critical rate of gas
flow. It is shown that an account of viscoelastic properties of structure material and
earth bases leads to a decrease in the criticalflow rate.

Keywords: mathematical model, viscoelasticity, pipeline, two-phase slug flow, critical
rate of a two-phase slug flow, oscillatory process.
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MOAEJINMPOBAHUNE N NCCJIEZJOBAHNE OCHOBHDBIX
ITAPAMETPOB B IIPOLIHECCE PACIIPOCTPAHEHN{
COJIE-IIBIJIEBBIX YACTUIL B ATMOC®EPE

Xamdamos P.X., Paswaros 3.H., Tawwmemuposa H.H.
r.hamdamov@mail.ru; ravshanzade-09@mail.ru; nodira3110@mail.ru
Hayumo-nrHOBAIIMOHHBIHN 1IEHTP HHAOPMAITMOHHO-KOMMYHUKAITHOHHBIX TEXHOJIOIHUA,
100124, Y3bekucran, r. Tarmkent, Mupso-Yiyroekckuii p-on, M-B Bys-2, 1. 17A.

JL1st MOHUTOPUHTA U TPOTHO3UPOBAHUS SKOJOTUIECKOTO COCTOSIHUS TPOMBIIILIEHHBIX
PErHOHOB U 3AIUTHI OKPYKAIOIIEH CPeJ/ibl OT TEXHOT'€HHBIX (haKTOPOB pa3zpadoTaHa Ma-
TeMaTHIeCKas MOJIEJb, YUUTHIBAIONIAS U3MEHEHUE ITOI0JIHO-KJINMATUIECKUX (DaKTOPOB,
SPO3UIO MOYBLI U MTapaMETPhI CBA3aHHbIE ¢ HUMHU. TaK KakK, OJIHIM U3 OCHOBHBIX 3arps3-
HuTeseil B arMocdepe MpuapajbCKOro PeruoHa sBJISIOTCA adPO30JbHBIE COJIe-IIbIIEBLIE
YaCTHUIIbI, TO HEOOXOIUMO YVUUTHIBATH UX (PUIUKO-MEXAHUIECKHE CBOICTBA U OCHOBHDIE
CHUJIbI BO3JIEHCTBYIOIIME IIPOIECC IIEPEHOCA ITUX YACTHIL. B cTaThbe IIPOBEIEHbI YNCIEHHbIE
pacyeTsl JijIs UCCJIeJOBAaHUS IIPOIECCa 9PO3UU II0YBBI B 3aBUCUMOCTHU OT CKOPOCTe#l BO3-
JLYIITHOU MACChl aTMOChEPHI, pa3Mepa U IJIOTHOCTH YACTHI], & TAKXKE CUJI JIEHCTBYOINX Ha
HUX. AHa/IM3 YUCIEHHBIX PACUYEeTOB MOKA3aJl, YTO OCHOBHBIM TPUITEPOM BETPOBOI 3pO3Un
IIOYBHI SIBJISIETCA BUXPEBas MO beMHAs CUJIa, KOTOpas Ha MOPSJIOK TPEBBIIAET KaCATE b=
HOE HAIIPsi?)KeHHME U IUIOTHOCTb aTMOC(EpPhl U PACTET MO IKCIIOHEHITUAJHLHOMY 3aKOHY B
3aBUCUMOCTH OT U3MEHEHUS CKOPOCTH BO3/IYIITHON MACChl aTMOChEDHI.

KuaroueBbie cioBa: mareMaTryiecKast MOIE/b, IepeHoC U Tuddy3ust BPETHBIX BEIIECTB,

MIOTOTHO-KJIUMATUIeCKUH (paKkTOp, IUC/IEHHBIH aJrOPUTM.

Hutuposanue: Xamdamos P.X., Paswanos 3.H., Tawmemuposa H.H. Monesinposanue
U UCCJIeIOBAHNE OCHOBHBIX IIapaMeTPOB B IIPOIECCe PACIIPOCTPAHEHUST COJIE-TIBIJIEBBIX Ya-
cruil B armocdepe // TIpobiieMbl BEIYUCIUTEIBLHOM 1 IPUKJIAIHON MaremaTuku. — 2020.

— Ne2(26). — C.78-98.

1 Bseaenne

[IporuosupoBanue, MOHUTOPUHT U OIEHKA IKOJOIMIECKOTO COCTOSHUS aTMOchepbl 1
MOJICTUJIAIONIEH TOBEPXHOCTHU IMACCUBHBIMU U AKTUBHBIMU IIPUMECIMU, pa3MeIleHne mpo-
MBIILJIEHHBIX IIPEIPUATHI ¢ COOJTIOJIEHNEM CAHUTAPHBIX HOPM 3arpPA3HEHUs PETMOHOB SB-
JISTIOTCST aKTYAJBHBIMH B IIPOOJIEMe OXPaHbl OKPYKAIOIIeil Cpebl.

Ha ceropusamnmimii jienb, aHa M3 JIAHHBIX 110 OKPY2KAIOIIEll cpejie MOKa3bIBaeT, YTO WH-
TEHCUBHBIN POCT 00beMa IMPOMBIIIJIEHHOCTH OKAa3bIBAET OOJIBINIOE BIUSHUE HA SKOJOTUYIe-
ckuil qucbananc arMocdepbl TPOMBIIIJIEHHBIX PErnOHOB. B OCHOBHOM Takue 9KOJIOTHYe-
cKHe TPo0JIeMbl 3aMETHBI B BBICOKO PA3BUTHIX ITPOMBIIIJIEHHBIX TOCYIAPCTBAX, HAIIPUMED,
rakux Kak CIIIA, Poccust, @pannust, Unaus, dnonus, Kopes u ap. Koneuno, poct temia
Pa3BUTHUA TPOU3BOJICTBA HETATUBHO BJIUSIET Ha SKOJOTHIECKOE COCTOTHUE TTPOMBITIICHHBIX
PEruoHOB. YXVIIIEHUE KOJOTUH B aTMocdepe MPOMBINIJIEHHBIX 30H BO3HUKAET B CBA3U C
yBeJITUeHneM KOHIIEHTPAINH BPEJTHBIX BEMIECTB U 3ara30BaHHOCTH aTMOCKHEDHDI.

OmnacmHoe 3arps3neHne BO3/LyXa CKa3bIBACTCs Ha 3/I0POBBE JIIOJIEH, T.K. PA3IMIHbIC XH-
MUYeCKHe 3JeMeHThl HanOoJiee MHTEHCUBHO MOTJIONIAIOTCA OPraHU3MOM MMEHHO IPU JIbI-
xanuu. TakuM oOpa3oM, aKTyaJbHOCTbh MATEMATUIECKOTO MOJIETUPOBAHUS IIPOIECCa PaC-
IPOCTPAHEHUsT BPE/IHBIX a3PO30/IbHBIX YACTHUIL OYeBU/IHA.
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AHam30M U MOJEMPOBAHUEM IPOIECca 3arpsi3HEHUs aTMOC(EPb MTPOMBIILIEHHBIX
PETMOHOB 3aHUMAIOTCH MHOTHE 3apyOesKHble M OTedYeCTBEHHBbIE aBTOPBI, UMU IOJIYIEHbI
BECOMBIE PE3YJIbTaThl TEOPETUYECKOT'O U IIPUKJIAJHOIO XapaKTepa.

B pab6ore [1]| npuseena craloHapHasi JByMepHasi MaTeMaTHIecKasi MOJIEJb sl U3y~
YeHUsl PACCENBAHUS 3aIPA3HUTE/IEH BO3/yXa IOJ BO3JAEHCTBHEM T'OPOJCKOIO TEILIOCHAD-
JKEHUsl, TJIe YIUTBIBAIOTCs Me3oMaciITabHble (MU JIOKAJIbHBIE) BETPHI PACCMATPHBAEMOIO
perunosa. B MareMaTuueckoil MOJEIH YINTHIBAETCS IIOIVIONIEHNE 3arPI3HSIONINX BEIECTB
B IIPOIECCE BJIAYKHOTO M CYXOro ocaxKjeHus. llosyaenHas mMaremMaTndeckasi MOJIETb THC-
JIEHHO UHTEIPUPYETCsl C UCIIOIb30BaHIeM KOHEYHO-Pa3HOCTHOM cxeMbl Kpanka-Hukosicona
€ YYETOM 3aBUCUMOCTH METEOPOJIOINIECKHX ITapaMeTPOB, YIACTBYIOIINX B CKOPOCTSAX BET-
pa u npoduisax BuxpeBoil nuddysuu. Pe3ynbraThl MOKa3bIBAIOT, 9TO ME30MACIITAOHBII
BETEP, CO3/IaBAaEMBblil B pACCMATPHUBAEMOM PETrMOHE, ITIOMOTaeT 3arPASHUTEISIM IUPKYJIIPO-
BaTh U JBUTATHCS BBEPX, UTO Je/IaeT MPobJIeMy 3arps3HeHnsT BO3/IyXa 0ojiee cepbe3HOo 1
Ha OCHOBE aHaJIn3a MMOJIyYeHHBIX YUC/IEHHBIX PACIETOB CIIEJIaH BBIBOJ, O TOM, UYTO YPOBEHD
KOHIIEHTPAIINN 3aIPASHAIONINX BEIIECTB YCUJIUBACTCS 1101 BO3AEHCTBUEM BBIIIE YKa3aHHO-
ro pakTopa. OmgHAKO pacipeieeHne KOHIEHTPAIUN 3arPA3HIONINX BEIIEeCTB pa3IniaeT-
¢S B 3aBUCUMOCTH OT COCTOSHHSI aTMOCQEPHI, & UMEHHO B HECTAOMILHOM, HEHTPAILHOM 1
CTaOUJILHOM.

B crartee [2| myst Gostee ajiekBaTHOrO OmmMcaHUs mporecca mepenoca u auddysun 3a-
I'PASHSIONINX BEIIECTB B MPU3EMHOM CJI0€ aTMOC(EPHI MPEJIOKEHO HOBOE HAITPAB/IEHUE
JIJIsT MaTeMaTHIeCKOTo MOJe/JMPOBaHusA 0ObeKTa HuccienoBanus. B pabore paspaboraHa
TpexMepHas MaTeMaTu4IecKas MOJIe/Ib BBIIIE YKAa3aHHOTO ITPOIECca ¢ MOMOIIBIO ypaBHe-
Hus JpoOHOrO TopsiaKa. Perienue 3ajadqu MOJIy9IeHO IMyTeM IIPUMEHEHHS MeTojia 0000-
IIEHHOTO MHTErpasibHOro IpeobpasoBanus u npeodpasosanus Jlamraca. Kak ormedaior
aBTOPHBI JIPOOHOE pellleHne sIBJsieTcs Oojiee OOIUM, YeM TPaJIUIMOHHOE PEelleHne U B pe-
IEHNE YIUThIBaeTCsd 3(PDEKT maMAaTi B BUXPEBOit 1uddy3un u B IPOOHOI TPOU3BOIHOIM,
OHO ITPOCTOE, JIETKO peanu3yeMoe i ObICTPO CXOJAUTCA. YuC/IeHHOe MOJIe/IMPOBaHue ITPOBO-
JIAJIOCH JIJIsI CpaBHEHUS ITPEIOZKEHHOTO JPOOHOIO PEIIeHUs ¢ TPAIUIINOHHBIM PeIlleHueM
U aBTOPBI YTBEP:KJIAIOT, YTO HAWJIYUIINE PE3YJIbTAThI MOJTYyYEHBI ITPU JIPOOHOM MOPSJIKE
IIPOU3BOJIHOM.

B pab6ore [3] 6pu1a paspaborana KOMOHHUPOBaHHAST MATEMATHIECKas MOJEb JJIsl Pe-
IMOHAJIBHON JIMHAMEKE Ia30BBIX IPUMeceil i aspososteii B armocdepe. Momesns BKitogaer
B cebsl CIIeyIonue MOJY/IH: T€PMOTH/IPOANHAMAYECKIE YPABHEHNs /I Me30MacIITad-
HBIX aTMOC(DEPHBIX IIPOIECCOB B HEIHIAPOCTATHIECKOM IPUOJIMKEHIN; [a30BLI TPAHC-
OpT IpuMeceil n aspo3oiieil ¢ GOTOXUMUIECKNM IPEBPAIECHIEM 1 GHHAPHBIM I'OMOICH-
HBIM 3apO/bIIeo0pa3oBaHneM; I KHHETHIECKHE IPOIECChl KOHCHCAINN (HCIapeHns) 1
koaryaamuu. Ocoboe BHUMAIHHE Y/IETCHO HOBBIM MEXAHH3MaM 00pAa30BAHUS TACTHIL ILy-
TeM TOMOT'€HHOT'O 3aPOJbIIIe00pa30oBaHnsl OHHAPHON CEPHOIl KHCJIOTHI B BOJSHOTO IIapa.
C ucrosib30BaHnIeM TOM MOJIe/IH OBLIN IPOBE/ICHBI THC/ICHHbIE SKCIIEPUMEHTEI /I U3y de-
HIS [IPOCTPAHCTBEHHO-BPEMEHHBIX M3MEHEHH KOHICHTPAIUii ra3000pa3HbIX IIpuMeceii n
a’po30JIeii, a TakKe 17151 POPMUPOBAHHS MEJIKIX a3PO30/IbHDIX CKOILJICHUIT B paiioHax o3ep
Baiikan (Poccust) n Antsepriena (Besbrus) n3-3a CHIBHBIX TPOMBIIIICHHBIX HCTOTHIKOB
BBIOpOCa. Pe3y/IbTaTsl 1HC/IeHHBIX 9KCIEPIMEHTOB IPOaHAIN3NPOBAHEL.

B pabore [4] paspaborana mMaremMarndyeckas MOJENb MePEHOCA 3arPsA3HATEeNH BO3Iy-
Xa, BBIOPACHIBAEMBIX U3 TOYEYHOTO MUCTOYHHKA, C YIETOM OCAXKJIEHUs] YACTHUI[ U CYXOI'O
ocaxkJienus. Perrerue ypaBHEHUsT MaCCOIIEPEHOCA BMECTE € STUMU YCJIOBUSIMU 10Ty IaeTCsI
IyTeM IIPUMEHEeHNs MeTojia 0000IIEeHHOr0 NHTErpaJIbHOTO IIpeobpasoBanus Jlamraca. Pe-
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IIIeHNe MPUMEHSIETCsI B MOIPAHNTHOM CJI0€ 3eMJIU, TaK KaK OBbLIN MPUHSTHI BO BHUMaHNE
U3MEHEHHS CKOPOCTH BETpa U BEPTUKAJIBLHON BUXPEBOil qudDy3un ¢ BHICOTOI.

B pabore [5] mpemcraBiieHo WHTErpAIbHOE MOIYaAHAJIUTHICCKOE DEIICHNE YPaBHEHMUSI
g dy3un B armocdepe, yIuThIBaIONee CKOPOCTb BETPa B 3aBUCUMOCTH OT PACCTOSTHUS 110
BETPY OT UCTOYHUKA 3arpsi3HEHUs] U BBHICOTHI 110 BepTUKaJMA. MoJe/b YIUThHIBAeT MEXaHN3-
MBI TpaHCGhOPMAIINK U YIAJEHUS KaK TOCPEICTBOM XUMUIECKON peakIinm, TaK 1 IPOIECCOB
cyxoro ocaxkjienus. [lokazana runorernyeckas JUCIIEPCUs 3aPI3HAIONINX BEIIECTB, BbI-
OpachIBAEMBIX M3 TOPOJICKUX UCTOYHUKOB 3aIPs3HEHUS B MPUCYTCTBAN ME30MAaCIITaOHBIX
BETPOB B HEYCTONINBOM aTMOC(hEPHOM MOTPAHUIHOM CJioe. Pe3ysibTaThl MOKa3bIBAIOT, ITO
Me30MAacIITabHbIe BETPbI, CO3/IaBaeMble TOPOJICKUME OCTPOBAMHU TEILIa, aJIBEHKTUPYIOT 3a-
I'PA3HSIONINE BEIIEeCTBA BBEPX, UTO yBEJIMIUBACT WHTEHCUBHOCTH 3arPsi3HEHUS BO3JIyXa B
TOPOJICKUX PaiiOHaX.

B pab6ore [6] 6bL1a paspaborana nHMOOPMAIMOHHAS CUCTEMA sl MOJIEIMPOBAHIS Pac-
IIPOCTpaHEHUsI 3arpsa3HeHnst arMocepHOro Bo3ayxa ¢ nomoinbio meroaukun OH/I-86, ObI-
Jla, CO3JIaHa apXUTEKTypa CUCTEMbI, pa3paboTaHbl I PEAJTU30BaHbl B IPOIPAMMHBIX MOJLY-
JISIX OPUTMHAJIbHBIE AJITOPUTMbI JIJIs PACIeTa 0/l 3HAYEeHU IPU3EMHBIX KOHIIEHTPAINIT
BPE/IHBIX BEIECTB, I Iepexoa OT KOOPJWHAT, MCIob3yeMbix B MeTonnke OHJI-86,
reorpaduueckiM KoopuHaTaMm, ¢ KoropbiMu paboraer ArcGIS [4], miusa pacdera cpejre-
rOJIOBBIX 3HAYEHUI KOHIICHTPAIUi U KOMILJIEKCHOIO MHJIEKCA 3arpsa3HeHust aTMocdephl ¢
HCIIOJIb30BaHUEM JIAHHBIX PO3 BETPOB. BarKHBIMU OCOOEHHOCTSAMH CHCTEMbI, OTIAIAIONIN-
MI €€ OT aHAJIOTOB, SIBJISIETCS BO3MOXKHOCTB MojeanpoBarb KNU3A (06braHO B 110100HBIX
POIPAMMHBIX CPEJICTBaX 9TOH BO3MOXKHOCTH HET) U pa3MeNaTh Pe3yJIbTaThl MOJIEINPO-
BaHusd B ceTn VHTEpHET.

B pabore 7] npeacraBieHa MaTeMaTHIecKas MOJIE/b, IPOIECCa PACCEUBAHUS 3arpsi3-
HSIFOIIUX BEIECTB, BLIOPOIIEHHBIX U3 JIBYX JIBIMOBBIX TPYO, PACIIOJIOKEHHBIX Ha HedTerre-
pepabaTbiBatorieM 3aBojie B Pueke. Burauciiena KoHIIEHTpalns OIMacHbIX CTOYHBIX BOJ Ha
ypoeHe 3emun, T. €., SO2, CO2 B cJI0KHOI MEeCTHOCTH BOKPYT 3ajuBa Bakapa, Jisd 9Kc-
Ipecc pacyera KOHIEHTPAIH 3arPA3HAIONINX BEIECTB B HUX € YIeTOM JIMTHEITHO pacTyIiei
MECTHOCTH C TJIAJIKOMN IIIEPOXOBATOCTHIO U TYPOYIEHTHOCTHIO.

B nanHoii pabore [8] paccMOTpeHbI pasinaHble MOJIEN PACIPOCTPAHEHUS 3arPA3HSIIO-
IIIX BEIIECTB, OIUCHIBAIOININE COCTOsIHIE aTMOC(EPHOr0 BO3/IyXa ¢ UCIOJIH30BAHIEM Pas3-
JIMIHBIX MaTeMaTUIECKUX ITOIX0I0B, YINTHIBAIOIINX BUJIbI 3arPA3HEHN, ITapaMeTpPhl Bbl-
OpPOCOB, METEOPOJIOTHIECKNE, TOOrPadhUIecKne U JIPYTUe yCJIOBUs, BJIUSIONNE Ha pacce-
NBaHUe 3arps3HSIONNX BelecTB. [IpruBeieHb! KIioueBble TPeOOBAHUS, TP bIBISIEMbIE K
MOJICJISAM 3arpA3HeHIs aTMOChEpHOro Bo3ayxa. PaccMOTpeHbl STalbl MOCTPOEHUS U KJIac-
cuduKanng Mojeseil 3arpsa3HeHns arMocepHOTro BO3IyXa.

Mownorpadust Apryunnnesa B.K. [9] mocesiiena onucanuio MaTeMaTHIeCKUX MO/Ie-
Jieit, pa3paboTaHHbIX aBTOPaMU, JJIs PEHIeHUus 3a/1a9 OXpPaHbl aTMOC(EpbI, THIPOCchepbI
U TOJICTU/IAIONIEN moBepxHOCTH. B KadecTBe ruapoJnHaMUYIecKONl OCHOBBI HCIIOJIb3YIOT-
¢ TpPeXMepHbIe HeCTAIlMOHAPHBIE MOJEIN ME30MACHITAOHBIX IIPOIECCOB B aTMmocdepe u
cTpaTndUIMPOBaHHBIX BO/I0eMax. B ypaBHEHUSX MEpPEHOCA MPUMECel YIUThIBAIOTCA XU-
MUYIECKUE PEAKITHH.

B crarbe [11] pazpaborana cxema 3aMblKaHUs ypaBHEHUs IIEPEHOCA HA OCHOBE SIBHOM
AHU30TPOITHON MOJIE/IN TYPOYIEHTHOCTH, TIO3BOJISIONIAS CYIIIECTBEHHO TTOBBICUTH KAIECTBO
peICKa3aHnsl PACCeTHIs TPUMecH B KOHBeKTUBHBIX yeaoBuax AIIC mo cpaBHeHuto ¢ npu-
MEHsIeMBIMU B HACTOSIIEE BpeMsi MoJjie/isiMu aTMocdepHoit nuddyszun. [Ipesnoxena noas
s dexkTuBHasS MOANMUKAIISA IBHO-HESIBHOIO KOHEYHO-PA3HOCTHOTO METO/Ia PEIICHUS ITPO-
CTPAHCTBEHHBIX HECTAIMOHAPHBIX aIBEKTHUBHO-INM@Y3NOHHO-KHHETUIECKUX YPaBHEHHIT
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Ha MHOTOTPOTIIECCOPHBIX BBIYUC/IUTENHHBIX CHCTEMAX C PACIPEIEJTEHHON TMaMAThIO, TPU-
MEHEHUEe KOTOPOil B 3HAUUTEJILHOI CTEIIeHU COKpalllaeT BPEMEHHBIE 3aTPaThl Ha IOJIyde-
HUE PeIeHust 10 CPABHEHUIO C OOBIYHBIMU IOCJIEI0OBATEILHBIMU ajiropuTMamu. B pabore ¢
HCIIOJIb30BAaHUEM METO/I0B MaTeMaTUYeCKOI'0 MOJICJIMPOBAHUS CUCTEMATUIECKHU IIPOBEJIEHO
UCCIIeJIOBAHNE 3arpsA3HeHns aTMocdepbl Topoga ToMcKa 030HOM U JIDYTUMU [TEPBUYHBIMEI
U BTOPUYHBIMU 3arPA3HUTEIIMU BO3/LyXa, BBISABJICHBI OCOOEHHOCTU UX ITPOCTPAHCTBEHHO-
BPEMEHHOT'O paclpe/ieleHNsd B Pa3JIMYHOe BpeMsd CyTOK U IOJa.

B crarne [12] paccMaTpuBaeTCd 3aa9a MOJACJMPOBAHNAA MEPEHOCA B3BEIIEHHBIX Be-
IIECTB B BOJIHBIX O0OBEKTAaX B TEX CAydasX, KOTJia pa3Mep apeajia MX pPaclpoCTPAHEHUS
3HAYUTE/IHHO IPEBbINIaeT riyonny akBaropun. QopMy/IMpyeTcs: 1 aHAJTU3UPYETCS MOJIETh
TOPU30HTAIBHOIO paCCeTHHsT 3arpsa3HAomux cyocraniuit. O0CyKIAI0TCS BBIYUCIUTE b
HbI€ II0JIXOJIbI K pacueTy IIePEeHOCa B3BEIEHHBIX BEIeCTB B BOAHON cpeje. [Ipemiaraercs
6e3 CeTOYHDIN, CTOXACTUIECKHUI IMCICHHBIN aJIrOPUTM, HACJICIYIONIHI JJOCTONHCTBA JIBYX
MU3BECTHBIX METOIO0B: MEeTO/Ia JNCKPETHBIX 00JIAKOB U CTOXACTUIECKOIO METOIa JIUCKPET-
HBIX JacTull. [lyTem cpaBHeHUs pe3yabTATOB PACYETOB C TOUYHBIM PeIIeHneM MOJIe/THLHON
3aja4qd 0 TypOYJIEHTHOM paccedHuu Iiefidpa 3arps3HeHns, BOSHUKAIOIMIETO B Pe3y/IbTa-
Te JIeCTBUs HENPEPhIBHOIO MCTOYHHMKA B3BECHU, JEMOHCTPUPYETCS pabOTOCIOCOOHOCTH U
0CODEHHOCTH TIPEJIJIOKEHHOIO MEeTO/IA.

B pabore [13] npemioxkena MaremMarudeckas MOJEJb Mpoliecca mepenoca u auddy-
3UU a93PO30JIbHBIX YaCTHUIl B IIOI'PAHUYIHOM CJIOEC aTMoccbepe JJId penieHud 3a1a9 MOHUTO-
pPUHTA ¥ [POTHO3UPOBAHUA IKOJOTUIECKOTO COCTOSHHS BO3/IYITHOTO HacceiiHa MPOMBIII-
JIEHHBIX PETHOHOB, IJIe UMEET MECTO HapyHICHHe CAHUTAPHBIX HOPM OKPY2KAIOMIEH CpeIbl
BCJIEJICTBHUE OOJIBITIOIO KOJINYECTBA BBIOPOCOB BPEJHBIX BellecTB. B mpejioxkennoit ma-
TEeMATUIECKOW MOJE/IM PACCMATPUBAEMOrO IPOIECCa YIUTHIBAIOTCA PeabHbIE TOI0JIHO-
KJIIMMaTHYI€CKUEe JJaHHbIE pPaCCMaTpUBacMOI'O PEruoHa, (bI/ISI/IKO-MeXaHI/ILIeCKI/Ie CBOICTBA
MEJTKOJIUCIIEPCHBIX YaCTUIl U JIpyTHe (PaKTOPDI, BJIUAIONHE HA OOBEKT HCC/ICIOBAHUS.
JlJtst Iuc/IeHHOr0 MHTErPUPOBAaHUs 3a/1a49u pa3paboTaH KOHCEPBATUBHBIN YUCICHHBIN aJl-
TOPUTM, C UCIIOJIL30BAHIUEM KOTOPOI'O OBLIN IIPOBEJIEHBI YHC/IeHHbIe pacdeThl Ha YBM.

B crarbe [14] pazpaboran MareMaTudecKuii MHCTPYMEHT — MOJIEJIb, IUCJIEHHBIH aaro-
PUTM U IPOI'PAMMHbBIE CPEJICTBA JIJIs UCCJIE/IOBAHNS, TPOTHO3UPOBAHNS U MOHUTOPHUHTA,
a TaKyKe JJIs OIMEHKU SKOJOTUIECKOr0 COCTOSTHUS aTMOCKhephl U TMOACTUIAIONIEN TOBEPX-
HOCTH PACCMATPUBAEMOIO PErMOHa MACCUBHBIMU U aKTUBHBIMU [IPUMECIMHE, TJI€ VINThIBa-
I0TCsI OCHOBHBIE TIapaMeTPhl U BO3MYIIEHU, JIeHCTBYIONE Ha OObEKT B 1iejioM. B pabote
JIJTsT OIIPEJIEICHIS CKOPOCTel JIBUYKEHUST a39PO30JIbHBIX YACTHUIL ITOJT JeHCTBIHEM BO3JLY IITHOTO
[IOTOKA IOJTyYeHa CUCTeMa HeJIMHEHBIX JnddepeHInalbHbIX YPABHEHUI B YaCTHBIX TTPO-
U3BOJIHBIX, IJIe YITEHbI OCHOBHBbIE (DU3MKO-MEXaHUUIECKUE CBOICTBA a’3p030Jieil, KOTopbie
UIPAIOT BayKHYIO POJIb B PACCMATPUBAECMOM IIPOIIECCE.

Maremaruveckasi MOJE/Ib, YIUTBIBAIONIAT OCHOBHbIE (PAKTOPHI U OPUEHTUPOBAHHAS
HA OCYIIECTBJICHIE KPATKOCPOUHBIX U CPETHECPOYHBIX ITPOTHO30B PACIIPE/IE/IEHUs] KOH-
MEHTPAINN 3arPSI3HAIONINX BEIECTB B IMOTPAHUYIHOM CJI0€ aTMOC(EpPbl B ITPOMBIIILIEH-
HBIX permoHax npusesena B pabore [15|. Pazpaboranublii MaTeMaTndecKuii HHCTPYMEHT
OCHOBAH Ha 3aKOHE COXPAHEHUs] MAaCChl M UMITYJIbCA, OMUCHIBAETC UMD depeHnaIbHBIM
YPaBHEHHEM B YaCTHBIX ITPOU3BOJIHBIX C COOTBETCTBYIONIUMU KPACBbLIMU U BHYTPEHHUMU
ycaoBugMu. Jljg 4ucieHHOro MHTErpupoBaHusd 3ajadn paspadoTaH 3(PheKTUBHbIN KOH-
CepBATUBHBIN YNCIEHHBII aJITOPUTM U COOTBETCTBYIOIIEE MPOrpaMMHOe obecIiedeHne, Ha
OCHOBE KOTOPOTO OBLJIN IPOBE/IEHBI YNCIeHHBIe pacieThl Ha DBM. Anpobarust maTemaTn-
YECKOI'0 MHCTPYMEHTa ObLIa BBIOJHEHA Ha [IPUMepe pelleHus 3a/1a91 110 MOHUTOPUHTY U
[IPOTHO3UPOBAHUIO KOHIIEHTPAIIUU TBEPJIBIX MEJIKOIUCIIEPCHBIX YACTHI], BHIOPACHIBAEMBIX
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CYIIECTBYIOMNM OOBEKTOM IEMEHTHOTO TPOM3BOJICTBA, PACIOIOKeHHBIM B CaMapKaH/I-
cKOil obsracTu Y30eKucTaHa.

B crarwe [16] pemena craimonaphast 3a1a4a nepenoca u audby3un BpeIHbIX BEIeCTs
10 BCEil MPOTSIYKHOCTH ITOTPAHUTHOTO CJIOsi ATMOC(EPDI U [IOJIYIeHO PEIleHIe B AHAIUTU-
YeCKOM BHJIE, IMOKA3aHO YTO, CKOPOCTb OCaKJIEHWs YACTHUIl HETIOCPEJICTBEHHO BJIMSAET Ha
U3MEHEHHe KOHIICHTPAIIUA BPEJIHBIX BEIIECTB B armocdepe. B 1poBeeHHOM aBTOPOM HC-
CJIeJJIOBAaHUU TIOKA3aHO, UYTO CKOPOCTH OCaXKJeHWe YaCTHUI] MOXKET CUJIbHO BJIUATH HA WTO-
roBO€ paclipe/ie/ieHre KOHIIEHTPAIINY BPEIHBIX BEIECTB B IIPU3EMHOM CJI0€ aTMOChEPHI, 1
OHa IIPUHUMAET MaKCUMAaJIbHOE 3HAUYCHUE Y IIPU3EMHOI0 ¢j10st arMocdepnl. B cBoeit pabore
aBTOPBI paccMaTpuBan dacTUIlbl ¢ guamerpoM oT 10 10 100 MKM 1Ipu pa3myHbIX BBICO-
Tax UCTOYHUKOB BLIOPOCA M MU TIOKA3aHbI, 9TO IIPU YCJIOBUAX HECTAOUILHOM aTMOChephbl
JUTS YaCTHIL TnamMeTpoM MeHee 10 MKM IPaBUTAIIMOHHON COCTABIISIONIEN CKOPOCTH OCarKIe-
HUS MOXKHO TpeHeOpedb. [ljis dmc/ieHHoro mHTerpupoBanus 3a/iada OblIa MCIOIb30BAHA,
peobpazoBanus Jlamaca.

B pa6ote [17] paspaborana AByXMepHas CTAIOHAPHAS MaTeMaTHIeCKas MOJIEJIb PO~
1ecca PaclpoCTpaHeHnus BPEJIHBIX BEIIECTB B arMocepe ¢ yIeTOM IPaBUTAIIMOHHOTO OCa-
JKJIEHUsT MEJIKOJINCIIEPCHBIX YaCTHUIL, TJe PelleHre TOJydIeHO C ITOMOIIBI0 0OOOIEHHOTO
MeTOoJ/Ia MHTEerpaJibHOro mpeobpaszoanus Jlamraca. B cratbe aBTOphI 0071aCTH pereHnst
3aJIa9¥ ONPAHUYNBAJIA IIPU3EMHBIM CJIOEM aTMOCKhepbl, 1 ObLIN yITEHbI U3MEHEHUS CKO-
pPOCTH BeTpa U BepPTUKAJIBHON BuxpeBoil nuddy3uu. [loryuentbie aBropaMu pe3yabTaThl
UCCJIEJIOBAHUS JIEMOHCTPUPYIOT BJIUAHUE IPABUTAIIMOHHOIO PEXKUMa, U CYXOT'O OCAZKJICHUS
YACTHUI[ HA paclpejie/ieHne UX KOHIEHTPAIUA Ha YPOBHE 3€MJIU, U B IIEJIOM COTJIACYIOTCS
¢ pe3yJbraTamu paboT JAPYTUX HCCJIEIOBATENEH.

B crarnbe [18] mposesen 1moapobHBI 0030p HayUHO-UCCIIEI0BATENLCKUX pPabOT, 110-
CBAIIEHHBIE TTPODOJIEME MaTeMaTUIeCKOr0 MOJIEJIUPOBAHUs ITPOIECCOB PACIPOCTPAHEHUS
U TPAHCIIOPTa 3arpA3HLIONINX BEIIEeCTB B aTMocdepe BBIOPOIIEHHBIX U3 00BEKTOB ITPO-
N3BOJICTBA U CTPOUTENBHBIX ILIOMaeil. ABTopaMn paboT 00CYZKIAI0TCs IPENMYIIeCTBa
U HeJOCTATKN HamboJee MOMYJISAPHBIX IMOJIXOJ0B W CTpaTeruil pa3pabOoTKN MaTeMaTHhde-
CKUX MOJIeJIeil: TayCCOBBI, JIAIDAHKEBBI, MJIEPOBBI MOJIEJIN, a TaKyKe MO/ BBIYUCIIU-
TEJILHOW TUAPOJNHAMUKHN. B pabore oT/ie/ibHOE BHUMAHUE YJIEJIEHO BOIIPOCAM IapaMeT-
puzanuu TypOYJIEeHTHOIO MEPEMEITHBAHNS B MOTPAHUIHOM CJi0e armMocdepbl. ABTopamu
OCBEIIAIOTCA OCHOBHBIE METOJIbI YHCJICHHOTO PEIICHUs 3aJ/1a4, OCHOBAHHBIC Ha KOHEYHO-
PA3HOCTHOI anmpoKcuMaryy JnddepeHmalibHbIX OIepPaTOPOB BXOJAAIINI B TTOCTAHOBKE
3aJiadn nepenoca n qudy3un BpeIHbIX BEIIecTB.

2 IlocranoBka 3aga4n

JLnst mecsteioBaHusi OCHOBHBIX ITapaMeTpPoB U (haKTOPOB, KOTOPbIE CYIIIECTBEHHO BO3-
JEefCTBYIOT Ha MIPOIeCC M3MEHEHUs KOHIIEHTPAITUN a3PO30JIbHBIX MEJIKOJUCIIEPCHBIX Ya-
cTHIl B arMocdepe pu BEIOPOCE U3 MPOMBIILIEHHBIX 00BHEKTOB U 9PO3UH MOYBBI, PACCMOT-
PUM MaTeMATHYECKYIO MOJIE/Ib, OIIUCHIBAEMYIO TIOJIHBIM ypaBHEeHUEeM IuipoMexanuku [19]:

00 00 00 00 0 ol
T a2 —w) — et 0=y AN+ — . = : (1
8t+u 8$+v ay~|—(w wy) 6z+0 0=u 9+8z (X 8z)+Q d(x,y, 2); (1)

0
0(z,y, 2 0)=0(z,y, 2); (2)
00 00

s I R — v (0—6,) 3
Or i 7 ( )i ome o L 7 ( ) (3)
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o0 00
e — — 0_9(1; . —_ = Q—Qa; 4
“ ol Y0 —6a) ; ol 7 (0 — 6a) (4)
00
X5, = (86— Fo) npn 2 =0; (5)
06
X'%—V(G_ea) upn z = H. (6)

31ech 0 - KOJIMIeCTBO PaCIPOCTPAHSIIONIEr0Cs BEIecTBa; 6y - mepBUYIHAsl KOHIIEHTPA~
IIUsI BPEJIHBIX BEIECTB B arMmocdepe; o - KodpUIUEHT MOTJIOMEHNsT BPEIHBIX BEIIECTB
B atmocdepe; ¢ - pyarnua upaka; t — Bpems; , ¥y, 2 — KOOPJAUHATHL, [ - KO3 DUIn-
ent auddysun; § - kKoaddunueHT B3anMoIeiCTBAA C MOICTUIAIONIEH TOBEPXHOCTDHIO; () -
MOIITHOCTh UCTOYHHUKOB; F{ - KOJIUYIECTBO adPO30JIbHBIX TaCTHI], OTOPBABIIUXCS OT IIePO-
XOBATOI 36MHOIT TIOBEPXHOCTH; X - KO3 duruenT TypOy/IeHTHOCTH; Y - KOIDDUImenT Jijist
[IPUBE/IEHUsT TPAHUIHOTO YCIOBUS K PA3MEPHOMY BUJLY; 0, - KOHIIEHTPAINS B3BEIIEHHBIX
BEIIECTB B COCEJIHUX 00JIACTAX perraeMbIX 3a/1ad.

[Tpu H = 0 umeem IpUIIOIHSTHI HCTOYHUK Ha ypoBHe 2z = H (Fy = 0). [Ipu HazeMHbIX
ucrounnkax Fy #0 (Q =0).

Bagaay (1)-(6) pacemorpum B obmmactn D = (0<x <a, 0<y<b, 0 <z < H), ko-
IJla HCTOYHUK PACIOJIoKeH B puseMHoM ciioe (puc.l). Ha puc. 1 «kpectukamus 0603Ha-
YeHbl HA/[3eMHbIC HCTOYHUKU 3arpsi3HEeHUsT aTMOCQEPHDI.

Bo mHormx mcrounmkax BenmduHa F{ saBisercs yHKIMeER oT x, y, 2, t U OlpeJIeis-
eTCsl TI0 IKCIIEPUMEHTAIbHBIM JIAHHBIM B 3aBUCUMOCTH OT METEOPOJIOTMIECKHUX YCJIOBHIA,
CBOYICTB TOJICTUJIAIONICH TOBEPXHOCTH, pa3Mepa ¥ IJIOTHOCTH IbLIEBBIX YacTuil. B j1aH-
HOIl cTaTbe 3HadeHusi Fy OyaeM BBIYUCISATH B 3aBUCUMOCTH OT CKOPOCTH BETpa Y IO/I-
CTUJTAIOIIEH TTOBEPXHOCTH 3eMJIH, (PU3NKO-MEXaHUIECKUX CBONCTB MOYBBLI U OaslaHCa CHUJI
JIEHCTBYIONUX Ha JacTurpl [19)].

B cuty smneitnoctn uddepenimaabHoro ypasHeHus (5) MOIIHOCTH UCTOYHUKOB MO-
r'yT ObITH HOPMUPOBAHBI TAKUM 00PA30M, ITO MAKCUMAJIHLHOMY 3HAYEHUIO F{ COOTBETCTBO-
Bajia eauHUIEA. Toraa, yMHOXKAs HA HOPMUPYIOMINIT MHOXKUTEIb, TOJIYINM HCKOMbBIE 3Ha-
YeHusI KOHIeHTparuit mpumeceit. CooTBeTcTBEHHO KOY(DDUIUEHT TypPOYJIEeHTHOCTH TaK¥Ke
3aBUCUT OT METEOPOJIOTHIECKUX YCJIOBUIA.

3 Meron pemenus 3aJadn

Jlst perteHnst TOCTABIEHHON 331891 PACCMOTPUM CJIETYIOIIIEe BAPUAHTHI BBIUUCTIEHUST
ko durmenTa TypOyJIEHTHOCTH X:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Puc. 1 PacrnonoxkeHne nCTOYHNKOB Ha Ha3eMHOM CJIOe B OcyIeHHOi dacTu IIpuapabs
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1. x = const, u,v,w — const;

z
U+X1'_7 Z<h7
2. x = Zhl v=|v| 2"
v+x1-—, 2> h,
<1

3. x=x(2), v=0v(2), w=w(z),

rje h — BbICOTa MPU3EMHOIO CJIOHA, ¥ — TYpPOYJIEHTHASA BA3KOCTbD.

U3 nocranosku 3ajaqau (1)-(6) BUgHO, 9TO JJisi BHIYUC/ICHUST 00bEMa YHOCUMBIX Ya-
CTHII C TTOBEPXHOCTHU TIOYBBI, 3a CYET 3PO3UU HEOOXOMMO ONPEJIEUTh BUXPEBYIO O/ b-
eMHyIo cuity Fj,, KoTopas 3aBUCUT OT HECKOJIBKUX (PAKTOPOB: KO3 DUIMEenTa morbLeMHO
CHUJIBI, PaJINyca MMOYBEHHOI YaCTUIIBI, ITIOTHOCTH BO3/LyXa, CKOPOCTU MOTOKA 3a IPe/IeIaMu
norpanngHoro cjiost. Kak 6b11o paceMorpeno B pabore [20] onpesesenue mobeMHoi cu-
JIbIL 1 KO3 DUIMEHTa TOILEMHOM CUJIBI OCHOBAHBI HA SKCIEPUMEHTAIBHBIX OIPEICICHIIX
KPUTUYIECKOIW CKOPOCTH MOTOKA M €r0 MOYKHO OIPEJEIUTH, €CIU KPUTUIECKOH CKOPOCTH
COOTBETCTBYET MMEHHO BEPTUKAJBHBIN B3JIeT dacTull. Korja MejakouciepcHas 4acTuiia
HAXOJIUTCH B COCTOSHUM HEYCTOWYIMBOIO PABHOBECHUS WJIM BBICTYIAET O] OOIIell MoBepX-
HOCTBIO, OHA He IMOJIHIMAEeTCd MO BEPTUKAJM, a HAYUHAET JIBUTATHCH MO0 TOPU30HTAJM, U
HPUYNHOIM ee JIBUKeHus OyjieT JIoO0BOe JIaBjIeHre, & He IO beMHasT CUJIA.

C ydeToM BbIIIE CKA3aHHOTO, W MOJIarasi, 9TO YACTUIIBI PA3JIAIAIOTCI MeXK 1y coOOi
JIMIITb KPYITHOCTBIO, UCIIOJIb3ysl YpaBHEHNe OajlaHca CUJI B MPOEKIUAX Ha BEPTHUKAIbLHYIO
0Cb B MOMEHT OTpbIBa MOTOKOM U = U}, mosryanm:

F, =mg+ F.. (7)

Brech F,. cuta crienjieHnsi YacTuIl.
astee toyiarast, 9T0 4aCTUILI UMEIOT (hopMy cepbl ¢ PaJUyCcoM 7 U IJIOTHOCTBIO Py
IOJTY IMM:

4
k,mr? puUy, = §7rr3(pn — ps)g — kppsmrw, + F. (8)

151 6ostee 1eTaIbHOTO N3y YeHUsT OCHOBHBIX ITapaMeTPOB, KOTOPBIE CYIIECTBEHHO BJIN-
10T Ha BePTUKAJIbHOE ITepeMeIlieHre a3PO30/IbHBIX YaCTHIL B aTMOChEpPe, BBOIsI CJIELYIONTNE
00O3HAUYCHUE: A

e e 2 2. 3 T
kp = ki x =mrop Uy y = §7T7” (Pn — ps)g; b=F
1 Ha OCHOBE MATEPHAJIOB SKCIEPUMEHTAIbHBIX JaHHBIX MHOTO(MPAKIIMOHHBIX IT0YB B a3PO-
JIMHAMUYECKON TPYOe M aHAJOMMIHBIX JIUTEPATYPHBIX HCTOYHUKOB [21], 6bL10 cocTaBieno
ypaBHEHHE

KOTOPOE PEIIeHO METOJ0M HAUMEHBIINX KBa/IPATOB.

[IpoBejiennblie Ynuc/I€HHbIE PACYETHI TOKA3AJIN, YTO UMEETCs TeCHAsI CBA3b MEXKJLY Iapa-
MeTpaMu y u x. 3HadeHus Koddduimenta k, KOTOPbIil sBjIsgeTCT KOIMDDUITUEHTOM IO b-
eMHOI cryibl, n3MeHsoTcda B auarna3one ot 0.03 1o 0.18.

Kak BujHo, n3 aHa/in3a 9uCAEHHBIX PACUETOB U SKCIEPUMEHTAILHBIX JTAHHBIX ITPUBE-
JICHHBIX JIDYTUMU aBTOpaMu, 0000ITasd UX MOYXKHO ITOJTyYUTh 3HAYEHUS JI1d KO DuIimenTa
MObEMHON CHUJIBI, KOTOPBIN paBeH (.12 m OH MOyYeH MPHU JOCTATOYHO IMMUPOKOM JTHATIa-
3one pasmepos gactur] (or 0.01 g0 3 mm) u mwioraocteit (ot 1400 g0 11350 kr/m3). Ero
MOXKHO HCIIOJIb30BATH IIPU MOJIEJIMPOBAHUY IIpoliecca repenoca u auddys3un aspo30.ib-
HBIX YaCTHI] B aTMocdepe IPHU yueTe SPO3UK MOUBBI, HAIIPUMED, IPU IIPOrHO3UPOBAHUN U
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MOHHUTOPWHTE IKOJOTTIECKOTO cocTostHus [Ipmapaibckoro pernona. B GobImuHCTBE CITy-
JaeB, YaCTUIBI UMEIOT chpeprdIecKyio (popMy, TOT/Ia ¢ YIETOM BBIIIIe CKA3aHHOI'0, JIOOOBYIO
CUJIy CONPOTHUB/IEHUS U TOILEMHYIO CHJIY YACTUIL MOXKHO BBIYUCIUTE C IIOMOIIBIO:

F, = 0.00787r%p,U?; (10)

F, = 0.1271r%p,U?. (11)

Kaxk Bujno u3 ypasuenwuii (10)-(11) npu U paBHOM KPUTHYECKON CKOPOCTH, JTBUZKCHIE
JaCTUI HAYMHAETCA UMEHHO 101 JefiCTBIEM MObeMHOI CHIIBI U OHA Ha IIOPSIO0K IPEBOC-
XOJUT JIOBOBYIO CHUJIY CONPOTUBJIEHUSI.

1400 Kg/Mm.Ky6 2000 Kr/m.ky6 5000 Kr/m.ky6 7000Kkr/m.ky6 = 9000kr/m.ky6 = 1000kr/m.ky6 11350Kr/m.ky6

-0,00001
-0,00002
-0,00003
-0,00004

-0,00005

-0,00006

Puc. 2 smenenne cuiibt CHCIVICHUA B 3aBUCHUMOCTH OT IIJIOTHOCTU YaCTHIL

HucseHHbIe pacydeThl ObLIN IIPOBEIEHBI It Pa3anIHbIX toTHOCTel (0T 1400 Kr /M.KYO.
j0 1135 kr/M.Ky6.) u pazmepos dactuil. 13 aHaimsa mojydeHHBIX PAcIeToB U U3 PUC.2
BUJIHO, YTO IIPU yBEJMYEHUN IIJIOTHOCTU YaCTHUIL INHEHO PACTET CUJIa UX CIEIJIEHNS.

Kaxk BUJHO U3 IIPOBEJIEHHBIX pacueToB (puc.3) oJMH U3 OCHOBHBIX (haKTOPOB KOTOPBIi
CYIIECTBEHHO /JIeICTBYeT Ha U3MEHEHHUE CUJIbI CIEIIEHUs YACTUIl — 3TO CKOPOCTH BO3/LYIII-
HOIT Macchl aTMocdepbl. C POCTOM CKOPOCTH BO3JYIITHONW MAaCChl aTMOC(hepbl, SKCIIOHEH-
UAIBHO pacTeT cuia creriennst dactur. OcobeHHo 10T poct 3amerer npu U > 4 m/c.
Amnasornvo, cusa 1000BOTO COMPOTUBIEHUS OY/IET PACTU ¢ POCTOM CKOPOCTH BO3/LYITHON
macchl armocdepsl (puc.4).

Kak ciemyer n3 KpuBbIX puc. H. MObeMHas U J0OOBasl CHUJIa COMPOTUBJICHUS YACTHII
Oy/lyT pacTH B 3aBUCHUMOCTU OT POCTA CKOPOCTHU BO3/LYIIHOM MacChl aTMocdephl. DKCII0-
HEHIIMAJILHBII POCT TOILEMHON CHJIBI YACTHUIL OCOOEHHO 3aMETEH, KOrjla CKOPOCTh BETpa
IIPEBBINNIAET KPUTUYIECKNEe 3HAUYEHUS.

Ha puc.6 npusejienbl n3aMeHeHus Mo ILEMHON 1 JI0OOBOI CUJIBI COITPOTUBJIEHUS YACTHII
B 3aBUCHUMOCTH OT UX pajmyca. Kak ciie/yeT n3 4ucjaeHHbIX PAcieTOB M KPUBBIX pHUC. 6 ¢
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0,000045
0,00004
0,000035
0,00003
0,000025
0,00002
0,000015
0,00001
0,000005
0

[y
(]
%]
]
~

-0,000005

-0,00001

Puc. 3 Vzmenenune cujibl CIEIJIEHUS YaCTHIl, B 3aBUCHAMOCTH OT CKOPOCTU BO3JIYITHON MAaCCh
aTMocdepbl

Cuna nobos conpoT(r=0.01; nnot=1.2041; ckop pa3s)
0,0000001
SE-08
8E-08
7E-08
6E-08
5E-08
4E-08
3E-08
2E-08
1E-08

0
1234567 8 91011121314151617181920212223242526272829303132

Puc. 4 lzmenenne cuiibt JIOOGOBOTO COIMPOTUBJICHUS YaCTUIL B 3aBUCUMOCTU OT CKOPOCTHU BO3IYIII-
HOH MacChl aTMOCGhEPEI

POCTOM JuaMeTpa JaCTUIl SKCIIOHECHIINAJIbHO pacTeT UX IIoAbeMHad Cujla, a J000Bas CHIa
COIIPOTUBJICHUA HE3aMETHO PpacCTeT C pOCTOM JUaMeETpa YaCTHUII.
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0,0000012

0,000001

0,0000008

0,0000006

0,0000004

0,0000002

1234567 8 910111213141516171819202122232425262728

e obemHan cuna(r=0.01;n101=1.2041; ckop pas)

e Cina No6oB conpot(r=0.01;nnoT=1.2041; cKop pas)

Puc. 5 Nsmenenne moabeMHO 1 JJ0OOBOM CHJIBI COMTPOTUBJIEHUST JYACTHUI] B 3aBUCUMOCTH OT CKO-
pocTH BO3YyIIHOM Macchl armocdepsl (npu pajuyce dactut, 7 = 0.01vm, p, = 1.2754)

0,0000012

0,000001
0,0000008
0,0000006
0,0000004

0,0000002

123456 7 8 910111213141516171819202122232425262728

=@ [l0beMHaA cUNa (NpK ckop=5,1; nnoT B03=1.2754; pas pag 4acTuu)

=8=_Cnna nobos conpot(npun ckop=5,1; NnoT Bo3=1.2754; pa3 pag 4acTu)

Puc. 6 Vamenenne moabemMuoit 1 1000BOM CUIBI COMMPOTUBIEHUS] TaCTUIl B 3aBUCUMOCTH OT pa-
JUyca, JaCTHIL

N3 kpuBbIX puC. 7 BUJIHO, YTO €Ie OJUH U3 OCHOBHBIX ITapaMETPOB, KOTOPBIil BO3/Ieii-
CTByeT Ha CHJIy JIOOOBOT'O COIPOTUBJIEHUS SIBJISETCS IJIOTHOCTH armocdepbl. C pocTtom
ILJIOTHOCTH aTMOcdephl cujia J000BOI0 COIPOTUBIEHUSA PACTET.

N3 xpuBbIX puc. 8 BUIHO, 9TO IJIOTHOCTH aTMOC(hEPhl HE UT'PAET CYIIECTBEHHYIO POJIb
B U3MEHEHUN MO/ IbeMHOi cuiibl yactuil. OHa Oy/1eT pacTu M0 IKCIOHEHITNATLHOMY 3aKOHY
B 3aBUCHMOCTHU OT U3MEHEHUsI CKOPOCTU BO3IYIITHON MacChl aTMOChEPHI, a Cujia J0OOBOrO
CONPOTHBJIEHUS YACTHIL (PUC. 7) 3aMETHO PA3IMYaeTcsi ¢ POCTOM CKOPOCTH BO3JLYITHOMN
MacCChl aTMOC]EPHI.
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0,0000014
0,0000012

0,000001
0,0000008
0,0000006
0,0000004
0,0000002

0
1 4 71013161922252831343740434649525558616467707376798285889194

e C 112 No60B conpoT(r=0.01;nn107=1.2754; ckop pas)

e C1ina Nobos conpoT(r=0.01;nn107=1.2041; ckop pas)

Puc. 7 Usmenenne cuiibl JTOOOBOTO CONPOTUBJIEHUS B 3aBUCUMOCTH OT IIJIOTHOCTH ATMOCKEpPHI
(upu ntorHocTu armocdepst 1.2754; 1.2041)
0,00035
0,0003
0,00025
0,0002
0,00015
0,0001
0,00005

0
1 4 71013161922252831343740434649525558616467707376798285889194

e lobemHan cuna(r=0.01;nno1=1.2041; ckop pas)

e lobemHasn cuna(r=0.01;nnot=1.2754; ckop pas)

Puc. 8 zmenenne norbeMHO CHJIBI 9ACTUI] B 3aBUCUMOCTH OT ILIOTHOCTH armocdepbl (mpu
wiorHocTu armocdepst 1.2754; 1.2041)

U3 amaymsa IPOBEIEHHBIX YUCJIEHHBIX PacdeToB (puc. 2-8) W CONMOCTABJIEHUs ypaBHe-
muit (10), (11) MoKHO HpUiITH K BBIBOJLY, UTO 110 JIOCTHKEHUIO CKOPOCTH MTOTOKA K KPUTH-
YeCKOH M BBIPOBHEHHOI NMOBEPXHOCTH, YAaCTUIA, HAYMHACTCA JIBUIATLCA MMEHHO IO, JIeii-
CTBUEM HOABLEMHOI CHIIBI, TAK KaK OHA IIPUMEPHO Ha, IIOPSI0K MPEBOCXOIUT CHILY JI0OOBOIO
COIpOTUB/ICHUS. UNCICHHBIMUA pacdeTaMé YCTaHOBJICHO, YTO B CJIydae JJIs adpPO30JIbHBIX
MEJIKOJAMCIEPCHBIX YaCTHII, CTECHEHHBLIX CO BCEX CTOPOH cebe TOM00HBIMY, 110 JOCTHKEHUN
KpHTquCKOﬁ CKOPOCTH Be€Tpa, ABJIdeTCAd €JUHCTBCHHBIM CHOCO6OM HaYdaJla ABUZKCHUA UX
[0 BEPTUKAJIN.
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Anammsupyst pe3yabTaThl MPOBEEHHBIX IUCIEHHBIX IKCIIEPUMEHTOB MOYKHO TPUATH K
BBIBO/LY, UTO JIJI IIPOIECCa CAJIbTAIMKA U IOIbeMa JaCTHIl ¢ TTOBEPXHOCTH 3a/1eCTBYETCS
BUXPeBasl TI0IbeMHasi CUJIa, KOTOpasi BeIYHCIgeTcs ypapuernem (11).

Ncxoms 3 cKa3aHHOTO BBINIE MOYKHO ITPUHWTH K BBIBOJLY, UYTO YHOCUMBIH 00bEM C TIO-
BEPXHOCTHU ITOYBBI, 38 CUET IPO3UHU, HEIIOCPEJICTBEHHO CBI3aHO C CUJIAMU JIEHCTBYIONIMMEI
Ha COJIe—TIbLJIEBBIE YaCTUIBI B pe3yJibTare TYPOYJIEHTHOI'O JIBUXKEHUS BO3JLYITHON MacChl
aTMocdepbl B Ipu3eMHOM cJjioe. K 9TuM cutaM OTHOCATCs JI000Basl CUJIa COIPOTUB/ICHUS
YACTHIL, TObEMHAS CUJIA IACTHUI] U CUJIA CIETICHUsST JACTHII.

YucjieHHble pacdeThl TaK »Ke ObLIN IIPOBEJIEHBI IIPU PA3JIMIHBIX KPUTHIECKUX CKOPO-
CTIX BETpa Yy MOBEPXHOCTH 3E€MJIH, BJIAXKHOCTH IOYBBLI, KOIMDPUINEHTa IEePOXOBATOCTH
1 ApYyrux (PU3UKO-MEXaHUIEeCKUX IMapaMeTpoB paccMaTpuBaeMoro mporecca. 3 anasm-
3a Pe3yJIbTaTOB UNCIEHHBIX PACYETOB CJIEIYET, 9TO C POCTOM BJIAXKHOCTHU MOYBBI IO IKC-
MOHEHITUAIBHOMY 3aKOHY PacTeT cuja KoddduipmenTa ClelieHns YacTull, 3a CIeT 9ero
CYIIECTBEHHO YMEHBIaeTCsi 00beM BBIHOCA MEJIKOIUCIIEPCHBIX YACTHUIL B aTMOCHEPY.

[IpoBeteHHBIMET IUC/IEHHBIMI PACIETAMI YCTAHOBJIEHO, UTO H3MEHEHIE CKOPOCTH BETPa
10 BEPTUKAJIN 3aBUCHT OT CKOPOCTHU JUHAMIIECKOro TpeHusd. C pocTOM CKOPOCTH JTIHAMU-
YeCKOI'0 TPEHUsI ITPOIIOPIIMOHAIBHO PACTET BEPTUKAJIbHAA CKOPOCTH BETPa Ha MTOBEPXHOCTH
3eMJIH, a B CBOOOIHOM cJioe aTMocephbl OHA OCTAETCs HEM3MEHHOM 110 TOJIIIIIHE.

Kak cirestyer u3 mpoBeieHHBIX YUCIEeHHBIX pacieToB Ha 9BM ¢ poctom koaddurnmenta
IIEPOXOBATOCTH 3€MJIU, TOPU30OHTAIbHAS COCTABJISIONIAT CKOPOCTh BETPa IPOIIOPINOHA b
HO YMEHBINAETCA. ITOT (PAKT MOXKHO 3aMETUTh IIPU U3MEHEeHUH TOJIIUHEL ¢jtog 0 < h < 10
M.

Kak ormeueno B paborax 2KyKOBCKOTO JIjIsI IOCTPOEHUsT TEOPUU BETPOBOI SPO3UH BaXK-
HOe 3HaUeHNe UMeeT He TOJIBKO CHJIa, OTPBIBAIOIIAA ITOUYBEHHYIO JaCcTHILY OT IIOBEPXHOCTH,
HO U CHJIA, TIEPEHOCSIIAs ee 110 BO3IyxXy [22].

Ol U3 CyIIEeCTBEHHBIX TapaMeTPOB BO3ACHCTBYIONIUIT Ha IIPOIECC IepeHoca u aud-
dy3un a3pPo30JbHBIX YACTHUIL B TOI'PAHIIHOM CJIOe aTMocdepe, 3TO MEPOXOBATOCTb U HEO/I-
HOPOJTHOCTH MOBEPXHOCTHU 3€MJIU, B CJIEJICTBUU Y€r0 U3MEHSIOTCS CKOPOCTH BO3JLYIITHOTO
MOTOKA aTMOC(EPhl B 3aBUCHMOCTH OT WX 3HAYCHUIA.

N3meHeHne cKOpOCTH BO3JLYIITHON MacChl aTMOCchepbl B 3aBUCUMOCTH OT MIEPOXOBATO-
CTU TIOBEPXHOCTH 3€MJIU MOYKHO OIIPEJIC/IUTH C MIOMOIIBIO (DOPMYJIBL:

S
Vi=Vo( 7)) (12)
0
rjie Vi - CKOPOCTHb BeTpa Ha 3aJaHHOI BbICOTE; V( - CKOPOCTh BETpPa HA U3BECTHON BbI-
core (Hy = 5 ™m); Hy - 3aganHast BeicoTa; Hi - BbICOTa M3MEpEHUs; k - SMIMPHIECKUi
MOKa3aTe b MEPOXOBATOCTH TOJICTHIAIONICH TOBEPXHOCTH.

Ha ocHose nipuseienHOr0 coorHormennust (12) mpoBe/ieHbI YrCIeHHbIe pacieThl Ha DBM
(puc. 9-13).

N3 anamu3sa mpoBeIEHHBIX TUCICHHBIX PACIETOB BUJIHO, UTO CYIIECTBEHHBIMU TAPAMET-
paMu BO3/IEHCTBYIOMUME Ha IIPOTECC UBMEHEHUsI CKOPOCTH BETPA TI0 BEPTUKAJIU SIBJISIETCS
KO3 DUITHEHT IEePEeXOBATOCTH, KOTOPBIN M3MEHSeTCsSI B 3aBUCUMOCTH OT BBICOTBI MECTHO-
cru (oporpadust), MEPEXOBATOCTH TOBEPXHOCTU 3€MJIM, & TaK K€ BBICOTHBIE OOBEKTHI U
JKIJIbIe KOMILIEKCBI, HAXOJISIIIeCs: B paccMaTpuBaeMoM peruone (puc. 9-13).

Kosdbdunment mepexoparoctu namensiercss or 0 go 0.45, Ha OBEPXHOCTU BOJBI OH
paBHAETCH HYJIIO, Ha MOJHOCTBIO OTKPBHITOM JIAHIAMTE ¢ MITKOW ITOBEPXHOCTHIO THUIIA
B3JIETHO-ITOCAIOYHBIX II0JI0C B a9POIOpTax, CKOIeHHO# TpaBoit — (.12; Ha OTKPBITHIX CeJIb-
CKOXO3SIHCTBEHHBIX 3eMJISIX C OAUHOIHBIMU 3AaHuAMI — 0.245; Ha CeJIbCKOXO3SIHCTBEHHBIX
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BBICOTA (M )

Puc. 9 VameHenne cKopocTH BeTpa [0 BBICOTE IIOMPAHUYHOTO cJiost armocdepst (mpu Vy = 1m/c)

3eMJIAX C OTJIEJBHBIMU 3JIAHUSAMHU U 8-MU METPOBLIMU OI'paJiaMH Ha PACCTOSHUU OoJiee
1250 M — 0,275; Ha ceJIbCKOXO3AMCTBEHHBIX 3eMJIAX C OTJIEJIbHBIMU 3JTaHUSIMI U 8-MU MET-
poBbIMHE Orpajiamu Ha paccroguuu 6osee 500 M — 0.30; Ha CeTbCKOXO3ANCTBEHHBIX 3EMJISIX
¢ rpynnaMu 37aHuil U 8-Mu METPOBBIMU OrpaJjiaMu Ha paccrosguuu oosiee 250 m — 0.335; B
JIEPEBHSX, MaJIbIX TOPOJIaX, HA CEJTbCKOXO3AMCTBEHHBIX 3eMJIAX C OTJIEILHBIMU 3/IaHUSIMU
U BBICOKUMHU OTPaJIlaMU, B JiecaX W Ha pe3Ko Iepeceuénnoit mectaoctu — 0.370; B 60sb-
X ropojiax ¢ BeIcOKUMU 3janusMu — 0.405; B Merarrojimcax ¢ BHICOKUMH 3JaHASIMHA T
Hebockpédbamu Koappurment pasen 0.440.

U3 puc. 9 cienyer, uro (nmpu Vo = 1 m/c, k = 0.12) ¢ pocrom koadbdurmenta mepexo-
BATOCTHU CKOPOCTH BETPA PACTET IO JIOTAPUMMUIECKOMY 3aKOHY JI0 OIPE/IEJIEHHON BHICOTHI
600-750 M. Mo BepTUKaJM, a Jjlajlee OHa HE3HAYUTEJTHLHO pacTeT 1o BbicoTe. U3 amaymsa
YHUCJIEHHBIX PACYeTOB BUJHO, 4TO (puc. 11) pocT CKOPOCTH BeTpa IO BBICOTE CYIIECTBEH-
HO 3aBHCUT OT CKOPOCTH BeTpa Ha IOBEXHOCTH 3eMJIHN U KO3(DDUIMEHTA IePEXOBATOCTI
semutn (puc. 12-13).

Tak kak 3aja4a (1)-(6) onuceiBaercst ¢ noMoIbio quddepeHInaibHbIX ypABHEHUH B
YACTHBIX ITPOU3BOJIHBIX M COOTBETCTBYIONINX HAYAJIbHBIX, KPAEBBIX U BHYTPEHHUX YCJIO-
Buii (IIOJIHOrO ypaBHEHUs] THIAPOMEXAHUKHN), TO IMOJIYYINTh AHAJUTHIECKOE DEIIeHUe 3a-
TpyanuTeabuo. s ee pemenus paszpabotan 3(h@PEKTUBHBINT KOHCEPBATUBHBIN YINC/ICH-
HBIIl aJrOpUTM, OCHOBAHHBIN Ha 3aMeHe nuddepeHInaIbHbIX OIepaTopoB Ha KOHETHO-
pasHocTHbIE [15,22].

Ha ocHoBe paspaboTaHHOrO MaTEMATHYECKOTO WHCTPYyMeHTa (MOJIEesb, UHUCICHHbI
AJITOPUTM ¥ IPOTPAMMHOIO CPEJICTBA) MPOBEJIEHBI BBIYUCIUTEIHHBIE SKCIIEPUMEHTHI Ha
9BM, pesyibrarhl KOTOPBIX NIPUBEICHBI HA puc. 14-16.

AHaM3 MOJTy9IeHHBIX YHCIEHHBIX PAcdeToB TMoKasas, 4To (puc. 14-16) m3meHeHme n
pacrpocTpaHeHre KOHIIEHTPAIIH B3BEIIEHHBIX BLIOPOCOB B PACCMATPUBAEMOM PETHOHE CY-
MIECTBEHHO 3aBUCHUT OT MOPU30HTAJILHON CKOPOCTH BO3/YIIHON Macchl arMocdepnl. C po-
CTOM TOPU3OHTAJIBHON CKOPOCTH BeTpa 00J1aCTh BO3/EHCTBUS KOHIIEHTPAIIUU B3BEIIIEHHBIX
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Puc. 10 3meHeHne CKOpOCTH BeTpa IO BBICOTE MOMPAHUYIHOTO cjiosi armocdepsl (npu Vy =

=1.5wm/c)
601
58.406_
e — pu k=0.120
0 __ fanie - ;puk=0,245
2 R — mpu k=0300
;E ,-“'i — - mpu k=0.400
" e pu k=0,440
g g
2 ¥ >
220 i
s 3 "
.}. R e Lehe
5014,
1x10° 2107 3x10°

100 3000

EBICOTA [ M )}

Puc. 11 V3meHeHne CKOpOCTH BeTpa IO BBICOTE MOMPAHUYIHOTO Cjiosi armocdepsl (npu Vo =

= 3.5 Mm/c)

BEIIECTB IIPOIIOPIUOHAJIBHO PaCHINpPAETCA CO BpEMEHEM, a CaMa KOHIEHTPaIUA adp030Jib-
HbIX YaCTHI] YMEHbIIIAETCA 110 Mepe ydaJICHUA OT UCTOYHUKA BbI6pOCa BpeJHbIX BEHIIECTB.

B9 ycranoBeHO, YTO ¢ pOCTOM CKOPOCTH JUHAMUYIECKOTO TPEHUsI IPOITOPIIHOHATBHO
pPacTéT CKOPOCTH BeTpa 10 BEPTUKAJIHU, a C POCTOM KOI(MDMHUITUEHTA EPOXOBATOCTU 3€MJTH
FOpU30HTAJIBHAS COCTABJISIONIA CKOPOCTh BETpa IIPOIIOPIIMOHAIBLHO PACTET 110 BHICOTE B
3aBUCUMOCTH OT TI€pBOHAYAIBHON CKOPOCTU BeTpa Ha BbicoTe Hy = 5 M.
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J1.902,

CKOPOCTEL BETPA

30

601

Ay

— mpu Vo=1 M/c
T -+ mpr Vo=1,5 mic
I S - npu Vo=5 M/c
npu Vo=12 m/c
npu Vo=12 m/c

ST -5

BRICOTA (M )

Puc. 12 V3menenne cKopocTu BeTpa 10 BBICOTE TIOTPAHIIHOTO ¢Jjiost armocdeps! (mpu k = 0.245)

a

CKOpPOCTE BETP

A

— mpu Vo=1 M/c

- opu Vo=1.5 m/c
npu Vo=3 m/c
npu Vo=12 m/c
opu Vo=12 m/c

BBICOTA (M )

Puc. 13 Vl3meHenne cKopocTH BeTpa 110 BBICOTE IIOIPAHUYHOIO ¢Jj10st armocdeps! (npu k = 0.12)

g mporHo3upoBaHus KOHIEHTPAIIMN BPEJIHBIX BEIIECTB B arMocdepe B 3aBUCUMO-
CTH OT BBIIIIE TIEPEUNUC/IEHHBIX TTAPAMETPOB, ITOT'0IHO-KJIUMATHICCKIX (PaKTOPOB U SPO3UHI
[IOYBBI HA OCHOBE pa3pabOTAHHOIO ITPOIPAMMHOI0 KOMILIEKca IpoBeeHbl BY. Pacdern
npoBoamnck it obsactu D (0 < x, y > 21 % 10000 M, 0 < z < 2000 M) ¢ marom ceTkn
hy = h, = 10000 M, L, : 150, 300, 600, 1200, 2400 M, mar no Bpemenn At = 3600 cek, npu
PA3/IMIHBIX 3HAUCHUAX Kodbdunuenra TypoyIeHTHOCTH X (2) U CKOPOCTH OCAaXKICHUS W .
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1e-08
2e-08
3e-08
de-08
Se-08
fie-08
7e-08
8e-08

¥ Axis

Puc. 14 VI3menenne KOHIEHTPAIMN OKCH/Ia a30Ta co BpemeneM: a) npu H=200 m.; 6) npu H=400
M.; ¢) ipu H=400 wm.

=106

YOAXIS

HoAMis

Puc. 15 3menenue KOHIEHTpAIME OKUCH a30Ta Ha Bbicore H = 500 M. mpu CKOpOCTH BeETpa
U=3wm/c
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20

x10°

sy Z

X Axis

Puc. 16 lI3menenne KoHIEHTpaIMU OKHCHU a30Ta Ha BbicoTe H = 400 M. npu CKOpPOCTH BeTpa

U=3wm/c

Yucrenuble pacuéThl MOKA3BIBAIOT, 9TO MEPEHOC U Auddy3ust OCYIMIECTBISIOTCS B 38~
BUCHMOCTH OT METEOPOJIOTUIECKUX YCJIOBUI, OT CBOWCTB YACTUIL U CYIECTBEHHO 3aBUCST
OT pacripejiesieHus Koadduimenta TypOyJIeHTHOCTH 110 BEPTUKAJIH.

Jlytst mporHos3a pacrpoCcTpaHeHusl LK U COJIM HaJ| OCYIIEHHON dacThbio ApaJibcKo-
IO MOpPsT BOCIOJIb3yeMcst MoJiesibio 3. Jliist x (2) ucmosib3yercst xapaKTepHOe 3HaUeHne [pu
¢J1a0011 HEeYyCTONYNBOM cTpaTuUKAINH, & JIJIT CKOPOCTH BETPA - CTEIIEHHON 3aKOH U3MeEHe-
nus. B xomne BO Ob110 yecTaHOBIEHO, UTO, KO/ HCTOUYHUKH HAXOAATCS B CEBEPO-BOCTOTHOI
qacTu ocyiennoit 30ubl FOxkuoro [lpuapasbs uin B cpejineit 4acTu OCyIIeHHOM 30HbBI TIPU
c1ab0il HeyCTONIMBO# cTpaTu(UKAIINT, B CIydae ¢ CeBEPHBIM BETPOM - a3PO30Jb HE JI0-
xouT 1o ropojga Hykyca, a nmpu ceBepo-BocTouHOM BeTpe - jgocturaer Hykyca.

KosmmuecTBo asposons, Buimasiero na Hykyc cocrasmio 5 * 1078 (r/m2), xorga uc-
TOYHMKN HAXOJAATCA B CEBEPO-BOCTOUHON wactu, u 15 x 107° (r/M2) - Korja MCTOUHUKH
HaXOATCA B CPEJHENA 30HE.

U3 poBeIGHHBIX YUC/IEHHBIX pacdeToB (puc. 14-16) BujiHO, 9TO HA 00BEM YHOCA MeJI-
KOJIUCITEPCHBIX YACTHIL C TIOBEPXHOCTH OCYIIEHHON JacTi ApabCKOro MOpPs CYIIeCTBEHHO
BO3/ICHCTBYIOT:

a) COCTABJISIONINE CKOPOCTH BeTpa Ha MOBEPXHOCTH 3€MJIH, ¢ POCTOM STOrO MapameTpa
JIOTapU(MMUIECKH PACTET 00bEM YHOCHMBIX adpPO30JIbHBIX YacTull B armocdepy. OH
CYIIECTBEHHO 3aBUCUT OT IIEPOXOBATOCTH IIOBEPXHOCTH 3€MJIM M BBICOTHI 00HEKTOB
PACIIOJIOKEHHBIX B PErMOHE U IJIOTHOCTH 3JaHKUi HAXOMSIIUX B paiione;

6) pacTUTEIBHOCTb W BJIAXKHOCTH MOYBbBI PACCMATPHBAEMOIO PETHOHA, C POCTOM ITOTO
[OKa3aTejId PE3KO YMEHbIIAETCsl KOJUIECTBO BHIOPOCaA BPEJIHBIX BEIECTB B aTMOC(he-
py ¥ UX paccemBaHue B aTMochepe;

¢) koaddurment mepoxosarocty 3emin (puc. 9-13), KOTOPBI sIBISETCS OCHOBHBIM Ila-
paMeTpoM JIJIsi U3MEHEHHsI CKOPOCTH BETPa IO BBICOTE CJIOS aTMOChEPDI.
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4 BrIBoJbI

[IpoBeAEHHBIMU YUC/IEHHBIMU pacueTaMU YCTaHOBJIEHO, 9TO KOI(MDMUITMEHT BUXPEBOA
[IOJIbEMHOMN CHUJIbI ABJISI€TC TOCTOSTHHBIM, U OH HE 3aBUCUT OT (POPMBI YACTHUIL U UX ILIOT-
HOCTH.

AHaj 3 YUCIeHHBIX PacdeToB IMOKa3aJl, 9TO OCHOBHONM JIBMXKYINEH CHJIO BeTPOBOit
SPO3UU II0YBBI ABJAETCA BUXpeBad HOAbEMHad CWJIA, KOTOpad Ha IOPAJOK IIPEBBIIIAECT
KacaTeJIbHOe HallpsizKeHUE.

W3 anajms3 moydeHHBIX pacdeToB CJIEIyeT, 9TO ILIOTHOCTH aTMocdhepbl He HUrpaer
CYIIECTBEHHYIO POJb B U3MEHEHUU IO bEMHON CHUJILI YaCTHIIL.

LII/IC.)'IeHHbIMI/I pacdeTaMi YCTaHOBJIEHO, 9YTO CYIIECTBECHHbBIMU Q)aKTOpaMI/I, BJINATOII-
MU Ha MIPOIECC SPO3UN ITOUBBI U TPAHCIIOPT COJIe-TIBLIEBLIX YacTull B [Ipumapaabckom peru-
OHE ABJIAIOTCA: KPUTUYIECKOE 3HaAYECHNE CKOPOCTU BETPa y ITOBEPXHOCTU 3€MJIN, BJIa2KHOCTb
MOYBBI, KOI(MPUIUEHT IIIEPOXOBATOCTHA 3€MJIM U CBA3AHHBIC (PUBMKO-MEXaHUIeCKHUEe CBO-
CTBa TIOPOJIHI.

YcTaHOBJIEHO, UTO C POCTOM BJIAYKHOCTH MTOYBHI 10 SKCIIOHEHITNAIHLHOMY 3aKOHY PacTeT
cuia Kod(puImeHTa CIEIJIEHUsT YaCTUIl, BCJIEJCTBHE Yero CyIIECTBEHHO YMEHBIIAeTCs
00beM BBIHOCA MEJTKOJIMCIIEPCHBIX YaCTUI] B aTMocdepy.
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For monitoring and predicting the ecological state of industrial regions and for pro-
tection against technogenic factors, a mathematical model has been developed that con-
siders changes in weather and climate factors, soil erosion, and parameters associated
with them. Since one of the main factors affecting the change in the concentration of
harmful substances in the atmosphere of the Aral Sea region is aerosol salt and dust
particles, it is necessary to take into account their physical and mechanical properties
and determine the main forces affecting the object during mathematical modeling and
conducting a comprehensive study of the transport process of these particles. In the
article numerical calculations were carried out in order to study the process of soil ero-
sion, depending on the speed of the air mass of the atmosphere, the size and density
of particles, as well as the forces affecting them. An analysis of numerical calculations
showed that the main driving force of wind soil erosion is the vortex lifting force. Which
is more than the tangential stress and the atmosphere density, but does not play a big
role in changing the lifting force of particles, it will grow exponentially depending on
changes in the speed of the air mass of the atmosphere.

Keywords: mathematical model, transport and diffusion of harmful substances,
weather and climate factor, numerical algorithm.
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ITOBBIIIIEHUE OBOBIIIAIOIIIEN CIIOCOBHOCTH

HEIPOHHBLIX CETE 1 CEJIEKIINA OBYYAIOIIINX
BbIBOPOK
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Onenka KOJIMYeCTBa, CKPBLITHIX CJI0€B U HEHPOHOB, HEOOXOIMMMBIX JIjIsl PEIIeHHs 3a1a4
pacmo3HaBaHus 00pa30B U KJIACCH(PUKAIINHT, SIBISIETCS OIHON M3 KJIFOUEBBIX MPOOIEM B
HEHPOHHBIX CeTsAX. B 3Toil cTaThbe MOKa3aHO, UTO MCKYyCCTBEHHas HedpoHHas ceTb ¢ d
BxoJlamu, d HeflpoHaMU B IEPBOM CKPBITOM cJjioe, 2d+2 HefipoHAMHU BO BTOPOM CKPBITOM
CJI0€ W C CUI'MOUJIAJbHON GeckoHevuHO mauddepeHnupyemMoii (pyHKIHEl MOXKeT pelraTh
3a7a9n KJacCupUKaIul ¢ 33JaHHON TOYHOCTBIO. Pe3ybraThl MOXKET ObITh IMPUMEHEHbI
JI7IsT IPOEKTUPOBAHUS CHUCTEM PACIIO3HABaHMS 00Pa30B U KJIACCH(PUKAIIMI C OIITUMAJIBLHOMN
CTPYKTYPOIl IO IUCTY CKPBITBIX HEPOHOB M CKPBITHIX CJI0EB. DKCIIEPUMEHTAIBHO JOKa3a-
Ha, IpsIMast 3aBUCUMOCTD MEK/Iy OIEHKAMU KOMIAKTHOCTH ¥ 00O0OIIAIOIIEH CIToCOOHOCTHIO
HEHPOHHBIX CeTell. IKCIEPUMEHTAIBHO JIOKA3AHO YePe3 MUHNMAJIBHOE KOJIMIEeCTBO CKPbI-
ThIX CJIOEB, KOJIMIECTBO HeﬁpOHOB B CKPBITBIX CJIOAX U ydaJIeHUe ITIyMOBBIX O6’])€KTOB Ha

mokazareiun 0600IaoIeil crrocoOHOCTr HEHPOHHON CEeTH.

KiaroueBnle cioBa: HeﬁpOHHbIe CeTu, CKpPbIThIE CJIOU, CUTMOUNIaJIbHad beHKL[I/ISI, KJiacC-

cupUKaImsI, IIyMOBbIE OO BEKTHI.

Huruposanue: Mapaxumos A.P., Xydatibepeenos K. K., Henamves H.A.llosbunenue
o6obIIaroNIell ClI0COOHOCTH HERPOHHBIX ceTeil U cestekiust 0Oy damux Bei60pok // TIpo-
6J1eMbl BBIUUCAUTEIBHON U npuKIaaHoil Mmaremaruku. — 2020. — Ne2(26). — C.99-107.

1 Bseaenune

3a nocseHne aBa JIeCATUIETHS TPOU3OIIIN OIPOMHBIE U3MEHEHUsI B 00JIACTU UCKYC-
CTBEHHBIX HEHPOHHBIX ceTeil U ux IpuMeHeHusX. B dacTtHocTu, ObLI JOCTUTHYT 3HAYU-
TEJILHBIN POCT B IPUMEHEHUAX HEHPOHHBIX CeTeil ¢ MHOTOCIONHBIM apXuTeKTypoit [1]- [4].
Ob6sracT IpUMEeHeHUsI UCKYCCTBEHHO HEHPOHHON CeTH BKJIIOYAIOT IIUPOKUE HAIpaB/Ie-
HUIl Takne KaK B MeJUInHe, OMOJIOTUHN, IPUHATHS pelleHnii, (huHancaxX, WHXKEHEPUN 1
1.71. VcciieioBaTesn NCKyCCTBEHHBIX HEMPOHHBIX CeTell SKCIEPUMEHTHUPOBAJIN C pa3iInd-
HBIMH THIIAMU MOJIesiell HEfPOHHBIX CeTell, NCIOIb3YIONNX MHOTOC/IONHbIE aPXUTEKTYPHI,
HAIPUMeED, CBEPTOYHBIE HeHpoHHBIE ceTn (5], KacKajHble HefpoHHBIE ceTn [6], riybokme
HefipoHHble ceTn |7, 8|, peKyppeHTHbIe HefipoHHBIE ceTH 9] 1 ap.
O 1HaKO ¢ TEOPETUIECKON TOYKM 3PeHus TPodIeMbl HIKHEN 1 BepXHEel TPaHUIl HePOHOB
B CKPBITBIX CJIOSX M KOJMIECTBO CKPBITHIX CJIOEB JJIs 3a/1a9 KIACCU(MUKAINI U PACIO3Ha-
BaHUsi 0OPA30B €llle HeJoCTaTOuHO u3ydenbl. Hanpumep, B paborax [10, 15| nosyuennbie
PE3YJILTATHI IO OIEHKE KOJMYeCTBa HEHPOHOB CKPBITOIO CJIOHA, CBA3AHBI TOJHKO C MHO-
TOCJIOMHBIM TIEPCEIITPOHOM ¥ 00ydaloIell BO3MOKHOCTBIO HeHpOHHBIX cereii. B [16, 17|
ABTOPBI MPEJIOKIIN IPUMEHUTb METO/[ PA3JIOXKeHHs 10 CHHIYIsIpHBIM dnciaam (SVD)
JIJTsT OTEHKH 9HCJIa CKPBITBIX HeHpoHOB. OTHAKO AJTOPUTMBI BHIYUC/ICHUS PA3IOKEHUST 110
CUHTYJIIPDHBIM YUCIaM ABJIAIOTCS TPYJI0EeMKUM IporieccoM. Kpome roro, B [18] 6bL1 mpesi-
JIO?KEH METOJI, 3aKJIOYaloNIniicss B IPUMEHEHNN METOJa PA3JIOKEHHS 10 CUHTYJIAPHBIM
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qucsiaM U Merojia riiaBHbIX KommoneHToB (PCA) mocsie ofydenus: cetu Jijisi HACTPOHKN
napameTpoB cetu. [lociie obydenus ceTu, KOJIUIECTBO CKPBITHIX HEHPOHOB (DUKCUPYETCS
Ha KOJIMIEeCTBE CUHTY/ISPHBIX 3HAUEHUH MJIM COOCTBEHHBIX 3HAUEHU, KOTOPOE TI0JIYIaeTCst
U3 olepaluii HaJl MaTPUIIAMU.
A rakxke, B [19] 6bUIO yCTAHOBIEHO TPAHMITHI YHUCJIA CKPBITBIX HEHPOHOB B CeTH 0COOGOrO
THIIa, KOTOpasi HAa3bIBAETC MHOIO3HAYHO MHOI'O-ITOPOTOBBIM HEMPOHHBIMU ceTssMu. OHHI
nU3ydaji CBOMCTBA HEWPOHHON ceTh ¢ ¢-3HAYHON (DYHKIHEH, OIPeIe/IEHHONl B HEKOTOPOM
npocrpancTBe. [loydennbie pe3y/ibTaTbl MOTYT HalTU peau3alliyl JIJId [TOCTPOEHU MO-
Jleieil B 9aCTHBIX CJIyYadX.
OnHako pe3yabTaThl TAKOIO POjia OIPAHMYEHbl KOHKPETHBIMHU CHTYaIlUsiMH U He Jaf0T
dyHIaAMEHTAJIBHON TEOPUN JIJIsi U3YUEeHUs BLIYUCIUTEIBHBIX BO3MOMXKHOCTEN HEHpPOHHO
CEeTHU B IIEJIOM.
Heitponnbie cetn He sBISIOTCA 3PDEKTUBHBIM, €CJIM KOJUIECTBO HEHPOHOB B CKPBITOM
CJI0€ U KOJIMYECTBO CKPBITHIX CJIOEB 3a/aHbl 0€3 TeOPEeTUIECKOro 00oCHOBaHus. B aHHOit
CTaThe, NOKA3bIBAETCH, YTO CYIIECTBYET ONITUMAJIbHASA APXUTEKTYPAa JJisl HEHPOHHBIX ceTel
C JIByMsi CKPBITBIMU CJIOAMU. XOTHUM IIPEIOCTaBUTh HEHPOHHYIO CETh C JIBYMsi CKPBITHIMU
CJIOSIME ¢ OeCcKOHeYHO S depeHImpyeMoil CMrMou1aabHoi (byHKInel akTuBarmu, d Heii-
pOHAMHU B TIEPBOM cJioe, 2d+2 HefipoHaM¥ BO BTOPOM CJIOE B CIIOCOOHOCTDHIO PelraTh 3a,/1adu
KJIacCpUKAIUN U PACIIO3HABAHUS 00PA30B € 3aJJaHHON IIPOU3BOJILHON TOYHOCTHIO.
Mojiesib HEPOHHOI CeTU C OJIHMM CKPBITBIM CJIOEM C 7" HEHPOHBI B CKPBITOM CJIOE€ U
Bxoz = (x1,...,24) UMeeT PYHKIUIO CJEYIONEro BUIa

T

y:Zcia(wi-m—Qi),

=1

riae w' BecoBoil BekTop Ha RY, ; - moporosele 3HaveHNs, ¢;- KoabdumenTtsl and o- of-
HOMepHas (DYHKINsA, KOTOpas Ha3blBaeTcd (PYHKIUEH aKTUBAIUA B HEWPOHHON ceTH.

2 IlocranoBka 3aga4n

PaccmarpuBaercst crangaprTHas MOCTaAHOBKA 3a/Iadd PACIO3HABAaHUs, B KOTOPOI Bce
OOBEKTHI OIUCHIBAIOTCH HAOOPOM KOJIMYECTBEHHBIX npu3HakoB X (n) = (21,...,%,) 1
obyuaroras BeIOOpKa Ey = (S, ..., Sy) IpeCTaBIeHa HENEPeCeKAINIMUCS KIaccaMn
Ki, ..., K;. Ilycrs nenesas dbyuknua Kiaccubukanmn F : R” — R* onpeneneno cieyio-

M 00pa3oM
N M

i=1 j=1
rJIe W;, W;j - BeCOBbIe KO3(MMUIINEHTHI BXOJHbBIX 1 BBIXOIHBIX CJIOEB, COOTBETCTBEHHO. b;, 0;;
- TIOporoBbIe 3HaueHue. o (-) - GyHknusg akrtuBaruu. Tpebyercs MOCTPOUTH HEHPOHHYTO
CeTh JIUIA pacIiO3HABAHMUSI.

3 OcHoBHOIT pe3yJibTaT

Pesynbrar ocHoBaH Ha CIOCOOHOCTH YHUBEPCAJILHOM CBONCTBE AlIPOKCUMAIIUUA Hell-
pounbIx cereit. Heftponnast ceTb MOYXKeT alpoOKCHMUPOBATH JIIOOYIO HEIIPEPBIBHYIO (OYHK-
A0 Ha, JIF0O0OM KOMIIAKTHOM IIOJIMHOXKecTBe R ¢ 3aJaHHO#l IPOU3BOJIbHOM TOUYHOCTHIO. Pe-
sysbTaThl Kypkosoii [20, 21| mokaszasu, 910 mpou3Bo/IbHAS HeIIPepbIBHAsT (DYHKIIUS MOXKET
OBITH JJOCTATOYHO XOPOIIO AIMMTPOKCUMIPOBaHA HEHPOHHON CETHIO JBYMs CKPBITHIMU CJIO-
sIMU € OJTHOMEPHOI CHUIMOUJIAJIHLHON aKTuBarmonnoit dyunkimeit. OHaKO, COTJIACHO 3TUM
pe3yabTaTaM, KOJIUIEeCTBO HEHPOHOB B CKPBITHIX CJIOSIX, HEOOXOMMBIX JIJIsl peajn3aliuu B
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aIIIPOKCUMAIIIH, SIBJISIETCs Upe3BbluaiiHo OoJbiiuM. Ha ompeseienne KoandecTBa HEpPo-
HOB B CKDBITBIX CJI0siX BIiepBble yeroHoBmin Maupos u [Tunkyc [22]. Onn nokaszasm, 9ro
CYIIIECTBYET CEThb C JABYM$ CKPBITBIMU CJIOSIMU C CUTMOHUJIAJIBHON (DYyHKIIMEH aKTHBAINH,
JIJIsT KOTOPOW MOKHO JIOCTATOYHO CJIE/IaTh ITPOU3BOJILHOE aIllIPOKCUMAIIUIO ITPOU3BOJIBHO
JII000#1 HEITPEPBIBHON MHOTOMEPHOU (DYHKITUN.

[Mozaree HamIydImuii pesyabrar ObLI nosydern Byrapom [23] mjist HefipoHHBIX ceTeit
IPAMOIO PACIPOCTPAHEHUsI C JABYMsI CKPBITBIMH CJIOSMH. A HUMEHHO, OH IIOKAa3aJI, YTO
HEpOHHAs CeTh ¢ dBXOJIOM, d HEfipoHAMU B IIEPBOM CKPBITOM cJioe, 2d + 2 HeifipoHAMU BO
BTOPOM CKPBITOM CJIOE U C CIIeIUAIbHO CKOHCTPYUPOBAHHON CUT'MOUIAIbHOM 1 OECKOHEYTHO
nuddepentupyeMoit (pyHKIMEH aKTHUBAIIUT MOXKET BBIIOJIHATH alllPOKCHMAIUIO JTI000M
HEIIPEPBIBHOW MHOTOMEPHON (DYHKIMH C IPOU3BOJILHON TOYHOCTHIO.

Hamu 66110 OKA3aHO, YTO € MOMOIIBIO PACIIUPsIeM BbIeyoMsinyThie ( [23]) coiicTs
AIIIPOKCUMAITIHN JIJIsI HEHPOHHBIX CeTeil PsIMOro paclpoCTpaHeHnsT ¢ MHOTOMEPHBIM BbI-
XOHOM, MOYKHO PEIlaTh 3aJa9i KJIaCCU(PUKAIINA ¥ Paclo3HaBaHWA 00pa30B. A MMeEHHO,
MBI ITOKa3aJI1, YTO HEPOHHAs CeTh IIPSIMOI'0 pacipocTpaHeHus ¢ d BxojaMu, d HeiipoHaMI
B IIEPBOM CKPBITOM cJjioe, 2d + 2 HeipoHaMU BO BTOPOM CKPBITOM CJIO€, k BBIXOJAMH U C
CUTMOUJIATBLHON 1 6eckoHedHO /b depeHImpyemMoii (hyHKITNENH aKTUBAIIMI MOYKET PEIaTh
pobIeMbl KJjtaccuUKaIIl U paclio3HaBaHUs 00pa30B C 3a[aHHBIM ITPOU3BOJILHBIM TOY-
HocTh. Huzke mpuBoInThCA Teopema Jijisd HEMPOHHBIX CETE MPsIMOr0 PaclpOCTPaHEHUs C
JIByMsI CKPBITBIM CJIOWOM.

Teopema 1. [24] ITycmv Q womnaxmmoe mmodicecmea na RE. Jlasa aobvix nososcu-
meavhux wucen € R u A € R, cywecmeyem C™® (R), cuemoudasvnas Gynkyus axmu-
sayuu o : R — R xomopuwi cmpozo sozpacmarowuds na (—o0, ), A-cmpozo 603pacmaro-
wuli ma (o, +00), u ydosaemeoparowum caedyrougum ceoticmeam: Jas Vf € C (Q, Rk)

u e > 0 cywecmsyem k-meproie deticmeumenvhvie eexmopv, d, = (dés)>, Ap =

S
= ( 2(7)) . Cpgs Op U peasvras mMampuya Wy, 048 KOMOPO20

ko 2d+2 d
f(zx)— Z d](j)a Z Cpg0 (Wpq - & — Opy) — 'y](f) <e
i=1 p=1 q=1
onsn ecex © = (xq,...,2q) € Q.

4 OT60p HTYMOBBIX 0OBEKTOB I MEPbI KOMITAKTHOCTH O0YyYalomimx
BBIOOPOK

PesynbraTs knaccudukarmm 00 beKTOB KJIACCOB MIPE/IJIaraeTcs OIEHUBATH C IIOMOIIBIO
CHeIMAIbHBIX Mep KOMITAKTHOCTHU. [lonck u yjaasienne nryMOBBIX O0OBEKTOB IPU (hOpPMU-
poBaHUU OOYHAIONIUX BBIOOPOK SIBJISETCS OJIHMM U3 CIIOCOOOB TOBBIIICHUS 0000IIAIONIEi
CTIOCOOHOCTH PACIIO3HAIONINX AJITOPUTMOB. Mepbl KOMIIAKTHOCTH CJIYZKAT CPEJCTBOM aHa-
JIn3a U3MEHEHUH B CTPYKTYPe BBIOOPKU IPHU YIAAJEHUU IIIYMOBBIX OOBHEKTOB.

B nannoit pabore MHOXKECTBO MIYMOBBIX O0BLEKTOB PACCMaTPUBACTCH KaK TTOJIMHOMKE-
CTBO TPAHUYIHBIX OOBEKTOB KJIACCOB TI0 3aJJaHHON MeTpuke. MHOKECTBO rpaHUIHBIX 00b-
ekToB B C FEj onpejiensercs Kak

B=<S€Ep(S:,S) = min _ p(S;,Sq)

S;€K;,Sq€CK;



102 Mapaxumos A.P., Xynaiibeprenos K. K., Urnarbes H.A.

Ob6bekr S € BNKj, j=1,...,] npuHaie;KuT MHOKECTBY IIYMOBBIX 00beKTOB D; Kiacca
K;, ecm

S’i € EO p(SZ,S) = min p(Sde) >

SiECKﬁSdEKj

S; € Kj p (SZ, S) < SiGK?,lSi?ECij (SZ, Sd) . (2)

st mpoBepKu ycsioBust (2) Hy?KHO ONPeJIeJIUTh:
— gncao 00bekToB u3 CKj, n1da KoTopbix S € BNK; dBidercd O/mKaiimM M0 MeT-

puke p (,y);

— KOJIMYIECTBO BbIIIOJIHEHHbBIX HEPABCHCTB BU/la O (Slv S) < min P (Sla Sd) JJIA
SiGKj,SdECKj

obbexToB S,€K;.

max|K;|
1<igl
|55 2

j=1,..,1. Cunraercs, 910 0600MAIOIIAA CIIOCOOHOCTD AJITOPUTMA ITOBBIIIAETCS, €CJIN JATh

€My BO3MOXKHOCTBb OIINOAThCS Ha OIpejie/isseMblX 00beKTaX BhIOOPKH. B Hallem ciydae B

l
KadeCTBE TAKOBBIX PAaCCMaTpuBaroTcs o0bekTs! u3 | J,_; D;.

[Touck mrymoBbIX 00beKTOB 10 (2) mMeer cmbici, ecin uucio |K; () B| >

1 .
[Tycrs npegcrasurenn Kiaacca K[ (EO\ Uj:1 Dj>, 1=1,...,l pasmejieHbl HA MWHU-
MaJIbHOE YUCIIO (¢ HEIlePECeKAIONUXCsl TPy 00beKTOB Git,. . « , Gy, 1O anropurmy u3 25,
mi; = |Gijl, j=1,..., 1, 27:1 m;; = my;. g ananmsa pesysnbraToB pasOueHus Kiacca

K; Ha HemnepeceKaromuecs TPYIIbI ¢ yIeTOM UX YHUC/A, IIPEJICTABATEIBHOCTH (110 KOJIU-
9ecTBY OOBEKTOB) W yJIAJEHHsI IIYMOBBIX OOBEKTOB IIPEJJIAraeTCsl UCIOIb30BATh TaKyIO
CTPYKTYPHYIO XapaKTEPUCTUKY KaK OIEHKa KOMIIAKTHOCTH

Hom2
@i = ]_12 N . (3)

m;

OdeBm/IHO, YTO MHOXKECTBO JIOMYCTHMBIX 3HaueHuii ©; mo (3) JjiexkaT B MHTEpBaJe
I
[i, 1] . Econ rpynma Gy comepkut Bce 00bekThl u3 K () (EO\ szl Dj>, T0 6; = 1.

m;

Vepenennas OleHKa KOMIAKTHOCTH O0yYalolieil BEBIOOPKYU B II€JIOM ITPOU3BOJIUTCS C yUe-

|Eo\Ui_, D:
TOM J0/IX | —— ——— | UCKJIIOYEHHBIX U3 PACCMOTPEHHUS 110 (2) mryMOBBIX OOBEKTOB KaK
! ‘EO\ Ué:l D; L om,O; L mO;
R| E\JDip | = lell O _ Zim MO (4)
i=1 m ‘EO\ Ui:l D; m

Buadenus (3) u (4) KOCBEHHO CBHJIETEIBCTBYIOT 00 OJHOPOAHOCTH (HEOTHOPOIHOCTH )
CTPYKTYPBI 00yJarorieil BLIOOpKH. HYeM OJ1nKe CXO/ICTBO IPYIIII 110 YUCTY BXOJANINX B HUX

1 l ! —

00beKTOB Kiacca, TeM Omzke sHadenne (3) K -, a (4) — x ;- [lpu R (EO\ Ui—1 D, p) =
! .

= 1 unmcio rpynn o6bekToB Ha o\ | ;=1 Dj pasHO unciy knaccos. MHOXKeCTBO 3HavueHnit

1 !
1o (3) u (4) COOTBETCTBEHHO B [E’l] u [R,l} IpeJijiaraeTcs pacCMaTpUBaTh B Kade-

CTBE€ MePbl KOMIIAaKTHOCTH KJIaCCOB 1 BbI60pKI/I B IIE€JIOM. Snauenus Mep KOMIIaKTHOCTU B
VKa3aHHbIX BbllI€ MHTEPBaJlaX MOXKHO HCIIOJIB30BaTbh JJIA O6Hapy}K€HI/IH CKPBITBIX 3aKO-
HOMepHOCTeﬁ o 6aszam JaHHDbIX.
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5 BpruucanTenabHbIA 3KCIIEPUMEHT

Heitponnasi cetb o0ydaemMoii OCHOBaHHBIX Ha TIDAHUYHBIX OODBEKTAX, OMPEICTIAEMbIX
HA OCHOBE PACCTOSHHUI MKy OoObeKTaMu o0ydaromieil BbIOOPKH, U CBs3b HX C II0-
KazaTe/sIMI 0000IIaIoNIell CroCOOHOCTH aJTOPUTMOB JIEMOHCTPUPYETCI Ha JIAHHBIX W3
(http://archive.ics.uci.edu/ml/datasets). [lyis BeIIHCI€HNST MHOMKECTBA MITYMOBBIX 00HEK-
TOB KJIACCOB IIpUMeHAINCh MeTpukn EBkianmga n Yebbiena.

B Tabu1. 1 u 2 npejicraBiiena pe3y/ibTaTbl BBIYUC/IUTEIHLHOTO IKCIEPUMEHTA 110 METPUKE
Esxmunaa.

Tabuuiia 1 Pesysbrare! sKciiepuMenTa Ha jgaHHbIX Wine Quality

) KommakTaocTs rpymmn
" I 12 [3 RORFARTHEN, | oovsieRye | Tomoer
Bes npenobpaborku | 0.22 | 0.10 | 0.14 0.025 - 88.17%
C npemobpadorkoit | 0.50 | 0.20 | 0.19 0.027 40 100%

Tabuuiia 2 Pesysibrarsl 3KCIIepuMeHTa Ha JJaHHbIX Australian

) KommakTHOCTb Tpyn
" L2 RORTARTHON, | oorsieRye | fomoer
Bes npenobpaborku | 0.08 | 0.05 0.01 - 78.25%
C upenobpaborkoit | 0.76 | 0.16 0.10 93 100%

Mpoyece obyueHna

i

|

s M0
g
H

3

HORIMeCTng Mol

Puc. 1 Ilponecc obyuenus: Ha Boibopke Australian

6 3akJrodyeHue

Opno u3 Bakueitmux cpoiicts THC — criocobrocTh K 0000IEHUIO TIOJIyI€HHBIX 3HA-
Huil. [J1aBHBIE TPUYNHBI, CHUYKATOIIIE CIIOCOOHOCTh CeTH K OOOBIIEHHIO, 9TO a) 3HAUEHMUSI



104 Mapaxumos A.P., Xynaiibeprenos K. K., Urnarbes H.A.

KOMIIAKTHOCTH 00ydatoIeii BIOOPKHU 6) CJIUIITKOM GOJIBINIOe KOJMIECTBO CKPBITHIX HEHpPO-
HOB; B) CJIUIIIKOM MAJIOe KOJMYECTBO CKPBITHIX HEHPOHOB.

DKCIIEPUMEHTAIBLHO JI0OKa3aHa IpsaMasi 3aBUCUMOCTD MKy OIeHKAMU KOMIIAKTHOCTH
1 00O0IIAOIIEH CIIOCOOHOCTHIO HEMPOHHBIX CEeTEl.
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Evaluating the number of hidden neurons necessary for solving of pattern recognition
and classification tasks is one of the key problems in artificial neural networks. Multi-
layer perceptron is the most useful artificial neural network to estimate the functional
structure in classification. In this note, we show that artificial neural network with a two
hidden layer feed forward neural network with d inputs, d neurons in the first hidden
layer, 2d+2 neurons in the second hidden layer, k outputs and with a sigmoidal infinitely
differentiable function can solve classification and pattern problems with arbitrary accu-
racy. This result can be applied to design pattern recognition and classification models
with optimal structure in the number of hidden neurons and hidden layers. A direct
relationship between the compactness estimates and the generalizing ability of neural
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networks is experimentally proved. It is experimentally proved that the minimum num-
ber of hidden layers, the number of neurons in hidden layers, and the removal of noise
objects affect the indicators of the generalizing ability of neural networks.

Keywords: Neural networks, hidden layer, sigmoidal function, classification, noisy ob-
jects.
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KJIACCUNOPUNKAIINA KOHTEHTA HPOI/IBBE,ZLEHI/II/UI
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Hay4no-unnoBaImonHbIil 1IeHTP HHGMOPMAIIMOHHO-KOMMYHUKAIIMOHHBIX TEXHOJIOTHIA,
100124, Ys6ekucran, 1. Tamkent, Mupso-Yiyroekckuii p-on, M-B Bys-2, 1. 17A.

OHI/IC&HLI METO/IbI K.HaCCI/ICbI/IKaLU/II/I KOHTEHTa HpOI/I3Be,Z[eHI/H71 B paMKax ABYX OCHOB-
HBIX HaIpaBJeHui: (OPMAJIN30BAHHOIO U SBPHCTHYECKOro. B paMKax 3BPHUCTHIECKOIO
[IOJIXOJa BbIJEJIEHbI HAIIPaBJICHUs aHAIN3a ¢ U3BECTHLIMU AIIPUOPU KATErOPHUsIMHU Ha, OC-
HOBE UCII0JIb30BaHUsI TEOPUU HEYETKUX MHOKECTB. IIpoBeieHHast cucreMaTH3alys J1eMOH-
CTpUPYET aJIbTE€PHATUBLI JJIsI pEHICHN THUIIOBBIX 3a/ia4 MHTEJ/IJIEKTYaJIbHOT'O aHaJIn3a, a
TaKzKe ITpe/jiaraeT BO3MOXKHbBIE CTpaTeTrun aJI'OPUTMU3AIINN B paMKaX KazKJI0T'0 U3 IIOI-
xonoB. Pazpaboran, 060CHOBAH 1 AIpOOUPOBAH AJTOPUTM TEMATHIECKON KIACCUMDUKAINN
[POM3BEIEHNN CPEIHEBEKOBBIX YUEHBIX B pAMKaX CTPATErMM CMENINBAHUsS METOI0B. AJl-
FOPHUTM BKJIFOYAET IIOITAIIHOE IIPUMEHEHIE (DOPMAIN30BAHHBIX M 9BPUCTHICCKUX METOI0B

TEMaTUIECKON KIacCu(UKAIIUN TEKCTA.
KitroueBsbie ciioBa: KaaccupuKaIys, TeOpUst HEYETKUX MHOXKECTB, KOHTEHT, [TOUCK CJIOB.

Hutuposanue: Myzameduesa . T., 2Kypaes 3. Knaccudukaiims KOHTEHTa ITPOU3BE/IE-
uuit // IIpobiiembl BbrauCIMTEIbHOl 1 IpUKIIaHON Maremaruku. — 2020. — Ne2(26). —
C.108-117.

1 Bseaenne

Pacnipocrpanenue Texnosornii 06paboTkn mHMOOPMAIUN B TEKCTOBOM BHJE, & TaK¥Ke
HOBBIIIEHNE POJIH UHGPOPMAINKA KaK PECypca M OCHOBBI IPUHSATUS PEIIeHuil 00yCI0BUIN
3a1poc Ha pa3pabOTKy aBTOMATU3UPOBAHHBIX CPEJCTB KJIAaCCU(UKAINA U aHAJM3a TEK-
CTOBBIX JaHHBIX [1-2]. MeTombl aHaM3a TAHHBIX PA3BUBAIOTCS YAIle B TEXHUIECKUX JIVC-
IUIIINHAX, TAKNX KaK MCKYCCTBEHHBINI MHTEJIEKT, HelipoceTeBOe MOJIeJIMPOBAHNE, JIMHT-
BUCTUYECKOE 0OeCIiedeHre CUCTeM aBTOMATU3UPOBAHHOIO MpoekTupoBanus [3-5|. Tlogas-
Jistioriee OOJIBIIMHCTBO COBPEMEHHBIX I'YMaHUTAPHBIX UCCJIEIOBAHUI, COMEPKAIIUX STAIl
00paboOTKM TEKCTOBOH MHMOPMAIINU TPOJIOIZKAIOT UCIO/IH30BATh TPAIUIIMOHHBIE METO/IbI
aHaJIN3a, OCHOBAHHbIE HA YBPUCTHYECKUX ajroputmax [6-7|. Pabora, mampasiennas Ha
n3ydenne crennuK U OrpaHnYeHuil MeTOJI0B (hOPMATM30BAHHOTO aHAJIIN3a TEKCTOBBIX
JIAHHBIX ¥ Pa3pabOTKy CTPATErHil UX WHTEIPAINN C SBPUCTUIECKIMU METOIAMHU SBJISAETCS
akryasbhoii [8-10]. Koneuno, B Y3bekucrane coznano Muoro urepuer-pecypcos. MoxKHO
HPUBOIUTD IpUMepbL: ziyonet.uz, archiv.uz, aim.uz, idum.uz, saviya.uz, Islam.uz. Omna-
KO, HET TJ1aT(OPMBI KOTOPBIH MOCBAIIEH HAYYHO-IIPAKTHYCCKOMY aHAIU3y MPOU3BEICHIT
CPEJIHEBEKOBBIX YUEHBIX ¥Y30eKucTana. /g perenus Bbiie yKazaHHbIX ITPOOJIeM HAJIO CO-
3/1aTh IJ1aTOPMY BHJE «¥YMHONW OMOIHOTEKN». «¥YMHasi OMOJIMOTEKay JIOJIZKHA XPAHUTH
pecypchbl TaKue Kak XaJIic, KajaM, MOJIUTBa U npasoseienue. Ha sroit miardopme cryien-
TBhI CMOT'YT TOJIyYUTh MEPBOHAYAILHYIO UH(MOPMAIMIO 00 UCTOPUU UCIAMA, KOHIICIIITITX
Kopana n xayucos, cyduiickux myTeii, akujia, KajiaMa, IPUHITUIAX UCTAMCKON I0OPUCIIPY-
JIEHIINY U PEJIUTHO3HOI TOJIEpaHTHOCTDH B WCJIaMe, & TakKe ncaaMcKoil peauruu. OganM
13 OCHOBHBIX IOKazaTeseil «YMHO OMOIMOTeKny sABJseTcs (pOPMUPOBaHIE UHTELICKTY-
AJILHOI ITOMCKOBOI CUCTEMBI U KJiaccuUKalusd KOHTEHTa TPOU3BEIEHUN CPeTHEBEKOBBIX
YIEHDBIX.
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2 IlocranoBka 3aga4n

Knaccudukanms KoHTeHTa MPON3BEIEHNT CPeTHEBEKOBBIX YUIEHBIX JTOJIZKHA 00ecIevIn-
BaTh CJIEJYIONIIe BO3MOYKHOCTH:
- Urenune cBejieHns: 000 BCeX yUEHBIX U3 YMHO# OHOJIMOTEKN.
- Kitaccudurarust KOHTEHTa 110 TeMaM.
- Kitaccudukarnumst KoHTeHTa 110 HAIIPABJICHUAM yYEHOTO.
- Bo3MoKHOCTB OlpejiesieHns KaKOi KOHTEHT IPUHAJIJIEIKUT yIeHOMY (Ha3BaHUEe KOHTEH-
Ta, UMs YIEHOTO).
- OnpejiesieHne HalpaBJeHnil yaéHOro (Ha3BaHUe HAIPABJICHUI, UMs YICHOTO).
- ®opMupoBaHue 110 KazKJIOMY KOHTEHTY CBOIi CJIOBAphb (Ha3BaHUE KOHTEHTA, TEPMUH, KOM-
MEHTapUsT TEPMUHA).
- Jljist 6BICTPOrO TIOUCKa, cO3/IaHne 6a3bl 3HAHUIT KIIFOUEBBIX CJIOB KOHTEHTa (KJOUeBbIe
CJIOBA, BEC CJIOB, UMsi KOHTEHTA).

Ba}KHO OTMETUTb, 9TO K.HaCCI/ICbI/IKaLH/Iﬂ O6BILIHO [IpuMEHdAEeTCA HEe KO BCEM TEKCTaM, a
TOJIBKO K (bpaFMeHTaM TEKCTOB, OIIMCaHHBIMHA UX <«IIpEeJCTaBUTEJIAMM» (KOHerTHbIe CJIO-
BA).

Bo-BTopbix, Kiraccudukalinst He siBISIETCs CAMOIEIbI0. DTO TEPBBIil IMIar B CJI0KHOM
MIO3HABATEILHOM IIPOTECCe KOMITBIOTEPHON MHTEPIIPETAINK TeKCcTa. KOHKPETHO 9TO 03HA-
YaeT, 9TO TEKCT I KJacCu(UKaImsad KOHTEHTa NPOU3BEICHU JIO/IKHA OBITh CBA3aHA C
JIMTHAMHUYIECKUM IIPOIIECCOM MHTEPIIPETAIINA TEKCTa U, CJIeI0BATE/IbHO, JOIKHA OBIThH Iie-
HUTCS B COOTBETCTBHUH C 3TOH TIEJIBIO.

TemaTudeckuilt aHaju3 COCTOUT CJIELYIONINX STATIOB:

1) IToxroroska Tekcra. TekcTOBbIE KIaCCHMDUKATOPHI JIOJIKHBI OIPEJIE/ISATh JBa Pas3-
JIMIHBIX THIIA 00BEKTOB: (DparMeHThl TEKCTa U eJUHUIIbI TeKCTOBOI mHbopmarmn. Eau-
HATBI HHGOPMAIMH MOTYT OBITH CJOBAME HJIM N-TpaMMaMi (I[eloYKa U3 I CHMBOJIOB).

2) IIpeoGpasoBanue TeKCTa B BEKTOPHOE MPeJICTaBIeH e, DTa IPOIeypa TpedyerT, 4To-
ObI KazK /Il BEKTOD [IPEJICTABIISIIT CEIMEHT U OIHICHIBAJI €10 eIMHUIIBI nHMOpManun (CIoBa,
n-rpaMMbl 1 T. J1.). /I3 9THX BeKTOpOB cTpounTcs Marpuiia. Ha 910ii TekcTOBOM MaTpuiie
orpesieIgeTcsd PO OIePAlUN KJIaCCU(DUKAIIAN.

3) Cosnanue kiaaccudukaropa. Hanbosee pacipocTpaHeHHBIMU SBJISTIOTCST CTATHCTH-
YEeCKU OPUEHTUPOBAHHBIN KJIAcCU(DUKATOPHI ( KJIACTEPU3ATOPbI, KOPPEJAITOpPbI, (hakTop-
HBII aHA/IN3 U aHAJIN3 [VIABHBIX KOMIIOHEHTOB). Kpome TOro, mMerrcs BepOSTHOCTHBIE
MeTO/Ibl, TaKNe KaK OaliecoBCKas KJIacCupUKaIns, OJUKANIIII cocell, KIacCu(PUKaTOPhI
Ha, OCHOBE HEMPOHHBIX ceTell, FeHeTUIeCKuil aJropuT™. Bee 5T MaTeMaTudIecKue MoJIesIn
OBLIN IPUMEHEHBI Jisi 00pabOTKN TEKCTOBOM MH(MOPMAITNN.

3 Pemenne 3ajgad kKJjaccuduKanmyu KOHTEHTa IIPOU3BEIeHUIt

CPEIHEBEKOBBIX YUEHBIX

Perenue 3aj1a4 oneHKE U KJIACCU(MUKAIUN COCTOSHUSA CJIOKHBIX CHCTEM MOYKHO PaC-
CMaTPUBATh KaK K/JIACCU(DUKAIMOHHBIE 38/Ia91 B KOTOPBIX OOBEKT UCC/IEI0BAHUS, HA OC-
HOBAHUU aHAJIM3a COBOKYITHOCTHU ITPU3HAKOB OTHOCUTCS K TOMY HMJIM MHOMY KJIACCY M3 MX
dburcuposannoro nabopa [9-12].

Yacro pemienne KIacCUPUKAIMOHHBIX 33JIa9K JINTEPATYPHBIX TPOU3BEICHUN 3HAUN-
TEJIHHO 3aTPY/IHIETCS PA3HOPOIHOCTHIO aHAJU3UPYEMbIX [PU3HAKOB, CJIOKHOM CTPYKTY-
POIii KJIACCOB, KOTOPBIE MOTYT MMETh 3HAYUTEIbLHBIE 0OJIACTH IIEPEceIeHs ¢ HEYETKO OlIpe-
JIETIIEMBIMU I'PAHUIIAMHU, HEJIOCTATOYHOCTHIO MCXOJHBIX JAHHBIX U T.JI. [IpoBejieHHbIE nC-
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cJIeIOBaHUS TIOKA3AJIN, ITO B TAKUX YCIOBUSX XOPOIIIO 3apPEKOMeH10BajIa ceOst TeXHOIOTUST
MSATKUX BBIYUCIEHUI, BKJIIOYAIOIas B ceOs anmnapaT HeYeTKOH JIOTUKU U IIPUHATUS Pellre-
Huit [5-7 |.

Oj1Ho#t U3 OCHOBHBIX MPOOJIEM IPAKTHYECKOTO IMPUMEHEHUs] STOTO MATEeMaTHIeCKOIO
arrapara sBJIsIeTCs CJIOXKHOCTH BbIOOpPa (DOPMBI U ITapaMeTPOB JIEMEHTOB HEUYETKUX pe-
MIAOIIUX [TPABUJI U CIIOCODOB UX arperannn B CUCTEMbl THOPUIHBIX HEYETKUX PEITAONINX
IPaBWI. 3HAYUTE/bHAS 9acTh TUX MPOOJIEM MOXKET ObIThL peIlieHa IyTeM HCIIOJIb30Ba-
HUS KJIACTEPOB HEYETKUX PENIAIONIUX MPaBUJ, 00ydeHre KOTOPBIX OCYIIEeCTBIISAETCS TPU
UCIOJIb30BAHUH JIAHHBIX Pa3BeJ0IHOro anaamsa [13].

Kitacrepbl HeUETKUX peIAONIUX MIPAaBUJI XOPOIIIO 3aPEKOMEHI0BAIN ce0sl B YCJIOBUSX,
KOIJIa /IS PA3JINIHBIX TPYIIT HH(MPOPMATUBHBIX ITPU3HAKOB, YIACTBYIOIIUX B PEIIEHUN BbI-
OpaHHOIT 3a/1a41 HAOOJIee MOXO/SAIMMIE (B CMbIC/Ie MUHUMYMa, OIMIMOKH KJIacCH(MDUKAIIN )
SIBJIATOTCS PA3JINIHbIE THITBI HEYETKUX PEIIalonnux npasmi. Kpome Toro, B mpocTpaHcTBe
BCeX MH(POPMATUBHBIX MPU3HAKOB JIJIsI PA3/IMIHBIX €ro THIepobsiacTeil, Tak e, IeJIeco-
00pa3HO UCIOJIHL30BAThH PAa3INIHbIe KJIACCU(MUKAIMOHHDBIE TPABUIIA.

[IpakTuKa HCIIOIBL30BAHUS MaTEMATUIECKUX METOJIOB B 3aja4ax KJIACCU(DUKAIUU CO-
CTOSTHUMN CJIOYKHBIX CUCTEM I10Ka3a/ia, 9TO B yCJIOBUAX IJI0XOH (hopMasn3aiiuu npu HeJI0-
CTATOYHOM CTATUCTUKE W BBIOOPE THUIIOB PEIIAIONINX ITPABUI, O0bEJINHIEMBIX B UX KJla-
cTepbl, HanboJee I1eIecoodpa3HO UCIOJIb30BATh HEYETKYIO JIOTHKY NPUHATHS peIeHwuil,
JIMAJIOTOBbIE CUCTEMBI paCIO3HaBaHUsI 00Pa30B, METOJ T'PYIIIOBOTO y4YeTa apryMeHTOB U
TEOPUIO U3MEPEHUsl JIATEHTHBIX TepeMeHHbIx [14-15 |.

[Ipu ucnob3oBanun MoAUMUKAINN KIACCUIECCKOTO allliapara He9eTKON JIOTUKU TTPU-
HaTus pernennit J1.3ase, opueHTHPOBAHHON Ha pellleHne KIaCCU(PUKAIMOHHBIX 33129 B
KadecTBe H6A30BLIX JIEMEHTOB HCIOIB3YIOTCA (DYHKINH IPHHAJICIKHOCTHA fiy, ()1 (win)
e, (Y;) K mccstefyeMbIM KIaccaM COCTOSIHHIA fi,, ¢ OA30BBIMHI IIEPEMEHHBIME, OIIPEIeise-
MBIMH TIO IKajaM WHPOPMATUBHBIX MPU3HAKOB T;, M (MJIN) KOMILJIEKCHBIX MOKa3aTeseil
Y, Bbrunc/sieMpIx 110 HHMOPMATUBHBIM II0Ka3aTeaaM Y; = f;(x1, xa,...), tue f; dyuxium-
OHaJIbHAsI 3aBUCUMOCTD, «CBSI3BIBAIONIASY BCE WU 9aCTh WH(POPMATHBHBIX ITPU3HAKOB C
Y; [13]

Haub6osee momynstpabiMu (hopMyIaMu arperaiuu Mpu UCIOIb30BaHUN (DYHKIUI TTPHU-
HAIJIEZKHOCTHU SABJISIOTCS BBIDAYKEHNS BHJIA!

UGNl = ml.in [:uwz(xi)]? UGNl = Hljln [MWLO/})L UGNl = H%]Hl [“wz <x1>7 My (YD]? (1)

UGN, = max [, (7;)]; UGN, = min [, (¥;)], UGN = min [pi, (2:), pa (V3)], (2)

UGN, = max miin [t (2:)], UGN, = max rr%]ln [Heor 5 (Y5)], ;
UGN, = mascmin [, ;)] )
I7le ¢ - HOMEp STAJOHHBIX MHIEPOOHEMOB, «IOKPBHIBAIOIINX > KJIACC Wy.

Boipazkennst tuna (1) ciieyer IpUMeHSTh, €CJII B IOAIPOCTPAHCTBE UM IPOCTPAHCTBE
IIPU3HAKOB BCE IPU3HAKH TAKOBBI, YTO OTCYTCTBHE OJHOIO U3 HUX TpeOyeT OTKaza OT wy.
DTH npaBuiia ¢ FeOMETPUIECKO TOUKN 3PEHHs MOKHO TPAKTOBATH KaK KJIACCH(PUKAIIIIO
110 MIOTIAJAHIIO ICCIIELYyeMOro 0ObeKTa B HeUeTKHIl ITUIepIIapa/lIesIelnie ], OrPAHNIeHHbII
HEHYJIEBLIME 3HAUEHISAMHI BCEX HCIOIb3YEMBIX (DYHKIIT IPUHA/IEZKHOCTHL.

Boipazkenne (2) nesnecoo6pasno HCIOIbL30BATE, €CAH HATUYNE 0000 U3 IPU3HAKOB
JIOCTATOYHO JIJIsI OI[CHKH THIIOTE3BI [, .
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Ecu B mpocTpaHcTBe MPU3HAKOB HAXOJASTCA TPYIIIBI IIPU3HAKOB, YIOBIETBOPSIONIX
(1) u (2), To pekoMeH/IyeTCst UCoIb30BaTh npasuia Buja (3). [lopsiok cunresa permnaro-
mwx npaswit tana (1), (2) u (3) gocrarouno moxpobuo onmcan B padorax [11-14].

[eomeTpryaecKr 9TO HPABUIO COOTBETCTBYET AIIIPOKCHMAIIMN ['€OMETPHIECKIX 00pa-
30B, COOTBETCTBYIONIIX UCCIIETYEMBIM KJIACCAM COCTOSTHUN HAOOpaMi HEYETKUX THITepIIa-
PAJIJIEJIENNIIEIOB ¢ HOMEPAMHE ( B KJIACCe Wy.

YacTo B X0/ie pa3Be/IOYHOIO aHAIN3a YCTAHABIMBACTCA TOT (DAKT, UTO MKy aHAJIM-
3UPYEMbBIMHI KJIACCAMH COCTOSIHHI BO3MOYKHO IIPOBEJIEHUE JINHEHHBIX, KYyCOIHO-THHEHHBIX
WJIM HEJIMHEHHBIX Pa3/Ie/IAIoNIuX IJIOCKOCTel BIIa:

Zy = Fi(Ay, x;).
B TUX YCJIOBI/IHX HpeﬂHaFaeTCH HNCIIOJIB30BaTh pemaIOH_H/Ie HpaBI/IJIa BHua:

UGGl = Moy [Dl(Zl)]v (4)

rae F, - dynkius, onpejessiiomas Buj pasjesdionieii moBepxuoctu Z;, (auHeiiHasd,
KyCOYHO-JINHElHAsI, KBagpaTudHasd u T.01.); Dj(Z;) — byHKIMs paccTosiHUus OT HCCIIeLy-
eMBIX 00BEKTOB JI0 pasz/essionieil mosepxuoct Z; [13,17].

B pamKax Teopnu yBepeHHOCTH PACCMATPUBACTCS BAPUAHT HEICTKOM K1acCHpUKaIIH,
IPH KOTOPOii HHGOPMATHBHbIE IPU3HAKHI T; WIH KOMILUIEKCHbIE [IOKAa3aTes N Y; XapaKTepu-
3YIOTCsI TAKUMU CBOMCTBAMHU, YTO KasKJIblil U3 HUX yBEJIMUYUBAET YBEPEHHOCTb B TUIIOTE3E
wy [13-15]. Hacrayto u (mm) obiryio yeepernocTb UGS) B wy PEKOMEH/IYETCs OLPEIETIATh
o popmyJram:

UGSi(p+1) = UGSi(p) + pu (:)[1 = UGSi(p)],

nJjIm

UGSi(p+1) =UGSi(p) + p, (Y3)[1 = UGS, (p)], (5)

nJIn
UGS (p+1) =UGS(p) + UGS (p+1) - [1 = UGS (p)],

riae p - Homep urepanuu B pacdere UGS); UGS)(p + 1)- 4acTHast yBEpEHHOCTb B Wy 1O
HOJIIIPOCTPAHCTBY ¢ HOMEPOM (p + 1) MHOrOMEpPHOTO MPOCTPAHCTBA MPU3HAKOB [16 | .

Ecmu B xome pasBegoYHOro aHaamsa, aKTUBHO HCIOJB3YIONIEr0 Pa3aMdHbIe METOIbI
0TOOpasKeHnss MHOIOMEPHBIX JIAHHBIX B JIByMEPHBIE OTOOPasKaoIe MPOCTPAHCTBA, BbI-
SICHSIETCS Y/IOBJIETBOPUTE/ILHOE KAYECTBO KJIACCH(MUKA-IIMNA B 3TOM IIPOCTPAHCTBE, TO IIe-
JIeCOOOPA3HO OCTAHOBUTHCS HA METOJIE JUAJIOIOBOIO KOHCTPYUPOBAHUS JIBYMEPHBIX KJIAC-
cudUKAIMOHHBIX TpOCcTpaHcTB [17].

B cooTBeTCTBUM € 9TUM METOJIOM JIByMEpHOE oToOpazKaroree mpocTpanctBo ¢ = Y- Y5
OlpeJIe/IIeTCs KaK JeKapTOBO IIPOU3BEIEHUE JBYX 0TOOpasKaronmx (QyHKIMHA BHJIA:

)/IZQOI(A’ X) u Y2:Q02(B7 X)a (6)

Il 01 U P9 - GYHKIIUKA OTOOPAYKEHIS MHOI'OMEPHBIX OOHEKTOB B JIByMEPHOE ITPOCTPAHCTBO
®; A u B - BekTopa HacTpanBaeMbix mapamerpos; X = {zy,...,Z,} -BeKTOpa 00bBEKTOB
MHOT'OMEPHOTO IIPOCTPAHCTBA MH(MOPMATUBHBIX ITPU3HAKOB.

Ha obbekTax obyuartoreit BBIOOpKU B TpocTpancTBe @ B IMOJIyaBTOMATHYIECKOM PEXKH-
Me, C IPUBJICYECHUEM SKCIIEPTOB IMPEJIMETHON 00/1acTH (hOPMUPYIOTCS TPAHUIIBI Pas/ie/ie-
HUs aJIbTEPHATUBHBIX KJIACCOB Wy U W, U3 YCJIOBUA MUHUMAJIHLHOIO KOJUYIECTBA OIIHOOK
kytaccudukanuu B Buje ypasaenus wy. = Fl,. (Y1, Ys).
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[Ipu nepexojie K HEYETKOM KIACCHMUKAIIIN B JIBYMEPHOM OTOOparKalo-IeM ITPOCTPaH-
CTBE YETKHIl BBIBOJL METO/IA JIMAJIOIOBOI0 KOHCTPYHPOBAHUS JIBYMEPHBIX KJIaCCU(pUKAIIU-
OHHBIX ITPOCTPAHCTB TPpaHCHOPMHUPYETCA B HEUETKOE PEIIeHne IIyTeM Olpe/ie/ieHns (pyHK-
Uit IpUHAJIe’KHOCTH i, D) K Kiaccy wy ¢ 0a30BOi1 IIEPEMEHHO, OIIpEIe/IAEMO KaK pac-
crosinre [; or orobpaxkenusi B @ uccieryeMoro o0ObekTa JI0 JIBYMEPHBIX I'PAHUIL KJIacca
Wy, OIHCBHIBaeMbIX ypaBHeHneM Buja wy = Fi(Y7],Ys).

YBepeHHOCTDb B Wy MOJIYUYEHHYIO IIPH JINAJI0IOBOM KOHCTPYHUPOBAHUHU JIBYMEPHBIX KJIaC-
cuUKAIMOHHBIX ITPOCTPAHCTB OIPEJIEIUM COOTHOIIEHUEM:

UGD; = i, D;. (7)

Metox rpymmoBoro y4era apryMeHTOB XapaKTePU3YeTCs HCIIOJIb30BAHUEM MOJIeseit
CTPYKTYPHO HAapaMeTPUIecKoi uIeHTU(MDUKAIIN:

) nr A M pil,igw 8
Zi1 = i1,0,¢, + Zi:l ( i1,i,w;° Hi:l Zj )7 ( )

rae z; - nepeMentas (m3 MHOXKeCTB X miand Y); A 0., CBOOOJHBIH “WIEH IS MOJE/IH
OTKJIMKA z;1 B Kiacce wy, (¢ = 0,1) ma muoxecrBe X mwin Y; A1, - BecoBoil Koaddu-
[UEHT CJIAraeMoro 1 Jijig OTKJuKa (QyHKIUM z;; B Kiacce wy, (¢ = 0,1) Ha muHOX)ecTBe X
Wi Y pi14; - CTENEeHb apryMeHTa j B Te€pMe C HOMEPOM i JIId (PYyHKIUU OTKJIUKA 2 B
kitacce wy, (¢ = 0,1) Ha MHOKecTBax X mian Y nr- KOJUIECTBO PSJIOB CEJIEKIUU (TEPMOB
HOJIMHOMA); M7~ KOJTMIECTBO [IEPEMEHHBIX Z.

B xome mporecca obyueHnss [yl KaykKJIOrNO U3 MCCAEIyeMbIX KJIACCOB COCTOSHUN Wy,
B IIPOCTPAHCTBE WH(MOPMATUBHBIX MPU3HAKOB C UCIOJB30BAHUEM OOYYIAIOIINX AJTOPUT-
MOB MeTO/1a I'PYIIIOBOrO ydeTa apryMeHTOB MOJIyJaloTcss Habophl MOJIeIell B3anMOCBA3ei
MEZKJIy Pa3InIHbIMUA UH(MOPMATUBHBIMU MPU3HAKAMUI, 9TH MOJEIN SIBJIAIOTCA YACTBIMU
caydasMu Mogzedteit (8):

Xjo = Fj(Xu, A), (9)

rje Xj,- IpusHaK ¢ HOMEPOM j PacCUMTaHHbII 110 00beKTaM 00yJaromieil BBIOOPKHU KJacca
wy; Xj- BEKTOD TPYIIIBI IPH3HAKOB, IPUYEM HPH3HAK C HOMEPOM j HE BXOIUT B I'PYIILY
k; Fj- bynkuug cesasu X ¢ Xy 5 Ap- BEKTOD HACTPAUBAEMBIX TIAPAMETPOB.

Takum 06pa3oM, KaxKIblii U3 UCCIEAYEMbIX KJIACCOB COCTOSIHUM IIPEICTaB/IeH «CBOUMMY
Habopamu mozesteii Tuma (9).

Maremarundeckue mojiesn tutia (9) mpecTaBIsgoT co0oil MPUOINKEHHOE OIIUCAHNE M~
CJIeTyeMbIX KJIACCOB COCTOSTHUI W) TO3TOMY OHM XapaKTePHU3YIOTCs HEKOTOPO Mepoil J10-
BepHst K HUM, KOTOPBIE MOTYT GBITH OmpeesieHbl KoahdUIuenTom AucKpuMuHanum Ry,
B coorercrBun ¢ pekomenjaliusamu 17| Mepa joBepust K MOJIEJSIM KazKJIOro aJibTepHa-
THBHOTO KJIACCa B 9TOM CJIydae onpejengercs Boipazkenuem: M DM, = R? | tie r nomep
mogiesn (9) B KJtacce w.

VUauThIBasg, 9T0 KaXK bl U3 UCCIIELYEMbIX KJIACCOB IIPEICTaB/IsAeTCsS HECKOILKUME MO-
JIeJIsIMU, Mepa JIOBEPUsT K MOJIE/IsIM JIJIs KJTacca w; OlpeJiessercs (pyHKIueit:

MDM, =1—T[, (1 = MDM,,).
[To BceM uccseyeMbIM KjiaccaM COCTOSTHUI Mepa JIoBepus 1o BeeM MojiesisiM (9) ompejie-
JISIETCSI BBIPAZKEHIEM:

SE L (- MDM)
Zle Y

MDM = , (10)
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rje [r- KoamdecTBo ypasuenuit (9) B Kimacce [; L— KOJMYECTBO AHAJIM3UPYEMBIX K/IACCOB
COCTOAHNIL; Y- BecoBble KO(MDMOUIUEHTDI, HO3BOIAIONINE YIUTBIBATDL «KeJaeMble» JI0JIN
JI71 OIHUOOK 1IepPBOro M BTOPOT'O Pojia IO KazKJIOMY U3 KJIACCOBW.

Jl1st HeYeTKOro IpeICTaB/IeHUsT UCCIEyeMbIX KJIACCOB COCTOSIHUN BBOJUTCA (DYHKITUS
IPUHATIEXKHOCTH (i, ( D)) K Kitaccy w; ¢ 6a30BOi TlepeMeHHON Dy, OIpeieiseMoil Kak
pPacCTOgHUE OT TOYKU MHOI'OMEPHOI'O IIPOCTPAHCTBA J0 MOJEIN C HOMEPOM I KJIAcca Wj.

Taxnum oOpa3oM, IIpH HEUeTKOH MHTepIpeTaIii MeTo/la I'PYIIIOBOIO ydeTa apryMeH-
TOB JIOIOJHUTEJIBHO K MojesaM (9) B mporecce o0ydeHus:, IOIb3ysACh, HAIIPAMED, PEKO-
Mentanusamu [13,17] cunresupyercs HaOOpP COOTBETCTBYIOMUX (DYHKIUI IPUHA/ICXKHOCTH
M Dlr-

yBepeHHOCTb B KJ'I&CCI/ICbI/IKaJ_[I/H/I IIPpU UCIIOJIb30OBAHMU HEYETKOI'O METOHda I'PDYIIIOBOI'O
ydeTa apryMeHTOB OlPe/IeJIeTcs BbIPazKeHUeM:

. 1 Ly
UGM; = —T Zr:l pir (Dir)- (11)
C yuerom (10) YBEPEHHOCTL B IIPUHA/IJIE2KHOCTH TEKCTa K KJIACCY OIpPeesisieTCd BbI-
pazkKeHueM:

UGM, = max|0, (UGM] — MDM)]. (12)

McxomubivMn JAHHBIMA JIJIs TEOPUU U3MEPEHNUS JIATCHTHBIX [IEPEMEHHBIX sABJISCTCS T10-
JIOZKEHUE O TOM, YTO MH(MOPMATHBHBIE IPU3HAKH, C TIOMOIILI0 KOTOPBIX OIEHUBAETCS CO-
CTOAHHNE UCCJICAYEMbBIX CUCTEM, IIOJIyHIalOT IIyTEM IIPAMOI'O USMEPEHUA .HI/I6O BBIYUCJIAIOT IIO
pe3yJibTaTaM MPsIMbIX U3MepeHuit. Pe3yibrar Kitaccudukamm JIuTepaTypHbIX TPOU3BE/Ie-
HUI OoIIpeJesdeTcd He IIPpAMBIMUI USMEPEHUAMU, a B XO/I€ aHaJIu3a MCXOJAHbIX IIPU3HAKOB U
(mn) KOMOMHUPOBAHHBIX TTOKa3aTe el MOIydaeMblX pacdeTHbIM myTeM [17]. DTo mo3Bo-
JIFeT CJIeJIaTh BBIBOJ O TOM, YTO TEOPHs JIATEHTHBIX [EPEMEHHBIX sIBJISIETCS aJIeKBATHOIL
110 OTHOIIEHHUIO K PEIIAeMOMY KJIACCY 3aJ1a.

B TEPMHUHOJIOTUN TEOPUU HM3MEPEHUA JIATECHTHBIX IIEPEMEHHbIX HCXOAHbIC IIPU3HAKN
N YEeTKO BbIYHUCJIFAEMbIE ITapaMETPbl OIIPEAC/IAIOTCA KaK HHIWKATOPHBLIC IIepEeMEHHbIe, a
HEOIIpe/Ie/ICHHBIE allPHOPH PE3YJIbTATHI - KaK JIATCHTHbIE (CKPBITHIE) [IEPEMEHHBIE.

MHOroYnCIEHHBIE UCCIIEIOBAHNST OT€UECTBEHHBIX 3aPyOeKHBIX YUCHBIX [OKA3A/M, UTO
JUIsi PEIeHus] 3a/1a4 aHAJOTHYHBIX PellaeMbIM B pabore Hanbosiee ajleKBATHON sIBJISIETCSI
MOJIe/Tb, OIpejegeMas JIOTUCTUIECKON (DyHKIMel BUIA:

691—51'

rae Pj; - BepOsSITHOCTD JOCTUZKEHHSI Peain3yeMoil Iesn (IPaBUIbHble IIPOTHO3 UIH KJIac-
cudukanuys) y o6beKTa (COCTOSTHUS CHCTEMBI) ¢ HOMEPOM 1 IPU HCIIOJIH30BAHUN MH/MKA-
TOPHBIX IepeMeHHbIX S;j; 0; - 3bPEKTUBHOCTD JOCTUKEHUA TeIH y 00bEKTa ¢ HOMEPOM
i; fi-undopmaruBHOCTD (3 HEKTUBHOCTE) UCIIOIB30BAHNS j-T0 MpU3HaKa (BO3/eiicTBIA)
IpH peIleHUH IOCTABJICHHON 3anaun. Kak ciaemyer ms onpemesnenus 0; u ;- mo cpoeit
IPHUPO/JIE SABJISIOTCS JTATEHTHBIMU II€PEMEHHBIMU.

Bcee narenTbie nepeMenubie (hOPMHUPYIOTCS IPHU MEPEXO0JIE OT KOJUIECTBEHHBIX ITKAJI
Z;, K KQ4eCTBEHHBIM MHTEPBAJIbHBIM IIKagaMm ;.

Js1 mepeBosia HENpepBIBHBIX TKaAT x; (1 = 1,n) K K; ucnoab3yercst opmyia:

Xi - Ximin
1nt(—) Xz < Xi,max;
Ki = Rnfl (14)

n— ]-7 XZ < X’i,mina
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rae X; - TeKylee HaTypaJIbHOE 3HAMEHHE 1 -TO MHIMKATOPA;
X min- HAUMEHBIIIEE 3HAYEHUE 1 -T0 HHIUKATOPA;
X maxHanO0JIbINEE 3HAYEHHE I-T0 UHINKATOPA,;
M- OCHOBaHUE KAIeCTBEHHOW MIKAJLI (2,3, ...);
int(M) - nenas gacte qmncia M.
[Tpu sTOM JIMHA MHTEPBaAJIA KAYeCTBEHHON IKAJIbl OIPEIeSsieTcst o (hopMyie:
Ri _ xi,maxw_lxi,min

[Ipeaycmorpena BO3MOXKHOCTE OIpejie/ieHusT (PYHKIIMOHAIBHON CBA3M MEXKIy JIaTeHT-
HOIT lepeMeHHOi L B BRIOpaHHBIM HAOOPOM HMHJIMKATOPHBIX HEPEMEHHBIX S;:

L:fL(Sj), (15)

rae fr - Buj yHKIMOHAIBHOM 3aBucuMocTu L ot S;.

[Ipm oreHKe COCTOSTHUMS CJIOKHBIX CHCTEM B KadecTBe JIATEHTHOW TepeMEeHHON MOryT
BBICTYIIATh YBEPEHHOCTH B TOM, YTO CHCTEMAa HAXOJUTCS B OJHOM U3 KJIACCOB COCTOSTHUMN
Wy; YBEPEHHOCTH B 9 (DEKTUBHOCTH BBIOPAHHON CXEMbI YIIPABJIEHUS U T.]I.

[Ipu nepexojie K TPUHATHIM B pabOTe MeXaHU3MaM HEYETKOHN KIacCuUKAINN 1EIeCO-
00pa3HO UCHOJIB30BATH (DYHKITUH TPUHAICIKHOCTH K HCCICTYEMBIM KJIACCaM COCTOSHU.

s nepexoga ot L K fiy, (L) y1o6HO HCHOIB30BATH TaKylo 0OOOIIEHHYIO XapaKTepH-
CTUKY, KaK THCTOTPAMMa pacCIpejie/ieHus 00beKTOB UCCIeI0OBAHUs Ha ITKaJje JIATeHTHON
nepemennoii L. Ilpu stom dyukmum g, (L) ya100HO CTPOUTH UCIOIB3Ysl PEKOMEH AN
pabot [17-19].

Takum 0OpazoM, MOJIE/Ib MOXKET OBITh MCIOJIb30BAHA JIjI HEYETKON KJIaCCHUMDUKAIIN
JINTepaTyPHBIX IPOU3BEICHUIT C PACYETOM YBEPEHHOCTU B KJIACCU(DUKAIINNA B COOTBETCTBUN
C BBIPAYKEHUEM:

UGR; = i, (L). (16)

Ecnu na sxcrepTHOM ypoBHE M B XOJI€ Pa3BEJIOYHOIO aHAIN3a BBIACHACTCA BO3MOXK-
HOCTb (DOPMUPOBaHUs IPU3HAKOBOTO ITPOCTPAHCTBA MJIM TOIPOCTPAHCTBA, TJIe KaXKIbIi
U3 [IPU3HAKOB T; MIPEJICTABUM CUCTEMON K IpaJaluil x;, U CyIecTBYeT BOZMOXKHOCTD ITPO-
U3BECTU CTATUCTUYECKUN PAcUYET YACTHOCTEN IMOsABJICHUS K-0if Tpajaiuu i-ro MPU3HAKOB
AJIBTePHATUBHBIX KJaccax wy U wy-P(x;x/w;), P(z/w,) , TO n3y4daeTcs 1e1ecoodpasHoCcThb
MCII0JIb30BaHUsI CEKBEHIMAIbHON TocIe0BaTe/ibHON mporeaypbl A.Banbia ¢ pacaeTom
JIMArHOCTUYIECKOTO KodddurimerTa mo dopmy.ie:

DK = Y1 10lgEea/en)

Pz /wr)?

rJIe Wy ¥ W,- Tlapa aJbTEePHATUBHBIX JHATHOCTHIECKUX KJIACCOB (/IMATHO30B); Tk~ 3HAUCHIE
k-oit rpagaruu nadopMaTuBHOrO pu3Haka r;(i = 1,n); n- pa3MepHOCTh MPOCTPAHCTBA
Ipu3HAKOB; P (2, /w;)- dacTHOCTDL mosiBiaeHus k -0if rpajanum -ro npu3Haka B KJacce
wi; P(zig/w,) - B Ki1acce w..

[Ipu nepexose Kk HeUéTKOMY Basib1oBCcKOMY KiraccudUKaATOPy YBEPEHHOCTH B KJIACCH-
dukanun w; — UGV, onpenensiercst pyHKIMEH TpUHAIIEKHOCTA K 0a30BO# IepeMeHHOi
[13].

To ectb:

UGV, = p,,(DK). (17)
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[IpenmytiecTBaMu 5TOH TPOIETYPHI SABJISIIOTCS TPOCTOTA BBIYUC/IEHW, OTCYTCTBUE
OIIpEJICJIEHHBIX TPEOOBAHUN K PACIIPEJICICHIIO BEJIMIUH U BO3MOXKHOCTH IIOCTAHOBKHU KJIaC-
cuduKaIum ¢ 3apaHee yCTAHOBJIEHHBIM YPOBHEM HAJIEZKHOCTH, JIayKe IIPU OTCYTCTBUU HEKO-
Topoit Yactu uzmepenuit. OrpannydeHns TPUMEHEHIST 9TOI0 METO/a CBOJIUTCH K TpebOoBa-
HUIO TI0 00beMy 0Oydaloneil BHIOOPKH U €€ PENpPe3eHTATUBHOCTU, HAJIMIUIO 30HbI HEOIIpe-
JICJIEHHBIX PEIeHnil, KOTopasl IPU 3HAYEHUSX D IIPUOJINKAIONIMXCS K eIMHAUIE (BBICOKOE
3HAYEHMEe KauecTBa KIacCuMUKAIMN) MOXKET ObITh JIOCTATOUHO IMUPOKON 1 K HE3aBUCUMO-
CTU MPU3HAKOB, YIACTBYIONINX B KJIACCUPUKAIINY JINTEPATYPHBIX Tpou3seienuii. O 1nako,
Jlake TIPU BeCbMa BBIPAXKEHHO 3aBUCUMOCTHU IIPU3HAKOB, YUCJIO OIMIHMOOK IIPHU ITOC/IEI0BA~
TeJILHOW KJIACCH(DUKAIIMOHHON MPOTIE/yPe OKA3BIBAETCsI, KAK IIPABUJIO, HE BBIIIE PACIET-
HOTO.

B apyrom BapumanTe BCce MHMOPMATHUBHBIE NPU3HAKKA OOPAOATHIBAIOTCA KaKJIbIM U3
[IPABIJI, BXOJISAIINAX B KOJLUIEKTUB. BO3MOXKEH CMEIaHHbIil BADUAHT, TP KOTOPOM Pa3/Ind-
HbIE PEIIaloIe IPaBUIa UCIOIL3YIOT CMEITAHHbIEe, BO3BMOXKHO ME€PECEKAIOIIUXC s, IPYIIIIHI
nH(MOPMATUBHBIX MPU3HAKOB. Takue IPYNIUPOBKE MOTYT CO3/IABATHCS 10 PA3JIUTHOMY
MPUHITAITY: TI0 CTOUMOCTH TOJIyIeHUsT WHPOPMAINN; 110 BPEMEHU M3MEpEeHNs; 110 WHMOP-
MATHBHOCTHU; 110 OCOOCHHOCTU CTPYKTYPBI JAHHBIX U T.JI.

[Ipu 06beuHEHNN YaCTHBIX PENTAIONTNX TPABIII B UX KOJLIEKTUBBI BOSMOXKEH BAPUAHT,
YTO 3TH HEYETKHE IPaBUIa 00padaThIBAIOT “CBOM  TPYIIILI ITPU3HAKOB.

BapuanTts! (puHaIbHOI arperayuy PemarolnX MPaBuI TaK Ke MOTYT ObITh Pa3/IMIHbI.

[Ipu ocTopoxkHOI cTpaTernu, KOrjaa pelieHne JI0KHO IPUHIMATHCS IPU 00sI3aTe Th-
HOM yUeTe «MHEeHHS» BCEX YIaCTHUKOB KOJIJIEKTUBA, C YIeTOM BO3MOXKHBIX «COMHEHUIT» B
HaIPaBJIEHUU aJIbTePHATUBbI (K KJIaCCyw, ) 1eIeCO000PA3HO UCIOJIb30BATEH arperarop THIIA:

UGZ = min(UGV}, UGDl, UGNl, UGGZ, UGSZ, UGRZ) (18)

Ecnu craBurcs 3ajia4a «He HPOIYCTUTH» O0BEKTHI KJIACCA, WU €CJIM CTEIEeHb JOBe-
pHs K KaKJIOMY M3 PENIAIONIUX IPABUJI IPUMEPHO OJMHAKOBA 11eJIeCO0OPA3HO IPOBEPUTH
IPUMEHUMOCTD (Ka4ecTBO PabOThI) PEIaoIiero mpaBiia THIA:

UG[ = HlaX(UG‘/Z, UGD[, UGN[, UGG[, UGS[, UGRZ) (19)

Eciin ucnionpb3oBanme KaxkJ0ro u3 npaBuil J00aBJIseT YBEPEHHOCTh B IPUHSITHE Pellle-
HUIl OTHOCUTEJIBHO THUIOTE3bl Wy, TO IeJIeCO00PA3HO MCIIOIb30BATH UTEPAIMOHHBIE HAKO-
IUTEJIbHBIE TIPOIE/TY PhI:

UGH(s + 1) = UG(s) + UGF(s +1) - [L — UG(s)], (20)

rjle s —HOMep urepaiun B pacdere ypepennoctn UG, B Kiraccuukaiun wy;

UGF, = max(UGV,, UGD,, UGN,, UGG,, UGS;, UGB,), UG(l)). (21)

Ha mpakTtuke BcTpedaloTcsd 3aJladu CO CJIOXKHON CTPYKTYPOH JAHHBIX, KOrja B (u-
HAJIbHOM PEIIAIOIIEeM IPABHUJIE I1eJIeCO00PA3HO KOMOMHUPOBATH BAPUAHTHI arperaiuu o

npasmwiam (18), (19), (20).

4 3akJrouyeHue

Knaccudukanus n anajan3 TeKCTOB OCTaeTCs CyObeKTHUBHBIM Tporieccom. OOHapyzKe-
HUE CEMAaHTUYIECKOT'O COJIEPyKaHUs TEKCTa - ITO BCerJa CJOYKHBIN MMO3HABATETbHBIN TTPO-
1ecc, KOTOPBIII OPUEHTHPYsCh Ha JIMYHbIE YUTATE]bCKHEe MHTepechl. Jlas KaxKjaoro 4u-
TaTeJid U B OCHOBHOM B JINTEPATYPHOM TEKCTE, €CTh JIMYHBII TPAKTOBOYHBIN IyTh. Tem
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HE MeHee, UCIO/Ib30BAHNE TAKUX METOJIOB KJIAaCCU(DUKAINHI JJAET HEKOTOPYIO «OO0bHEKTHB-
HYI0» OPHEHTAIMIO HA aHAJIN3. DTO HE HABA3BIBAET YUTATE/IO KAKYIO-JIMOO CTPATErUIO, HO
mpejjiaraeT eMy MHOYKECTBO BO3MOXKHBIX 1y Teil. OIHUM U3 BO3MOYKHBIX CIIOCODOOB OIEHKHU
Ka4uecTBa KOMITHIOTEPHOH TeMaTuieckoil Kjiaccudukanuu ObL1o Obl CPABHUTH €r0 C pas-
JIMYHBIMU JIYUIIIUMA TECTaMU.
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In this work the properties of the solution of self-similar and approximately self-
similar solutions of equations for a reaction-diffusion system with double nonlinearity
are investigated. The influence of the parameters of the reaction-diffusion system in the
evolution process is investigated. Existence of parameter values for which the equation
has a finite solution is proven. The system of equations considered in this work is based
on many physical processes, for example, this system describes the reaction-diffusion pro-
cess, thermal conductivity, polytrophic filtering of gas and liquid in a nonlinear medium
with a source. A special property of this equation is its degeneration. And therefore, we
investigated a weak solution, since in this case the solution to the problem may not exist
in the classical sense. The main method for studying the problem under consideration is
self-similar and approximately self-similar approaches. These approaches are intensively
used to study the properties of solutions with a finite perturbation rate, the properties of
solutions with exacerbation, and localization of solutions. For this, we used the nonlinear
splitting method to construct a system of self-similar equations.

Keywords: parabolic equation, asymptotic, finite speed, approximation, self-similar,
reaction-diffusion, system, numerical solution.

Citation: Sadullaeva Sh. A., Khaydarov A.T., Fayzullayeva Z. 2020. Investigation prop-
erties of solutions of a nonlinear system of equations with nonhomogeneous density and
source. Problems of Computational and Applied Mathematics. 2(26): 118-132.

1 Introduction

Nonlinear problems are a very difficult to study. Analytical methods already here, as
a rule, do not work. In this situation, it is necessary to rely only on numerical methods.
Meanwhile, mathematical models generated by modern problems of science and technol-
ogy are usually non-linear. This circumstance is also the reason that the computational
experiment is now becoming almost the only means of conducting theoretical research in
applied problems. But before proceeding with the numerical solution of nonlinear prob-
lems, it is necessary to study the qualitative properties of various solutions depending on
the nonlinear parameters of the problems under consideration.

Let us consider the following degenerate double nonlinear parabolic problem with an
nonhomogeneous density in the domain ) = {(t, r):t>0, e RN }

D)) _ iy [Vl 2 ) + pl)y (£t o
ot (1)
9(p(z)u)

5 div(|z|"u™HVulP > Vu) + p(z)y(t)u®v™
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u(0,2) =uo(z) 20 (2)
v(0,7) =vg (z) =20, z € RN

where, my, man € R, qi,q2,71,72 = 1 p > 2 - preset numerical parameters V(.) —
— grad(.), uo (x), vo(z) z € RN non-identical zero p(x) = |z|', 0 < v(t) € C(0,0).

T

One of the methods is proposed for constructing the self-similar equation of system (1)
and to study the asymptotic property of the final solution and the free boundary (m;+p—
—3>0, mi+p—3=0, i=1,2), the asymptotic behavior of the self-similar solution
for the fast diffusion case (m; +p —3 <0, i =1,2). We show that the coefficient of the
main term of the asymptotic solution is satisfied in some system of nonlinear algebraic
equations.

We will consider the properties of the reaction-diffusion system with double nonlin-
earity, with variable density, and numerically study the reaction-diffusion system with
double nonlinearity.

System (1) describes many physical processes, for instance, the process of mutual
reaction-diffusion, thermal conductivity, polytrophic filtration of liquid and gas in a
nonlinear medium in the presence of a source, whose power is equal to p(z)vy(t)u?v™,
p(x)y(t)u®v™. Since system (1) is degenerate in the region u = v = 0, it may
not have a classical solution in the region of degeneracy. Therefore, we will inves-
tigate the generalized solutions of system (1) that have physical meaning and satisfy
a certain integral identity and have the following properties: 0 < w, v € C(Q) and
|z|" ™ VuP YV, [z 0™ VP *Ve € C(Q). For generalized solutions of system
(1) the presence of a phenomenon of a finite propagation velocity of disturbances is in-
herent, i.e. there are such continuous functions ly (t), Iy (¢) in which, u (t,z) = 0 and
v(t,z) = 0as |z| > [ (t) and |x| > I (), respectively. The surfaces |z| = [; (t) and
|z| =I5 (t) are called the free boundary or front.

In [1] is studied the solution for a system of reaction-diffusion equations with double
nonlinearity in the presence of a source. A self-similar approach is used for the treatment of
qualitative properties of a nonlinear reaction diffusion system. It is shown that there exist
some parameter values for which the effect of finite velocity of perturbation of distribution
(FSPD), localization of solution, onside localization can occur. In the paper [2] the
properties of the weak solution of problem Cauchy for one parabolic equation with double
nonlinearity and with lower members are investigated. The researched equation is best
combination of forms of the equation of nonlinear diffusion, fast diffusion, the equation
to very fast diffusion and p-Laplace heat conductivity equation by action of convective
transfer the velocity of which depend from time. In [3] the Cauchy problem for nonlinear
systems is considered. The conditions of existence of the solutions on time for the problem
Cauchy are given.

Moreover the properties of the finite velocity of a propagation and localization of
the disturbance, an asymptotic of self-similar solutions will be defined. The results of
numerical solutions will be carried out and on the basis of calculations some necessary
statements will be given. In the paper [4] is demonstrated the possibilities of the self-
similar and approximately self-similar approaches for studying solutions of a nonlinear
mutual reaction-diffusion system. The asymptotic behavior of compactly supported solu-
tions and free boundary is studied. Based on established qualitative properties of solutions
numerical computation is carried out. The solutions are presented in visualization form,
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which allows observing evolution of the studied process in time. In the work [5] is investi-
gated the non-stationary filtration process of highly contaminated oil in a heterogeneous
porous medium in a two-dimensional formulation. Also computational experiments are
given at different parameters of the reservoir and the costs of two production wells. In [6]
is studied the properties of self-similar solutions of a cross-diffusion parabolic system. In
particular, we find the Zeldovich-Barenblatt type solution to the cross diffusive system.
The asymptotic behavior of self-similar solutions are analyzed for both the slow and fast
diffusive regimes. It is shown that coefficients of the main term of the asymptotic of so-
lution satisfy some system of nonlinear algebraic equations. Condition of global existence
of solution of a non-linear system of cross-diffusion with non-linear boundary conditions
is studied in the paper [7]. Critical exponents of Fujita type and critical exponents of
global existence of solution are established. In this paper, we study the global solvability
and unsolvability conditions of a nonlinear filtration problem with nonlinear boundary
flux. In [8] is establish the critical global existence exponent and critical Fujita exponent
of nonlinear filtration problem in inhomogeneous medium. An asymptotic representation
of the solution with a compact support is obtained, which made it possible to carry out
a numerical experiment. The paper [9] provides a detailed analysis of scientific papers
related to the problem of mathematical modeling of the oil filtration process in reservoir
porous media.

Computational experiments were carried out for various characteristics of the forma-
tion and the costs of production wells. In [10] the problem is solved numerically on a
computer and numerical experiments are performed in various values of the parameters.
For numerical solution of the problem were applied the methods of alternating directions,
the method of iterations. In [10] the Cauchy problem for nonlinear systems is considered.
The conditions of existence of the solutions on time for the problem Cauchy are given.
Moreover the properties of the finite velocity of a propagation and localization of the dis-
turbance, an asymptotic of self-similar solutions will be defined. The results of numerical
solutions will be carried out and on the basis of calculations some necessary statements
will be given.

In the work [12] is proposed an algorithm to compute the blow—up time by using a
finite difference scheme with uniform temporal grid size. The conditions for the existence
of a solution to the problem are established in the work [13]. In the work [14] is imple-
mented the moving mesh PDE method for simulating the blow—up in reaction—diffusion
equations with temporal and special nonlinear nonlocal terms.

In [16, 17, 19] the quasilinear parabolic equation with a source term and an inhomoge-
neous density is considered. The conditions on the parameters of the problem are found
under which the solution to the Cauchy problem blows up in a finite time. A sharp
universal estimate of the solution near the blowup time is obtained.

In the paper [18], is investigated the localization of solutions of the Cauchy problem to
a doubly degenerate parabolic equation with a strongly nonlinear source for one equation.

In [20] is devoted to the study of the existence, uniqueness and regularity of a solution
for the two main problems, i.e. the initial-value problem and the Dirichlet boundary-value
problem. Special attention is paid to the appearance of a free boundary, a consequence
of the finite propagation property.

In the work [22, 23] methods and numerical methods for solving two-dimensional prob-
lems of oil filtration in two reservoir porous media are considered. The numerical results
of calculations of the problem of oil filtration in a porous medium in two reservoir systems
are given in the presence of a weakly permeable bridge.
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In this work, based on the splitting of the original system, a system of self-similar
equations is constructed, approximate solutions are found depending on the values of the
parameters of system (1), the asymptotic behavior of the generalized finite solution of
system (1) and the free boundary are established. The main parts of the asymptotic —
self-similar solutions are obtained. Based on the constructed self-similar solutions, the
asymptotic behavior of the solutions, and the free boundary, numerical calculations and
visualization of the diffusion reaction process described by system (1) were performed.

2 Construction of a self-similar system of equations

Below, one method is proposed for constructing a system of self-similar and approximately-
self-similar equations for system (1) by splitting the original system of partial differential
equations into two parts, which relatively facilitates the study of the qualitative proper-
ties of solutions to problem (1) - (2), while preserving the properties of the solutions of
the original system . Note that although the study of the properties of solutions to the
system of self-similar and approximately-self-similar equations is relatively simpler than
the study of the properties of the solutions of the original system, it possesses independent
mathematical interest.

To construct a self-similar and approximately-self-similar equation for system (1), we
look for a solution to the system of equations in the form:

ult, x) = u(t)w (1(t), ¢ [2])
{“(W): )z (T(t), o lx]) (3)

where u(t) = A[T + t] =TS TTRaE o(t) = BT + ] =TS TTRaE

t
t

<

1
U\ Tri—kqi+1
—r FagF1 1T

A= | (-r1—kgp+1) (%) ;

B:(g)wA’k:qg—mH’
k ql—T2—|—1

is a solution to the system
L = y(taron, £ = (t)ar?,

Substituting (3) into (1) we have a radially-symmetric system

dwo 0 [ iy |dw | dw
ar ¥ (SO w %

9y dyp

—y(B)an = PEM DG (g — ),

de _ P : (905_12’”2—1 dz M%) _
dp

ar 7 Oy dp
_,y(t)aq%—}m*(p+m1*2)(z _ wQQZTQ)7

If is chosen in the form

r(t) = jvml(n)up%n)dn _ Oftum“(n)v“(n)dn (4)
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[ N

It is easy to see that system has an approximately self-similar solution of the following
form

w(T, ) = f(8),

2(r.¢) = 006, 8

where, £ = T'f)p and functions f(§), ¥(§) satisfy the following system of nonlinear

degenerate approximately self-similar system of equations..
gl—si (é—s—lfml—l ﬁ - SY

dé d¢|  d§)  pdg§
—y(t)T(H)ut = PHmTR(f — fuy) =0,

p—2
gl—si (é-s—lfmg—l @ d_¢> + de

p—2
#>+£#

d¢ de| de ) T pde

—y(&)r(yate Py — fryr) =0,

If
v(t)r(t)ﬂ‘h_(p_l)_(ml_l)ﬁrl — const.,by t — oo,

v(t)T(15)17”2_(”_1)_(7”2_1)11‘12 — const.,by t — o0,

(7)

system (6) will become self-similar. It is easy to prove that if 0 < (t) € H, where H-
Hardy body, then condition (7) is satisfied.

Now we will study the asymptotic behavior of the finite solutions of system (7) at
~v(t) = const. We investigate the system of equations (7) by the following boundary
conditions:

f(0)=1>0, f(b)=0,
P(0) =1>0, ¢(b) =0,

where 0 < b < +oo. Existence of self-similar solution to problem (7), (8) for the case
in equation y(t) =0, n =1 =0, p= 2 were investigated in [6], moreover, conditions for
the existence of solutions with a compact support were obtained.

We will study the asymptotics of solutions with a compact support of system (7) in
case m; +p—3 > 0, mg+p—3 > 0. For this, we transform system (10) to a form
convenient for research, supposing that

(8)

g2 =
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Case (p — 2)>—(my1—1)(my—1) = 01is called singular case. In this case, the asymptotic
behavior of the solutions of system (7) has a different behavior and more research is
required.

Theorem 1. Let ¢ > 0, ¢ > 0. Then the solution with the compact support of

system (10) at n — 400 <£ '

N———

has the asymptotics

=9 f(&) 1+ o1)),

V(&) =€) (1+ o(1)), (10)

Where () <y < +00 (i = 1,2), when one of the following conditions is met:
1)8; > 22 and (37, y9) are the roots (y1, y2) of system of nonlinear algebraic equations

{Eyg)mll (?/?)22 i c1, (11)

where ; = 1=1,2, 1

D
p(Ag;)P 17

( mi—2

S = AP~ 2pq !
! /\QI )\p% )\qlp

0 _ [qluqlp) ]

v AP~ 2]792

\

where ¢;, 1 = 1,2 - are the coefficients defined above,
2) B = E, i = 1,2, and (¢?, 49) are the roots of the following system of nonlinear
algebraic equations

-1 -1
a@)" W) 1

¢y

P (12)
B ao (179)%2 L/ 0ya2—1 1
A l(yg>m1+p*3_'_ 2(Y)) (y2) _ —
aNPqs DAP

Proof. To prove Theorem 1, we use the replacement (9). As a result, the self-similar
system (5), by transforming (9), is reduced to the form:

dif?Ll (y1,y2) + (;90(77) - 91) Ly (1, 92) +
+%w(n) += Ap w(m) (1 +ea(my™) =0, (13)
%LQ (1,02) + (5000 = @2) L (1, 10) +
P B o 0) + 2 o) (1o + a(m)un®) =0,

where (1) = ;55, @i(n) = e i =12,
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T (A

dn q1y1 ),
T (e _

dn q2Y2 | ,

In which A, ¢;, a; @ = 1,2 are above defined coefficients.
Since the transformation (9) will allow the study of the asymptotics of the equations
of system (7) at n — +oo solution of system (13) around +oo satisfying the condition

dyl _QZQZ%O yz(n) >0, 1=1,2.

First we will show that solutions y; (), y2 () of the system (13) has finite solutions
at. n — 400
Noting that

dy:
L _ . m1—1 .
1 (yl, y2) 2 (’ _d77 q141

dys
L _ . ma—1 o
2(y17 y2) Yo (’ _dn 4292

U; (77) =L, (y1,’y2), 1=1,2.

Then system (16) can be rewritten in the following form

S v — qn

v’ = (X@(n) - Q1> v e AR /\W( 1) (g1 + (™) =0,
s ¥ — @y

vy = (Xﬂp(ﬁ) - Q2> v+ % () + )\W(ﬁ) (y2 + ©2(n)y2™) =0,

Analyzing the solutions of the system and introducing auxiliary functions we obtain

01 (p1,m) = — (;go(n) - Ch) [y — %w(n) - F”( ) (1 + e1(m™)

2 — 4212 ()

S , ! .
02 (p2,m) = — (Xw(n) - Q2) H1 — y}\TSD n)— ESO(U) (92 + 902(77)y2ﬁ ) )

where p; , ¢ = 1,2 are real numbers. For each value y; the functions 6; (i, ) retain their
sign at a certain interval [r,,, +00) C [no, +00) (0 < ny < n,,) for any n € [n,,, +00) one
of the following conditions holds

Considering a theorem from [13] boundary of the function v; () is in n € [,,, +00):

li i < s li i/ = 0.
Jm i () < oo, lim v’ (n)

Thus, we obtain

lim y; (n) =y) < +oo, lim y/(n) =0.

n—r—+00 n—r+00

From here we have

. / .
s 0 1) =
L S v — @ B _
= lm [— (ch(n) - q1> = o vn) - ﬁw( n) (y1 + 1y 1)} =0, "
. / _
2 01) =
. S y2/ — 42Y2 B
= ngrfoo [— (XSO(U) - CI2) ' — ?90(77) - ﬁéﬁ( 1) (42 + 2(n)ys 2)} =0,

Taking into account the last boundaries, we obtain the following system of algebraic

equations (11) from (14)
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)" ) =
)" ) =

61_1 1

“1y oyma- —2 | ai(y))
p 1<yg) 1 1( 0)p 2+ 1a;pq1 :p)\p,la

By1 o (15)

—1/,0\m1—1 ¢ 0\p—2 ag(yg)
] (yl) 1 (y) + CL)\pq2 _p>\p71’

at f; =12, i=1,2,
Thus, we obtained the asymptotic representation (10).
a)The case of rapid diffusion (¢; < 0, i=1,2.)
In the case of rapid diffusion, we will study the asymptotics of the regular solution of
the self-similar system (10) ) at

§ — +oo

with the boundary conditions

(16)

{f@:f@mm, (a7)

where n = In (a+§’\) ,f6) = (a—|—§>‘)+‘h, P(€) = (a+§)‘)+q2, a>0, N\ q, ¢
coefficients defined above.

Theorem 2. Let ¢; <0, ¢2 <0, §; > 1, i =1,2. Then the solutions of system (10)
at 7 — +00 (£ — +00) has an asymptotic form

(18)

where 0 < ) < 400 (=1,2), when one of the following conditions is met:
(N =1) [(m; — 1) (mg—; — 1) — (p—Q)Z} —(p—n—=10(p—m;—1)>0and
a: > p—(mi+1)
b7 (mim1)(ms—i—1)—(p—2)
algebraic equations

50 = 1,2, (19,99) are the roots of (yy,ys) system of nonlinear

{(yS)ml_1 W) =1,

W)™ ()" =2

2) (N =) [(m; — 1) (mas = 1) — (0= 2]~ (p—n— 1) (p—m; —1) <0,

a; < (m__l)f;;@_ﬁl))_(p_mg, i = 1,2, and (3?,99) are the roots of the following system of

nonlinear algebraic equations

~ _— 1
(S + Aql) (}qu? )p ? (yg) ! + p)\p_g - q ;\Ill)_l = 07
) X 1 v (19)
(5 + Agz) (laaga])” ™ (1)™ + - —— =0,

pAP=Z gyl
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Proof. After replacement (17) in system (7) it is reduced to the form:

d s
d_nLi (Y1, 92) + (X%(n) - Qi) L; (v1,92) +

20)
1 a; ) (
+W801(77) (' — qiyi) + ﬁ%(ﬁ) (v + pai(n)y™) =0,

e~

where ¥1 (77) = efnjav 9021<77) = e-"]%‘(ﬂi—l)gpl (n)a L= 17 27

p—2 _
) <ilf;’; + Ch%‘) .
Thus, the study of the asymptotics of the equations of system (10) at n — +oo is
replaced by the study of the solution of system (23) around +o0o satisfying the condition

Li (y1,y2) = y3"7 ! ((Cffi, + qiyi

Wt gy #0, yi(n) >0, i=1,2.

Proceeding to (20) at n — +o00, we obtain the necessary conditions and the system
of algebraic equations (19). The proof of the second part of the theorem is proved in a
similar way.

3 Results of numerical experiments and visualization

When solving the problem numerically, the equation is approximated on a grid using
an implicit scheme of variable directions (for the multidimensional case) in combination
with the balance method. Iterative processes were built on the basis of the Picard, Newton
method as well as special method. In a special method terms U1V U@V P2 in system
(1) are presented in a form U2V = U@ ' vl o Uyl = gty R where
up, vy solutions of a system of equations of homogeneous differential equations

duw _ ,q1,7m1 dvg _ ,,92, T2
= ug vty G = ugiug’

Calculation results for various values of the reduction parameters in Fig. 1-6.
0.0 =]
04—

0.0

[P

Figure 1 u(t,z,y) at t =0;n =2;my = 1,5;me = 2;p = 2.5;
@1 =2;q2 = 1.8;71 = 1.5;r9 = 2;y = 1.2(source).



Investigation properties of solutions ...

127

0,06~
0,044

0,02

B

Figure 2 u(t,z,y) at t = 1;n =2;my = 1,5;me = 2;p = 2.5;
@1 =2;q2 = 1.8;71 = 1.5;79 = 2;y = 1.2(source).

004~

003

0102~

001

i

Figure 3 v(t,z,y) at t = 0;n = 2;m; = 1,5;mg = 2;p = 2.5;
g1 = 2;q2 = 1.8;71 = 1.5;r9 = 2;v = 1.2(source).

.04
LULIES
0,02~

001

0

bl

Figure 4 v(t,z,y) at t = 0;n = 2;m; = 1,5;mg = 2;p = 2.5;
@1 =2;q2 = 1.8;11 = 1.5;r9 = 2;y = 1.2(source).
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0,014

0005

0]

Figure 5 u(t,z,y) at t = 0;n = 2;my = 1,5;mg = 2;p = 2.5;
@1 =2;q2 =1.8;71 = 1.5;179 = 2;v = —1.2(source).

001~

0005

0=

\/

Figure 6 u(t,z,y) at t =0;n =2;my; = 1,5;mg = 2;p = 2.5;
@1 =2;q0 = 1.8;71 = 1.5;1r9 = 2,y = —1.2(source).

4 Conclusion

The results of computational experiments show that all of the listed iterative methods
are effective for solving nonlinear problems and lead to nonlinear effects if we use self-
similar solutions constructed by the nonlinear splitting method and the standard equation
method as the initial approximation of the solution [4,6]. As expected, in order to achieve
an identical accuracy, the Newton method requires fewer iterations than the methods of
Picard and a special method because of the successful choice of the initial approximation.
Note that in each of the cases considered, the Newton method has the best convergence
due to the choice of a good initial approximation. In some cases, the total iteration
amount is almost two times and the maximum iteration is almost 4 times less than other
methods.

The results of numerical calculations show the effect of the finite velocity of disturbance
propagation and the localization of the solution depends on the values of the numerical
parameters. All results of numerical experiments are presented in the form of visualized
animation.
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NCCJIEAOBAHUE CBOIICTB PEIIEHUI HEJIMHEIMTHON

CUCTEMBI YPABHEHUN C HEOJHOPOIHOU
IIJIOTHOCTBIO I TCTOYHUKOM

LCadyanaesa III. A., > Xatidapos A. T., ' Patizyasraesa Z.
orif_sh@list.ru; haydarovabdu@rambler.ru; nigor1802@mail.ru
I TammkenTcKmit YHUBEPCUTET UH(POPMAIMOHHBIX TEXHOJIOTUH,
yi. Amupa Temypa 108, Tamkent 100200, Y3bekucran;
?HamnuonaabHEIT yHEBepCHTeT Y36eKkucTana umenn Mupso Yiayroeka,
yi. Yuusepcurerckas, 4, Tamkerat 100174, Y30ekucran

B nannoit pabore uccieioBaHbl CBONCTBA PEIeHUs] aBTOMOJIETBHBIX U TPUOJIN2KEHHO
aBTOMOJIEJILHBIX PEIeHn ypaBHEHNH /I peaKIInOHHO-TUMdY3MOHHON CUCTEMBI C JTBOIi-
HOIl HejmHeHHOCTBIO. MccmemoBano BimMsgHUE MapamMeTpoOB PeAKIINOHHO-IuMdY3MOHHOI
CHCTEMBI B IIpoIlecce IBoJoIun. J{okaszaHo CyInecTBOBaHNE 3HAYEHUN MapaMeTpPOB, st
KOTOPBIX ypaBHEHHEe MMeeT KOHedYHOoe pelreHne. PaccmarpuBaemass B paboTe cHCTEMA
YPaBHEHHI JIEXKUT Ha OCHOBE MHOI'MX (DU3MYECKHX IIPOIECCOB, HAIIPUMED, 9Ta CHCTEMA
OIMCBIBAET IIPOIECC peakIuu-auddy3nun, TemaI0IpOBOIHOCTH, MTOJUTPOINIECKON (HDUITh-
Tpaluy ra3a U YKUJKOCTU B HEJIMHEHHOM cpese ¢ ucTogHukoM. OcobeHHOe CBOICTBO 3TO-
ro ypaBHEHUsT ABJISIETCS B €ro BhIpoxkaenue. U mosromy mcciemoBain ciaboe pereHne,
TaK KaK 49TO B 3TOM CJIydae pelleHue 3a/1a9i MOXKET He CYIIECTBOBATh B KJIaCCUYECKOM
cMmbicsie. OCHOBHBIM METOIOM JJIsl UCCIEIOBAHUST PACCMATPUBAEMOMN IIPOOIEMBbI SIBJISTIOTCST
aBTOMOJEJIbHBIN ¥ MPUOJIMKEHHO-aBTOMOIAEIbHBIA MOAX0AbI. DTU IOIX0Ibl UHTEHCUBHO
IIOJIL3YIOTCA JIJIA UCCIEOBAHNS CBOWCTB PEIICHNs ¢ KOHECYHOI CKOPOCTBIO BO3MYIIECHU,
CBOMCTBA peIeHnii ¢ 06oCcTpeHneM, JIOKAIN3aINn perrernit. JIJIst 3Toro Mbl HCIIOIb30BAIN
MeTOJl HeJIMHEITHOTI'O PACIICIJICHUS JJIsl IIOCTPOEHUA CUCTEMY aBTOMO/ICJIbHBIX YPABHECHUA.

Kuarouessbie ciioBa: nmapaboanieckoe ypaBHEHNE, aCUMIITOTHKA, KOHEUHAsI CKOPOCTD, all-
IIPOKCUMAIIUsI, aBTOMOJIEIbHBIN, peaknnusa-anddysns, CUCTEMa, YUCIEHHOE pelleHune.

HurupoBaume: Cadyaraesa III. A., Xatidapos A.T., @atisysnaesa 3.VUccremoBanme
CBOMCTB pelIeHUud HeJINMHEHHON CHUCTeMbl ypaBHEHUH € HEOAHOPOJIHON IJIOTHOCTBIO M
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In this paper, we study the asymptotic behavior of self-similar solutions of nonlinear
cross-diffusion system associated with nonlocal boundary conditions. We are constructed
various self-similar solutions to the cross diffusion problem for the case of slow diffusion,
which are the asymptotics of the solutions to the problem under consideration. The
main term of the asymptotics of self-similar solutions is obtained. For a numerical study
of the problem under consideration, a method is proposed for choosing the optimal ini-
tial approximation for the iterative process. Using asymptotic formulas as the initial
approximation for the iterative process, numerical calculations are performed. The cal-
culation results are visualized in time and the results are analyzed. Results of numerical
experiments show that the obtained results are in good agreement with the physics of
the process of nonlinear cross diffusion.
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1 Introduction

The qualitative properties of solutions of a nonlinear system of cross-diffusion associ-
ated with nonlocal boundary conditions are studied in the paper

ou _ 0 (,mi—1|0u P=29y

e oz oz EX R (1)
ov _ 0 ma—1]8v |P=28v cR t>0
ot ~ Oz u oz oz | x +> )
m U 29u 1
I R 2)
—um ST (0, ) = v® (0,t), t >0,
w(@,0) = (), v(,0)=vy(x), v Ry, 3)

where p > max {my,mo} +1, m; > 1, ¢; >0 (i =1,2), up and vy (z) - are non-negative
continuous functions with compact support in R, .

Recently, there has been a surge in the analysis and simulation of mathematical mod-
els of the reaction-diffusion type in the presence of the so-called cross-diffusion. Cross-
diffusion is a process in which a concentration or density gradient of one chemical or
biological type induces a flow (linear or non-linear) of another type. The concept of
cross-diffusion also includes well-known cases of modeling chemo- and hypo taxis. The
application of reaction-cross-diffusion of a system is easily found in literature and includes
the pattern formation development in biology [1], electrochemistry [2], cancer motility [3-
5] and biofilms [6]. By introducing cross-diffusion into standard reaction-diffusion models,
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it hs shown that there is no cross-diffusion when preventing explosion phenomena asso-
ciated with such systems [7]. Explicit analytical solutions to these complex and often
nonlinearly coupled systems of partial differential equations rarely exist, and thus several
numerical methods have been applied to obtain approximate solutions.

Cross-diffusion models are found in various fields of natural science. For example, in
physical systems (plasma physics) [8-10], in chemical systems (dynamics of electrolytic
solutions), in biological systems (cross-diffusion transport, dynamics of population sys-
tems), in ecology (dynamics of forest age structure), in seismology - Burridge-Knopoff
model describing the tectonic plates interaction [11-14]. In recent years, in the study of
biological population and the tectonic plates movement, mathematical models with cross
- diffusion have been widely used [14, 15].

It is known that systems of degenerate equations may not have a classical solution in
the region where u, v = 0. In this case, the generalized solution of system (1) is studied
in the class of physically meaningful

(@, ), v(e,t) >0, vmH QPR ymas1|2u PR ¢ O (R x (0, +00))

and satisfying system (1) in the sense of an integral identity [12, 23].

In recent years, the condition for the global existence of solutions and the condition
for the occurrence of a blow-up regime has been intensively studied (see [1-7, 11, 13-26]).
In [24, 25], the conditions of global solvability and insolubility in time of a solution were
studied, and the solution was estimated near the explosion time of a nonlocal diffusion
problem

Up = Upgy, Up=Ugy, x>0, 0<T <0, (4)
—u, (0,1) = u®?, —v, (0,1) =uh®, 0<t<T, (5)
u(z,0) =wuy(z), v(x,0)=uv(x),z>0. (6)

It is proved that if pg < (1 — «) (1 — /3), then every solution to the problem (4) - (6) is
global.

In [17], the systems of cross-diffusion equations on a stationary surface of the following
form are studied

Gum Z AmpArug, = fm(ul, ...,ur), I x (O,T),
U (2, O) —uo,m( ), Vo€, m=1,..r

where r > 1. They provide a fully-discrete scheme by applying the Implicit—Explicit Eu-
ler method. In addition, they provide sufficient conditions for the existence of polytopal
invariant regions for the numerical solution after spatial and full discretization’s. Further-
more, they prove optimal error bounds for the semi- and fully-discrete methods, that is
the convergence rates are quadratic in the mesh size and linear in the time step.

In [20] the following problem is investigated

u = (u"),,, U= (vk)m, re€ R, t>0, (7)
—(u™), (0,8) = 0P (0,t), —(v*), (0,¢) =u?(0,t), t>0, (8)
u(x,0) =uo(z), v(z,0)=vy(x), x€ Ry. (9)

It is shown that the solution to problem (7) - (8) is global if pg < (n+1) (k+1)/4.
Conditions were obtained on the numerical parameters of systems (7) - (9) under which
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the solution to the problem explodes in a finite time. The studies given in [14] should
also be noted, there system (7) was studied with the following boundary conditions

—(u"), (0,t) =u®0?(0,1), —(v*)_(0,t) = u”(0,t), t>0.
It is shown that min {y; — 71, y2 — r2} = 0, where

2p+k+1-28

r = )
YT pg— (k+1—2a) (n+1—28)
2p+n+1-2p
ro = )
> apg— (k+1—20) (n+1—20)
Y = 177"157171)’ ys = 177’25]’671)

are the critical Fujita exponents.
The system of equations (1) for m; > 1, (i = 1,2) describes processes with a finite

velocity of propagation of disturbances. System (1) has bounded self-similar solutions
with a compact support of the following form

u(et) = (T 417 £ (6), o)
v(z,t) = (T+1)"p (), E=a(T+1)7,
where T" > 0,
8= (@1=1)(g2=1)=(p=2)(g2—1)—(m1—1) (1 =1) _
th 1)(g2—1)=(p— ;(fh 1)— (ml—lg(‘h—l)
(@1=1)(g2=1)=(p—2)(q1—1)—(m2—1)(g2—1
p(g1—1)(g2—1)—(p—2)(q1—1)—(m2—1)(g2—1)’
oy = D@D 4, G=Dan
h=pla-1)(@e-1)-@P-2)(a-1)-m—-1)(¢-1),
L=p(@a—-1(@-1)-{@-2)(¢—1) —(m1—1) (@1 — 1)
and functions (¢ (£),p (§)) are the solutions of the following problem
a (mi-t|de|PPde | _ gede _
de ¥ d¢ d¢ 55 dé ap = 07
d do|P 24 d (11)
P B ) —BEE —aap =0,
p—2
—pm % 2%5(0) = (0), 1)
o
_QOmQ_l djg %ﬁg (O) — (pih (0) ,

which is obtained after substituting (10) in (1) - (3) and some simplifications. Consider
the following functions
k
p
(€)= Ai(a—g"1),
~( ) = A ~. (13)
(6 = Az(a—&1) .
_ _ (=Dp-m-1) _ _ (p=Dp—ma-1) mi—1 4p—2( kp \P7' _
where b = 4 D1 © = Gr2P—m-nmen @ > O A2 (p—l) =4

apap () =
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2 Main results

Theorem 1. Assume that p > max {m;, my} + 1, then the solution with compact
support of the system of equations (11) at & — a»~Y/? has an asymptotics

p (&) =0 ) [1+o(1)),
{ P (&) =@ (&) (L+o(1)). (14)

Proof. A solution to the system of equations (11) is sought in the following form

¥

where 7 = —1In (a — 5#) , wy (T), wy (7) - are non-negative and bounded functions,

T—00at & — a7 Substituting (15) into (11) the following system is obtained

"

dilq (wy, wa) + Ll ( el — k—pl> Ly (wy,wq) + + (bwy —w'y) —

T p—1 \a—e 7  p-— AP AT (p—1)

p—1 aq e 7 _
-\ mi— -7 wy = 0

» ) APZ AT Tla—e) V1 ! (16)

d P e 7 kp Bp ’
ELQ (wl, wg) + 1 (a—e*‘f - p—l) Lg (wl, w2) + Ag_lAT271(p—1) (k’wg —w 2) —

p—1 a9 e T

\ P ) Ap=2qm2t (a—e )2 = 0,
m1—1 / ma—1 /
where Ly (w1, ws) = wy ™ (kwy —w'y), Lo (wy,wy) = wi™ ™ (kwy — w's) .

Note that the study of the solutions of the last system of equations is equivalent to
the study of those solutions of the system of equations (11), each of which in a certain
interval |1y, +00), satisfies the inequalities:

w1(7)>0, kwl—wll#(),
'LU2(7')>O7 kU)Q_w/Q#O.

Solutions (w; (), wq (7))of the system of equations (16) have finite limits at 7 — +o0.
Let

hy (1) = L1 (w1, ws),
{ ho (1) = Lo (wy, ws) . (17)

Then system (16) is reduced to the form

(1 = p T kp Bp ’
Wi(r) =35 (aie_T _ﬁ> hl(T)—W(kwl—wﬂJr
p
p=1 T
+(5) et = o
_ - k 8
h/2 (T) - _p%l (aie—T - pr1> h2 (7') - WIM (ka — ’UJ/Q) +
p
p—1 T _
+<T> AT a2 =0,

\

To analyze the solutions of the last system of equations, consider the following auxiliary
functions
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( -7
_ _.p e _ kp _ Bp oy
Gl T, %1) - p—1 (a_e—-r p_1> n A;17—1A;n171(p_1) (kwl w 1) +
p
—1 aq e T
+(p —2 . m 1 — wl — 0,
p ) APTZApT! (a—eTT)
_ p e’ kp Bp ’
G2 (T7 %2) - _p_l (a_ef‘r - p_1> %2 - Ag—lA;VLQ—l(p_l) (ka —w 2) +
p—1 a2 e 7T —
\ "—( » ) A572Am271 (a_e_r)'wQ — U,

where 571, 215 - are the real numbers. It can be seen that in the corresponding right-hand
side of the last identity, functions Gy (7, 3¢1), G (T, 755) retain their sign, i.e. satisfy one
of the inequalities

G (T, %1) > 0, Go (T, %2) > 0,

G1 (7', %1) < 0, G2 (7', %2) < 0, <18)

on a certain interval [7,,,, +00) X [T,,, +00), Tuy, Top € [T0, +00) . Assume that for func-
tions Gy (7, 5¢1) , G (T, 5¢2) the limits at 7 — +00 do not exist. Then, due to the variability
of functions Gy (7, »1) , Go (7, 5 , the straight line G; = 5 (i = 1, 2) intersects the graphs
an infinite number of times on interval [7,,,, +00) X [T,,,, +00) , But, on interval [7,,,, +00) X
X [T..,, +00) one of the inequalities (18) is fulfilled, therefore, it is impossible to intersect
the graphs an infinite number of times. Consequently, the graphs of functions G (7, 7)) ,
Gy (1, 552) intersect the straight line Gy = 5¢; (i = 1,2) on interval [r,,,, +00) X [1,,, +00)
only once. Then, for functions G (7, 711) , G (7, 322) there is a limit at 7 — +o00. Following

(17) for Gy (1, x) » G2 (p2,9) we get

{ Gy = wi N kwy, —w')P = (w

O NO
S~—
3

I

Ju
—
g
=o
N—
T
Ju
—
—_
N—

Gy = wi™ Hkwy — w'y)? " = (w

It is, therefore, necessary that

( : P e’ 7 kp Bp /
hm—( ——)%1+—1)(k:w1—w1)—

T 400 p—1 \a—e™ 7 p—1 AszlA;nl—l(p_

_ p -7
_(p_l) 251 € Wy == 0’
p

AP=2A471 7 (a—eT)
. - k Bp /
lim 2 (= — 82 ) o ——— B2 (e — wy) —
rostoo P—L \a—em™ T p=1 ) 72T qpeT g l(p—l)( 2 2)

_<P*1>p o e wy =0
—2 mo—1 _o—T - )
L P AB=2AT27 (a—e™T)

Hence, taking into account the next limiting process

: e’
lim =0,
T—=+oco @ — e~ "

it is easy to see that w{ =1, w =1 at 7 — +o0.

3 Numerical analysis of solution

A numerical scheme is constructed based on the finite difference method. For this,
equations (1) are approximated with the second order of accuracy in spatial coordinates
and with the first order in t. An iterative process is constructed; in the inner iteration
steps, the node values are calculated by the sweep method. It is known that the choice
of an appropriate initial approximation for the iterative process of solving the nonlinear
problem (1) - (3) in a general case, is the main difficulty in numerical solution of the
problem. When solving specific tasks, the functions are used that reflect some properties of
the sought for solutions; these functions are obtained on the basis of a qualitative analysis
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of the problem. This difficulty, depending on the value of the numerical parameters of
equations, is overcome by successful selecting the initial approximations, for which the
established asymptotic formula is taken in the calculations. Based on the above results,
numerical calculations were made. Below are the numerical schemes and some results of
computational experiments. Consider the system of equations (1) with the initial (3) and
boundary conditions (2) and

{ u(bvt) = ¢1 (t):
U(bat) = P2 (t)’

for convenience, rewrite system (1)-(3) as follows

B (1) ),
T w

—K (u,v) a_g (0,t) =u? (0,¢),
{—B@hmégmiy:wqmw,t>o, (20)
u(z,0) =wuo(z), v(z,0)=uvy(z), x€ Ry, (21)

_ ,mi—1|0u|P—2 _ ,ma—1]du|P~2
where K (u,v) =v _Bz‘ ,_B(u,v)fu' Gu|P™"
Now construct a uniform grid Sy, on x with step h:

Sp={x;=i-h, h>0,i=1,2,...,n, n-h=>0},
and time grid
Vi={tj=j-7,7>0,5=12,....m, m-7=T, T > 0}.

Construct a difference scheme. For this, the balance method and an implicit difference
scheme are used:

S = K 0) (] ol ™) K () @ )]
e (B () (o1 = o) = B ) (07 = w4,
1

1=2,3,....,.n—1,7=0,1,...,m—

U? =Uu (mia O) 9
{U?:U(%O)’ i=01,... .n, (23)
jH+1_ j+1 ;
_ u —uy — J q1
{ Kl (u’ U) Uj+1ilvj+1 (u(-))qz ’ .] = 07 17 s, M= 1’ (24)
=By (u,v) 2+~ = (U(J)) ’
ul, = Y1 (tj) ) ;
n :2,3,...,m. 25
{%Zw%% ’ )

Where K (u,v), B (u,v)are calculated according to one of the following formulas

K (u,v) = K (4=t vtbien)

’ 22 ) 5

I By (i, 228 (20)

b) Kl (u, U) — K(ui,'Ui)-i-KQ'(m_1,'ui_l)7 (27)
Bi (U,’ZJ) _ B(Uiin)+B2(’u,i_17fui_1)‘
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It is seen that the systems of algebraic equations (22) are nonlinear with respect to u/™!
and v/T1. For numerical solution of such systems of nonlinear equations, various iterative
methods are applicable. We use the simple iteration method:

;J.'Tl _ s S‘++11 Strll s SJ'F+11 s'++11

2 =L K <U> ully —ul - K; (U) wlT —ul' |,

A DN TR eEY (e 2%)
—— = 55 | Bip <u> vl — vl — B; <u> vl =l

where s =0,1,2,....

It is known that iterative methods require an appropriate initial approximation, which
ensures fast convergence to the exact solution and preserves the physical meaning of the
problems. The above-obtained asymptotic formulas are chosen as appropriate initial

. . c . . . . s+1 s+1
approximations. The values of initial iteration for each time step u; , v; are taken from
0 0

the previous time step: w/*! = «/, v/ = v/, When counting by an iterative scheme,
the accuracy of the iteration is set, for which the process continues until the following
conditions are met

s+1 s
max | u ; —u;| <¢,
0<i<n
s+1 s
max | v ; —vU;| <e.
o<i<n
. _ it1l it . .
Introduce the notations @; = u!"", ©; = v}"". Then the difference equations (28) can be
written as
S §+1 S s—i—l S §+1 S
Aty —Ci Uy + Bty = —Fy,

(29)

s s+1 s s+l s s+1 S
A20; 1 —C2 Uy + B2V = —Fy,

where Ay, Ao, By, Bai, Chyi, Coy, Fiy, Fy; with formulas (27) are obtained in the form:
Ali = #Kz <U,SU) =

s mi1—1 s S s mi1—1 ; ;
: +1 +1 : +1 +1
_ T Jj+1 w T —ully + J+1 w)ly —ull,
= o2 Vi h Vi1 h ;

s mo—1| s s mo—1]| ;

: 4L _ g1 : jHL_ g+l
_ T u]+1 v vl + u]+1 vt vl
= o2 i h i-1 —

p—2
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é’h = % (Kl (u,sv) + K1 (u v)) + 1,
T S
Cai =5 (Be (w0 ) + Bua (i) ) +1,
}8712 :ujila
;’Qi ZUj-il-

The values of the end ordinates at the ends of the segment can be obtained by the formula
Milne:

a_u ~ —u2+4u;—3ug B_u ~ Sup—4un_1+un_2 3_’U| ~ —v2+4v1—3vg 8_’1) ~ 3vn—4vp_1+vn_2
dzxlo ™ 2h vz ln ™ 2h vz lo ™ 2h v Az ln ™ 2h :

which are considered more accurate.
For the numerical solution of algebraic equations (29) applies the sweep method. Ac-
cording to the sweep method

{ Uy = Q4 (Blz + ﬂH—l) ) (30)

0; = i (Poi + Dig1)
where ay;, g, P1i, P2; are the coefficients calculated by the formulas:

) _ Bi;
N+l = T —ay Ay
— B

2t = Gpmagida

ﬁ . — AoiBai+Fo;
2+l ™ Ch—agiAgi

{ Brip1 = éuﬂquFu

ri—a1i Ay’
where 1 = 1,2,...n. The values of ayg, asg, B9, B20 are found from boundary conditions
(24). Using the above numerical schemes, a computational experiment was conducted.
Here are some results of numerical experiments. The grid step is quite small h = 0.05, the
number of nodes is N = 2500, and the accuracy of the iteration is specified as € = 1075.
The counting was carried out up to t = 2 with step 7 = 0.02., Formulas (10), (14) were
taken as the initial approximation for the iterative process.

02

01

i

(]
u(x,t)

Figure 1 Numerical solution of the problem (1)-(3) at ¢1 = 2.25, g2 = 2.25, p = 3.75, m; =
—1.95, my = 1.35.

In fig. Figure 1 shows graphs of numerical results, starting from ¢ = 0.3 in v (x,t) a
structure appears. The penetration depth of the two components is compatible.
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Figure 2 Numerical solution of the problem (1)-(3) at ¢1 = 2.75, ¢ = 2.95, p = 3.25, my =
— 92, my = 1.6.

In this case, the penetration depth for u (z,t) and v (z,t) is almost the same.

Figure 3 Numerical solution of the problem (1)-(3) at ¢z = 2.3, g2 = 2.2, p = 3, my =
—1.9, my = 1.4.

The results of numerical experiments show that the penetration depth for u (z,t) is 5
times less than v (x,t).

4 Conclution

Figs. 1-3, show the results of numerical solution of problem (1) - (3) at p >
max {mj, ma} + 1 corresponding to the case of slow diffusion. At p > max {m;,ma} + 1,
as follows from the asymptotic formulas (10), (14) and graphs, the object moves with a
finite velocity. The depth of penetration of a diffusion wave depends on time and the
wave front (the point at which w (z,t), v (x,t) vanish) for each medium located at the
end point: x, = a®~V/P (T + 1)’ < 0.

The results of numerical experiments show a fast convergence of the iterative process
due to the successful choice of the initial approximation. Thus, the proposed method
makes it possible to solve the problem of choosing a suitable initial approximation.
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YNCJIEHHOE MOJAEJIMPOBAHUE ITPOLHECCA KPOCC

JANODOY3UNUN C HEJIOKAJIbHBIMU I'PAHUYHBIMUA
YCJIOBUAMUN

Ypynbaes 2K. 3.
u-jasur@samdu.uz
Camapxkajckuii 'ocyapcTBeHHBIN YHUBEPCUTET,
140104 ¥Ys6ekucran, r. Camapkan, yji. ¥ HuBepcurerckuii Oyiabsap 15.

B pabore mccienyercss acHMITOTHKA aBTOMOEIbHBIX PEIIeHMI HeJIUHEHHOR Kpoce
nuddy3un CUCTEMBI, CBA3aHHON ¢ HEJIOKAJbHBIMU I'PAHUYHbIME ycaoBusMu. [locTpoensr
pa3/IMvIHbIE aBTOMOJIE/IbHBIE PEIeHUs 3aJa4n JjIsd Caydas MejieHHON auddysum, sB-
JIATOIIHECS aCUMIITOTUKON pereHuit paccmMarpuBaeMoit 3ajaqn. Iloayden riaBHbIN dieH
ACUMIITOTUKH aBTOMOJIEJIbHBIX pelreHuii. {1 9ucaeHHOro uccjieJOBaHus PaccMaTpUBa-
eMOil 3aJ1a9i IPEeJIOYKEH CII0CO0 BBIOOPA ONTUMAJILHOTO HAYAILHOIO ITPUOIUKEHUST JIJIsT
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UTEPAIMOHHOr0 Iporecca. Vcrmoab3ys acuMrnToTndeckne pOpMyJIbl B KA4eCTBE HAYAIb-
HOT'O TPUOJIMIKEHUS I WTEPAIMOHHOIO MPOIECCa, MPOU3BEIeHbl YUCIEHHBIE PACIETHI.
PesynbraThl pacuera BU3yaJJM3UPOBAHBI 110 BPEMEHU U ITPOBEJIEHBI aHAJN3 PE3yJIHTATOB.

Kuarouessbie ciaoBa: kpocc quddysnn, aCHMITOTHKA, HeJIMHEHHbIE TPAHUYIHDBIE YCIOBUS,
HavYaJIbHbIE MPUOJINKEHNs, YNCACHHBIA aHa/In3

HutupoBanue: Ypyrnoaes XK. 5. HucnernHoe MojeaupoBaHue mIporecca Kpoce auddy-
3UM € HEJOKAJbHBIMU TPAHUYHBIMU yesoBusimu // IIpobsieMbl BEIMUCIUTENBHON U TPH-
KyaqHoi Maremarnku. — 2020. — Ne2(26). — C. 133-145.
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VIIK 004

API'YMEHTAIINA KATEI'OPHOI'O OIIMCAHNUA

COXPAHEHUY ITEJIOCTHOCTHU JAHHBIX B BA30BOU
CTPYKTYPE OBJIAYHHBIX NTHOOPMAILIMOHHBIX
CUCTEM

Typcyros H.X.
ntursunov@gmail.com
Hay4YHo-MHHOBAIIMOHHBIA [EHTP WHMOPMAIIMOHHO-KOMMYHUKAITHOHHBIX TEXHOJIOTHI,
100124, Ysb6ekucran, r. Tamkenr, Mupzo-Yiyroekckuii p-on, M-B Bys-2, n. 17A.

Obecnieuenne MeJIOCTHOCTH JAHHBIX B O0JATHBIX WH(MOPMAIMOHHBIX CHCTEMAX TapaH-
TUPYET KOPPEKTHYIO paboTy Bcell cucreMbl B 1esioM. [IpuMenenne abcTpakTHOTO MaTe-
MaTHUYIECKOrO allllapara B BUIE KATErOPUil CO3/IaeT TeOPETUIECKYIO 06a3y It NCCIe0Ba-
HUsl 00eCIeYeHusl eJJOCTHOCTH JaHHbiX. ObecrieveHne Mme;JOCTHOCTH JIAHHBIX ODJIAUHBIX
CHCTEM JIOCTUIaeTCd IIyTeM PENIeHUs MHOXKECTBa 3a7a4, CPeIU KOTOPBIX JOMUHUDPYIO-
UM SIBJISIeTCs ODecliedenne MeJIOCTHOCTH JIOMEHOB, IEJTOCTHOCTH TAOJIUI] U CCHLIOYHOM
[IeJIOCTHOCTH. B cTaTbe 11 peleHns 3TUX 3aJaY paccMaTpUBaeTCs MPUMEHNMOCTh Me-
TOJOB TEOPUM KaTeropuii, a MMEHHO IPUBOJIUTCS apryMeHTallusl KaTerOPHOTO ONNCAaHUsA
3a/1a4 COXPaHEHUS II€JIOCTHOCTH JIOMEHOB, TaOJMUII M CCHIJIOYHON IesocTHOCTU. Kare-
TOPHOE OIMCAHUE MTO3BOJISIET IPEJICTABUTDL OOJIATHYIO0 HH(POPMAIIMOHHYIO CUCTEMY B BHU/IE
JIMHAMUYECKON cucreMbl. B JIMHAMIYECKOIl CHUCTEME B KadecTBe OObEKTA HCCJIe0BAHUS
pPacCMaTPUBAIOTCs TIPOIECCHI B BUJie MOPMU3MOB, B YACTHOCTH MOPGU3MBI B BHJE OTOD-
paKeHuil.

Kuarouessbie ciioBa: obadnast naOpMAIMOHHAS CHCTEMA, KATETOPHOE OIMCAHNE, COXPa-
HEHME IEeJOCTHOCTU JaHHBIX, [EJOCTHOCTH JOMEHA, IEeIOCTHOCTDL TAaOJIUIILI, CCHIIOTHAS
1I€JIOCTHOCTh, MOP(MU3M, OTOOParKeHHeE.

Huruposanue: Typcyrnos H.X. Aprymerraiiust KAaTerOpHOrO ONMMCAHUSI COXPAHEHUS I1e-
JIOCTHOCTH JIAHHBIX B 6a30BOil CTPYKType 00sadHbIx nHopMannonnsx cucreMm // Ilpo-
6J1eMbl BBIMHCIUTEIbHO 1 IpuKIIafHoi MaTeMarukn. — 2020. — Ne2(26). — C. 146-153.

1 Bseaenmne

HeobxoumMbie pecypebl 9/1€KTPOHHBIX OUOJIMOTEK, MAITUHHOTO OOYYeHUd W HUCKYC-
CTBEHHOI'O MHTeJIIeKTa XpaHsarcsa B 6asax manubix (B/I). B/l aBiasercs yrusepcagibHbIM
XpaHUIUIIEM HHPOPMAIUA BO BCEX aBTOMATH3MPOBAHHBIX MH(MOPMAIMOHHBIX CHCTEMAaX.
B nocneanee Bpemst BJI nmpeacrapiisiercst Kak o0JIadHbBIN cepBUC 00/1aUHO# nH(MOPMAIMOH-
Hoit cucremsl (OUC). OUC, kak ojiHa U3 TOCIEIHUX TAPAJIUTM PaCIpe e IeHHO 06paboT-
KW JIAHHBIX, BIUIOTHYIO BXOJAT B Halny »kKu3Hb|l|. Obmadnbie nHOOPMAIMOHHBIE CHCTEMBI
obecreanBatoT JIETKUN U yA0OHBINH JOCTYII K OOIMMM BBITUC/IUTEIBHBIM pPECypcaM depe3
nHTepHeT. B KadecTBe BBIUUC/IATEILHBIX PECYPCOB PACCMATPUBAIOTCS CETH TIePeIadn JTaH-
HBIX, CEPBEPDI, YCTPONCTBA XpaHEHUs JIAHHBIX, IPUKJIa/IHBIE IPOIPAMMBbI, CEPBUCHBIE TIPHU-
JiozkeHus u jip. B obacTtu 00/1a9HBIX BEIYUCICHIH OOJILITMHCTBO IMOCTABIIUKOB YCIYT HE
TOJIBKO TIPEJIOCTABJIAIOT JOCTYI K TIaTdopMaM OOJIAUHBIX BBITHC/ICHUN, HO U CO3/IAI0T
CTeIATN3UPOBAHHBIE CUCTEMBI OOJIATHBIX BBIYUCIEHH, KOTOPbIE OTBEYAIOT TEXHOJIOTH-
YeCKUM U HOPMATHBHBIM TpeboBanusiM 3akazunka. OVC umeror psiyi npenmyiiects|2], a
NMEHHO ITOBBIIIIEHIE TUOKOCTH ¥ CKOPOCTH PearnpoBaHus CHCTEMbBI. 3aTpadynBaeTCsi MEHb-
11Ie BpeMeH! Ha MHUITHAINIO, HACTPOIKY, OTC/IeKIuBaHue 1 (DOPMUPOBAHUE OOJIAIHBIX CPEJI.
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Bosmoxken MOMEHTaIbHBIN 3aITyCK MPUIOYKEHU MTOJIb30BaTe/Id Ha JTIOOON BbIYUCIUTE b
HO#T anmapaTHoi HHPPACTPYKTYPE, a eCJI M0JJ00HOI0 BUPTYAJIBLHOI'O cepBepa HET, TO MOK-
HO CKa4IaTh FOTOBYIO BUPTYaJbHYIO MAIIUHY C YCTAHOB/JIEHHBIM U HACTPOEHHBIM CEPBEPOM
u3 Oub/IMoTeK, 3apaHee MMO/INOTOBJICHHBIX 110 TpeboBaHusaM ojib3oBareseit. [losbimena jo-
CTYIHOCTH MPUJIOXKEHUN 1 obecrieueHa HelPepbIBHOCTL paboThl BUpTyaabHbIX cpeg OUC.
Ucmop30Banne MporpaMMHON HACTPOWKN TIOBBIMIAET yIIPABISIEMOCTb HHPPACTPYKTYPhI
OUC. [Tannas cucreMa COKpaIaeT BpeMs Ha aJIMIHACTPUPOBAHUE CEPBEPOB, 0becTeunBa-
eT OaJIAaHCUPOBKY HAIPY3KH U OIIEPATUBHYIO MUTPAIUIO0 BUPTYaJbHbIX MamuH. [lepevuenn
ee HEJIOCTATKOB OTpazkeH B paborax |3, 4.

Anpom OUC asnsierca B, B nHacrosiee Bpemst Hanbosiee pacipocTpaHeHbI IBa CIIO-
coba paszpaborku OVC. Ilepsrlii criocob — Ha HaUaILHOM dTale paspabaTbiBaeTcsa Da30Bast
dopma OUC, a 3arem ona Tpancdopmupyercs B obadnblil cepBruc. Bo BTopom criocobe
cHavdaja popMupyercs Bujl obJ1aka, a B JajbHelIeM Bce pa3paboTK Pean3yioTcs B 00-
nake [5]. B oboux ciaygasx: u npu paspaborke, u B passéproiBanun OUC- HeobxoqumMo
obecnieunTh coxpanenue 1esoctnoctu nudopmaru B BJ1. IerocTHoCTh JaHHBIX O3HAYA-
et, 9T0 Bce manuble, HakoreHHble B B[ OVC, cobpanbl B COOTBETCTBUN C HEKOTOPBIM
3apanee YCTaHOBJIEHHBIM IPABUJIOM U HE IIPOTUBOpEYAT JAPYT Jpyry. B coBpemenubrx BJI
IIUPOKO UCIOJIb3yercs cucTeMa ynpasienusi B/I pensnuonnoro tuna [6]. Pensanuonnas
MoOJIesIb B pensiinonHoit BJI nmeer coctaB ycTaHOBIEHHBIX HPABUJI I OOeCIIeUeHUs 11e-
JlocTHOCTH JIaHHBIX. [[paBusa ciayxkar /s obecrievdeHus 11eI0CTHOCTH NHPOPMAIIUK B Pe-
sanuonnoit b/1. B kadyecTBe 3THUX MpaBUI MOXKHO pacCMaTpUBATL OrpaHUYeHUE JIOMEHA,
OrpaHUYeHNs TaOJUIBI U CCHIIOYTHOE OTpAHIIEeHNE.

B ¢BsA3M ¢ OTCyTCTBHEM TEOPETUYIECKON apryMEHTAIIUN COXPAHEHU 1EeJTIOCTHOCTU JIaH-
HbIX B 6azoBoii crpykType ONC npemiaraeM KaTeropHoe onucaHne, Kak yHUBEpCaIbHBIH
MeTO/I U3JI0XKEHUsT COXpaHeHus mejgocTHocTr Jganubix B OUC.

B nociteinee Bpemst HabJrio1aeTest TeHACHINS YBEJIMYeHUEe Hay THO-UCCJIEI0BATETHCKIAX
paboT 110 NPUMEHEHUIO TEOPUH KATErOpuil B Pa3IUYIHbIX cdepax eCTeCTBO3HAHUSA, B TOM
qucie TIPU UCCIeI0BaHUN TIpobJieM MHMOPMAIMOHHONW TeXHOJIOTHH. Teopueil KaTeropui
n ee IpUMeHeHHneM 3aHuMaJjiuch Takue ydenble, Kakllasenko M.C., Hlyabreiicbep E.I'.,
[Lnorkun B.1., Jlesuu A.Il., Epmos A.B., Manun FO.W., I'porenauk A., u3 3apybe:KHbIX:
Bucurl., DeleanuA., Adamcul., HerrilichA., StrelkerG., BorceuxF., MacLaneS., RollyG.,
BarrM., WelleCh. u muorue apyrue.

B wacrroctu, pabora [7| mocBsiieHa NPUMEHEHUIO TEOPUH KATErOPUil Jjisi PeleHust
1pobJieM n3 00J1aCTH KOMIIBIOTEPHBIX HayK. Co3/maérest KaTeropusi aJropuTMOB €O 3HAYE-
HUSIMU BXOJIHBIX U BBIXOJIHBIX IlepeMeHHbIX. B pabore [8] aprymenTupyercs npumeHeHue
TEOPUHU KATeropuii BO BCEX HAIIPAB/IEHUSIX COBPpEMEHHON Mmaremaruku. [IpuBomsarcs MuO-
TOYNC/I€HHBIE TTPUMEPHI U3 PA3JIMIHBIX PA3JIE/I0B MaTeMaTUKU, TJe MOXKHO MPUMEHUTH
TEOPUd KaTCTOPUiA.

2 IlocranoBka 3aga4n

Beesiem monsitue kareropun cieayonimM obpasom [9]. Ilycrs 3amano MHOKECTBO 06b-
ektoB K, = {K,,, Koy, ..., Ko, ...} 1 K - MHOKeCTBO MOPGMU3MOB MEXKy 00beKTaMn
K,, te. Ky = {HKO (Ko“ Koj)}, rne Hy, (Koi,Koj) - MOpU3MBI MEXKIy dJIeMEHTAMU
Ko, K, € K,. Torna coBokynnocth Muoxkects K, n K naspiBaerca Kareropuamu K,

€CJIN BBIIIOJIHAIOTCH CJIEYIOIINE YCJIOBUA:
1. VA,BEKO—)HKO(A,B)EKM.
2. Kaxnaprii Mmopdusm u3 K); IpUHAIIEKAT OJIHOMY U TOJLKO OJHOMY U3 MHOXKECTB

Hg, (A, B).
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3. B xmacce K, BBeJieH JacTHBII BHYTPeHHHUII 3aKOH KOMITO3UITUH, T.e. IPOU3BE/IEHTE
a * § mopbusma o € Hy, (A, B) na mopdusm € Hg, (C, D) oupezeneHo torja
U TOJIBKO TOIjIa, Korja o0bekT B cosmajaer ¢ oobekToM C. B srom ciyuae o, €
Hg, (A, D). Kommosuiust MopdusMos accormatuBaa: (« * ) * v = a * ([ % 7).

4. B kaxgom muoxectBe Hp, (A, A) comepxkurcs mopdusm 1,4, Ha3bBaeMbIil TOXKTe-
CTBEHHBIM WJIN eIMHIIHBIM MOPGU3MOM 00bekTa A Takoil, 910 axly = an 1l x5 = (3
st Beex o € Hie (X, A)u f € Hg, (B,Y), tie A, X, Y € K,,.

[Tousitrie Mophusm gBJigeTcss Oojee OOIITUM ITOHSITHEM, O3HATAIOIINM B3auMO/IeiCTBIE
MeKy obbekTaMu. Mopdusm B 3aBHCHMOCTH OT PacCMaTPUBAEMON CHUTYaIldd MOMKET
OBITH COOTBETCTBUEM, OTOOparKEHNEM, H30MOPGMU3MOM, TOMOMOP(MU3MOM U T./I.

Bajiadeil JaHHOW CTATHU ABJISIETCS: OKAa3aTh MPUMEHUMOCTH KATETOPHOI'O OIMCAHUs
JIJISI pelieHns MpobJIeMbl COXPaHEeHUs 1EeJTOCTHOCTH JaHHbIX B 6a30oBoii ctpykType OUC.

3 Metoap! pernienust

3.1 AprymeHTarius KaTerOpHOIO OIIMCAHWs OrPAaHUYEHUs JOMEHa B
pesisittmornHoit B/

OCHOBY peJISIIHOHHO# Mojien 0bpasyeT HoHsTHe «oTHoIIeHne [6]. OTHorerne omnpe-
JessieTcd Kak IMOJMHOXKECTBO JeKapTOBOI'O IIPOU3BeIeHnsT JOMeHOB. JloMeH — 9T0 MHOXKe-
CTBO OIIPEJIEJIEHHBIX OTHOIIEHU. DJIEMEHTY OTHOIIEHUN CBOWCTBEHHBI HEKOTOPBIN ITpU-
3HaK WU cBOiicTBO. B KadecTBe MOpdu3Ma paccMaTpuBaeTcsa 0ToOparKeHue.

[Ipeamostoxkum, 3a1aub! JoMeHbI Dy, Do, ..., D,,. IX nekapToBoe npousseaenne [ ompe-
Jiesistiercst caepyiomum obpazom: D = Dy X Dy X ... X D,,. 3necy D; = {d;,,d;,,....d;, }
nl <i<n Vdé€ D HasbiBaeTCsi KOPTEKOM U3 1 9JIEMEHTOB U OIpeJieisieTcss Kak D =
= {dl,dg, ..,dn}, rue dl € Di, 1 < 1 < n.

Knaccuueckn oTHomenne R B jgeKapTOBOM IpousBejieHnn [ onpejiensercsa Kak R C
D = Dy X Dy X ... x D,. To ecTb OTHOIIIEHUE €CTh MHOXKECTBO KOpPTE:Keii, KOTOPbIE CO-
cTrosaT u3 n 3jaeMeHToB. Ilo Apyromy, ajgeMeHTBI OTHOIIEHUH ecTh KopTexku. KoamdaecTBo
9JIEMEHTOB KOPTEeXKa OIpPeJIesisieT pa3MepHOCTb OTHOIIeHuil. Ecin Koprexk cocTtouT u3 n
9JIEMEHTOB, TO OTHOIIIeHNEe K TOXKe COCTOUT u3 1 37eMeHTOB. [[0CKOIbKY OoTHOIIEHNEe eCTh
MHOKECTBO, TO OHO He JI0JI?KHO UMETh JIBa OJIMHAKOBBIX KOopTexKa. KpoMe Toro, copepiieH-
HO He BayKHO, B KAKOM ITOPSIKE B OTHOIIIEHUU PACIIOJIOKEHbI KopTexKu. B pensanuonnoit B/
OTHOIIIeHHEe yI0OHO IIpeICTaBUTh B Buie Tabauibl. CTosiberr 3Toi TabInuIlbl COOTBETCTBYET
JIOMEHY, a JIOMEH €CTh KOMIIOHEHT JIeKapTOBOIO IIpou3Beienns. KaxKias cTpoka ecTh KOp-
TeXK, JUIMHA KOTOPOT'O COOTBETCTBYET KOJIMYECTBY JTOMEHOB B JEKAPTOBOM ITPOM3BEICHUN.
Tabuma, orobpazkaroiiast OTHOIIIEHIE, UMeeT CJIeIYIONe CBOMCTBA:

1. xaxgasg cTpoka ecTb KOPTEXK, COCTOSIIUN U3 JIEMEHTOB, U KarK/IbIil 3J€MEHT IpH-
HaJIJIE2KUT COOTBETCTBYIOIIEMY JIOMEHY;

2. TOPSAJIOK CTOJIOIIOB YCTAHOBJIEH 3apaHee;

3. MPOU3BOJIbHBIE JIBE CTPOKHU OTIUYAIOTCA JPYT OT JPYTra XOTH ObI OJTHUM SJIEMEHTOM.

[To embicTy onepalnit 00pabOTKM JAHHBIX, KOPTEXKU MOTYT 00padaThiBATHCA B JTIOOOM
nopsizike. [Ipemonoxum, 3ajano oroopaxkenue f : D — N, T.e. orobpaxkenue f oTob-
paxkaeT JIeKapTOBOe Ipou3Bejienne [) Ha MHOXKECTBO HATypaJbHBIX udncesr N. B padore
[10] mokaszano, 4TO Takoe OTOOpayKEeHWE SBIAETCS OMEKTHBHBIM OTOOpaykeHumeM. Buek-
THBHOCTBH OTOOpaskeHust f obecliednBaeT COXpaHEHUe IEJTOCTHOCTH JIoMeHa. Kpome Toro,
JIa GMEeKTUBHOIOOTOOpasKeH!sl CyIecTByeT obpaTHoe oTobpazkenue f !, KoTopoe Tak-
ke apigercd ounekTusHbIM. g f u f~! Bepuo f * f~1 = 14. Orciofa s oTobpaske-
Hus f CyIecTByeT eIuHuYHOe oToOpazkeHue. Terepb ocTaeTcs MOKa3aTh CYIIECTBOBAHUE
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koMmmosuiun orobpazxkennii. [lyers o € Hyg, (A, B), € Hg, (B,C), v € Hg, (C,D).
Dro osnauaer A, B,C,D € K,. Torma (a*f)*xv = ax(*xv) : A - D, wm
(a* B)*xv,ax(8xv) € Hk, (A, D), tne A,B,C,D € K,. Tem camum Bce ycaoBus
KATErOPUU BBITOJTHEHBI.

BuexktuBHOCTL OTOOparkenus f : D — N o3Ha9aeT, YTOCYIECTBYET IIEPBUIHBIH KJTIOT,
KOTOPBIH B3aNMHO OJHO3HAYHO MIeHTU(UIIUPYET CTPOKHU TabJIHIIBI. DTOT KJIIOU TTO3BOJISIET
yCTaHABIUBATH TaKOH MOPSJIOK B TabJIMIlE, UTO €e CTPOKU TOYHO OTIHIAIOTCS JPYT OT
JIpyra,Tak Kak JiBa 3HaYeHUs] HATYPaJIbHBIX YKCeI He COBIIAIAOT.

Obecrrevenne 1eI0CTHOCTH JIOMEHOB O3HAYAET, UTO MexKTabmmanbe cBs3u B B/ pes-
[IMOHHOI'O THUIIA HaJEXKHBIEB CTPOrO olpejesieHHOM mopske. ObecriedeHne Me0CTHOCTH
nmaHHBIX B B/l mocTaTouHO cepbe3Has m CIOXKHAsT 3ajada. ApryMeHTaIs KaTeropHOro
OIMCAaHKUS O3HAYAET, 9TO K JAHHOMY HAIIPABJIECHUIO MCCIEJOBAHNUS MOYKHO IIPUMEHUTH Me-
To/IbI Teopun Kareropuu [11].

3.2 ApI‘yMeHTaI];I/IH KaTeropHoro ommmucCaHmnud orpaHnvyeHumnda TaGﬂHHbI

OiHUM U3 BHYTPEHHUX OTPaHUYEHUIl MEJTOCTHOCTH JAHHBIX SBJISETCS IEJOCTHOCTD
BCeil TaOJ/IUIBI, T.e.KaKJasg CTPOKa TaOJUIIbI JIOJIZKHA ObITh yHUKa bHOH. Ecim orHOCH-
TeJIbHO TaOJIMITBI IPUMEHUTH 9TO OTPAHUYEHHE, TO KayKJiasi CTPOKA TaOJIUIIbl YHUKAIbHBIM
obpa3oM uIeHTUPUIUPYETCS.

st Toro 9To0BI 38/1aTh 1EJTOCTHOCTH BCEl TAOJIUIBI, BO BPEMsI €€ CO3JaHusi HeoDXO-
JINMO OIIPEJIe/INTh OJUH CTOJIOEI] MJIM TPYIITY U3 HECKOJbKHUX CTOJOIOB B KAJeCTBE Iep-
BUYHOTI'O KJIIOYa. Y HUKAJIHHOE 3HAUEHUE KJIIOUEBOTO I0JIs JIOJI?KHO YIaCTBOBATH B KarK 10
CTPOKE TaOJIUIbI. DTO 3HAYHUT, UTO KaKJ/iasi CTPOKa MMEET YHUKAJIbHOE 3HAYCHHUE ITepBUY-
HOTO KJIo4a. e nMeeTcst C/I0XKHBIA KJIFOU, TO CTPOKA JOJKHA UMETh I'PYIIILY 3HATEHHT
CTOJIONOB. 3HaYeHue KJo4eBoro mojs He moxker ObiThb NULL. Ta6suna Mozker MMeTh
TOJIBKO OJIMH TEePBUYHBIN KJI04U. BO MHOrmX c/iydasx MpOrpaMMUCTBI JIOJIZKHBI YIUTHI-
BaTh UCIOJb30BaHUE MEPBUYHBIX KJIOYeH Japyrux Tad/uil. i 9Toro mporpaMMucT IIpu
COBJIAHUY TaOJIUIBI BBOJIUT JPYTOil aJbTepHATUBHBIN WU YHUKAIbHBIN K0, AJTbTepHa-
TUBHBIE U YHUKAJbHDBIE KJIIOUYM MOT'YT OBITH ITEPBUYHBIME KJIIOUYAMU B CBOUX TaOJIUIAX.

JL1g apryMeHTaIUM 1IeJIOCTHOCTH TaOIUIbI B pesainoHHbIX B /I mocTynuM ciie tyommm
obpazom. Ilycts S1, 95, ...,.5, - cToiOIBI pensimonHoil Tabymnel, a S = 57 X Sy X ... X
X Sy, - IEKapTOBOE MTpOM3BeIeHne 3TuxX cTosaonos. s g : S — N orobpaxkenne, KOTOpoe
oToOpakaeT JIeKapTOBOE IIPOU3BE/ICHNIE Ha MHOXKECTBO HATYPAJIbHBIX Yuces. B aTux npe/-
TIOJIO’KEHUsIX BEPHO Cllejiytolee yTeep:Kaenue: (n* p) * 7,m % (n* 1) € Hy, (ST, S%).

YT1BepxKaeHue. /a4 mozo 4mobv, obecnevums 4es0CmHOCMD 3HAYEHUT Mabiuybl S,
omobpasicenue g JONHCHO ObiMb OUEKMUBHDIM.

HokazarenbcTBo. Bo-nepewx, Vs € S, s = {s1,82,...,8,},% € Si,1 < @ < n,
dm € N = m = g (s). To ecmv omobpasicenue g - UNBEKMUBHOE 0MOOPANCEHUE, NOTOMY
Ymo mabauya S cocmoum u3 MHONCECMBA KOPMENHCET U OAf N100020 KOPMENCH MOHC-
1o Hatimu coomeememeyowee Yucao u3 muosicecmea N. Bo-emopwix, das Vst s? € S
u st # 52 = my = g(st) # my = g(s?). To ecmv omobpadicenue g - cropsermue-
HOE 0MOOPAANCEHUEL, NOMOMY 4O MADAULG COCTNOUM, U3 MHOACECNEa Kopmedicel, u 06a
NPOU3BONOHBIL KOPMENCA OMAUNAGIOMCEA OpYye om dpyea xoms 6v. 00num aaemenmom. Ilo
C80TUCMBY PEAAUUOHNBIT 03 DGHHBLT, 68 MabAUYE CMPOKU € COBNAJUIOUUMY 3HAYEHUAMU
He MooHcem Ovbimo.

N3-3a MHBEKTUBHOCTH U CIOPbEKTUBHOCTU OTOOPAXKEHUA ¢ CJIeIyeT ee OMEeKTUBHOCTb.
VTBep:KjieHre g0Ka3aHo. BaykHoe CJIeJCTBUE ITOI0 yTBEPXKJIEHUsI B TOM, UTO B TabJIU-
1€ OIpEJIe/IsieTCsl TIEPBUIHBIN KJIIOY, ¢ IIOMOIIBIO KOTOPOI'O YCTaHABINBAETCS HOPSIIOK B
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TabJIMIe. DTOT YCTAHOBIEHHBIN MOPSIJIOK OTBEYAET 38 COXPAHEHUE IEJIOCTHOCTH 3HAYEHU
TaOJIAIIGI.

HanbHeiinee paccyzKieHne aHaJOIHYHO COXPAHEHHIO IIeJIOCTHOCTHU JoMeHa. s Ouek-
THBHOTO OTOOPAsKEHNS CYMIECTBYET 0OPATHOE OTOOPAKEHIE ¢ 1, KOTOPOe TaKKe ABJIACTC
ouekTusHbIM. [1a g u g~! Bepno gxg~ = 14. OTciona ji/1st 0TOOpazKeHns CyIecTBYeT e/1i-
HUYHOE oToOpazkenue. Temepb ocTaeTcs MOKA3aTh CYIIECTBOBAHIE KOMIIOZUIMHA OTOOPayKe-
unit. [lycre ) € Hy, (S, 5%), p € Hg, (S2,5%), 7 € Hg, (S,5%), tne S? - i-it 06beKT U3
MHOYKecTBa 00beKToB K,. 1o oznauaet, uto C' = N; x Nyx, ..., x N, S 52 53 5% c K,
Torma (n*p) *7=nx*(n*7): St — St wmm (nxp) x7,nx (n*7) € Hg, (S1,5%), te
S1,62,83, 5% € K,. DTH BBIKIAJIKHA TO3BOJIAIOT YTBEPKIATh, UTO U 376Ch IPHIMEHIMEI
METO/IbI TEOPUN KATEIOPHUH.

3.3 AprymeHTarius COXpaHEHHsI CChLJIOYHOIO OrpaHUYEeHHUsI UJIN CChLJIOYHOMN
IIeJIOCTHOCTH JIAHHBIX B pesigainoHHbIX B/l

[HeocTHOCTH COXpaHEHUs TAHHBIX - eIle OJHO SJeMEHTapHOEe IPaBUJIO CTaHIapT-
HO# Mozen goBepusi. LleIocTHOCTE accoIuaIiu OpeaessieT CBA3b MEXKYy pa3IunIHBIMI
crobIaMu TabnIel 1 Tabsmieil pensiunonnoil B/, 9To nMs mporcxXoauT OT CCHLIKN WIH
COBITQ IEHUSI CO CTOJIOIIOM 3HAYEHMsI CTOJIONA WM ¢ HECKOJbKUMU cTojbmamu. Ilpu omm-
CaHUU TEJIOCTHOCTHU CCBLIKH BCTPEYAETCsT Psijl HOBBIX TepMuHOB. Crosiber (nmm cTosorp),
KOTOPBIN CBI3BIBACTCS C APYroi Tab/IuIeil, Ha3bIBAETCs BHEITHUM KJIIOYOM. B sTOM ciry-
gae cTosIberl JOKeH ObITh POIUTETLCKAM KIIIOYOM (UJIU MEPBUYHBIM, WU YHUKATHHBIM
KJIOUOM ), KOTODBIA Halpapisier Tabauily B Apyryto Tabsmiyy. BHerHuii Ko uin pac-
IIpeHne HaXOIUTCs B TaOJINIle, a HACIEICTBEHHBIN K/ HAXOAUTCS B HaCJIEICTBEHHOI
Tabsuie. Eciim mponcxoxkieHne u BHEITHUN BHJ HAXOJATCHA B IIPEJIEaxX OTHON TabJIUIIbI,
9TO HA3BIBAETCS 3AKPBITON CBS3BIO (CAMOCTOSITEIBHOCTBIO ).

Aprymenranus obecriedeHnst CChIJIOYHOM IeIOCTHOCTHU B pessiinonnoit BJI 6azupyercs
Ha TOHATUU «OTHOIIeHHey». OTHOIIEHNS eCTh MOJMHOYKECTBA JIEKAPTOBOIO ITPOU3BEICHUS
JoMeHoB. JloMen mpejcTaBiisier coboit HEKOTOPOEe MHOXKECTBO 9JIEMEHTOB, U 9JIEMEHTHI JI0-
OaBJISIFOTCST B 9TO MHOYKECTBO B COOTBETCTBHUU C 3apaHee OIIpeaeeHHBIMI CBOHCTBAMI.

Homycrum, 3agannt jjomensl Ni, N, ..., N, n ux jgekaproBoe mnpoussejienue C' orpe-
nenstercs B Bugie C' = Ny X Nox, ..., xN,. 3necs C; = {ciy, iy, ey Cin }, T 1 < 0 < 1
Ve € C' HasbIBaeTCss KOPTEKOM U3 1 9JIEMEHTOB U JIJIsl HErO BEpHO ¢ = {¢1, Cay .oy Cp }, C; €
C;,1 < i < n. Beogurea nonsrue ornomenus R kak R C C = C; x Cy x ... x C,,.
To ecThb oTHOIIEHNE €CTh MOJAMHOXKECTBA JIEKaPTOBOIO IIPOU3BEIEHUS JTOMEHOB U SIBJISIET-
¢ MHOYKECTBOM U3 M-MEpPHBIX KopTexkeil. Konm4uecTBO 3/1eMEHTOB KOpPTeXKa, Olpeieider
KOJIMIECTBO 9JIEMEHTOB OTHOIeHus1. B pensnnonoit Bl orHoIeHne mnpegcrapisgercs B BU-
nie Tabsuibl. CToJ1oerr 9Toi TabIUITBI COOTBETCTBYET JJOMEHY, SIBJISIONIEMYCsT KOMIIOHEHTOM
JIEKApTOBOrO Ipon3BeieHns. Kark1as cTpoKa eCcTh KOPTEXK, JJINHA KOTOPOTO COOTBETCTBY-
€T KOJINYeCTBY JIOMEHOB. Tak KaK OTHOIIEHHE - 9TO MHOXKECTBO, TIO9TOMY HeE JIOYCKAIOTCS
JIBa OJIMHAKOBBIX 3jieMenTa. BejeM orobpaxkenue 0 : C' — Ni X Ny X ... X N,,. OHO 0T00-
pakaeT JIeKapTOBOe IMPOU3BEJICHNE JOMEHOB Ha JeKapTOBOE IMPOU3BeIeHNEe HATYPAJIbHBIX
qucesi. /g kaxaoro N; JT01KHO OBITH BEPHO O0TOOpaKeHue ¢ : C’f X C; X ... X Cfl — N;,
rie C’,i - JIOMEHBI IIePBUYHOI TabuIbl, a [N; - MHOXKECTBO 3HaUEHUI BHEIIHEero KJjoda. B
CBOIO Ouepejib, N; eCTh IIePBUYMHBIN KJTI0Y JIJTst TabJIuI, T1e yaacTByoT gomensl Cf. 31ech
1 < k < n. U3 stux paccy:KJIeHuil cjieyer, YTO0 BEPHOCTHL OTOOparKeHusl 0 sIBJISAeTCs
rapaHTOM CCBHIJIOYHON IEJTOCTHOCTHA B TaO/IHUIAX peassinoHHHBIX BI.

OtHoit 3 Hambostee BaxKHBIX (DYHKIMIT pessinnorHoit B/ sBistercst criocobHOCTh B3au-
MOCBSA3aTh JIPYT C JIPYTOM JIaHHbIE Pa3HBIX TAOJINAI] U 00ECIIEUNTh IPUMEHEHNE CChLIIOTHO
IIEJIOCTHOCTH JaHHBIX B 6asoBoii ctpykType OUC. Cepsep yupasienus pesnsamnuonnoit BJ1
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9P HEKTUBHO XpAHUT JaHHBIE OJIArogapsi BOSMOKHOCTH B3aWMOCBSI3aTh JTaHHBIE Pa3/Ind-
HBIX TabJINIL. DTa OIS yMEHbIIaeT IepernoiHeHne Janubix B Tabaunax b/l. Ypesmeproe
KOJIMIECTBO MH(MOPMAIIUKA U OTCYTCTBUE JAHHBIX B TaOJIMIAX BBI3BIBAIOT IIPOOJIEMY HApY-
IIEHNUS [IeJIOCTHOCTH JAHHDIX.

Ccplto9HAas MEJIOCTHOCTh TapaHTUPYeT, 9TO KarK0e 3HaUYeHNe BHEITHErO KJI09a COOT-
BETCTBYET 3HAYEHUIO HACIEICTBEHHOI'O KJIfoda. TakuM 0Opa30M, CChLIOYHAsT IIEJIOCTHOCTH
HE TOJIBKO OIIPeJIesIsieT MOTeHIINaIbHbIEe 3HAUYEHIST BHEIITHErO KJII04a, a TaKxKe 00ecievunBa-
eT IeJOCTHOCTb MAHUIIYJIANNI P BBITOJHEHUN OI€paIldii ¢ HACJIEICTBEHHBIM KJIFOUOM.
Hampumep, mycrs B HEKOTOPOIT TabJINIIE 38 Iaf0TCA JIBa OTPAHUIEHHUS CChLIOYHOMN 1eJI0CT-
noctu. [lepBoe cebltouHOE Orpannyenue - 3To odpallenue K JIpyroit TabJmie, KoTopoe Je-
pe3 IpUJIoKEeHHe 00ecIiearnBaeT KacKa/Hoe YIaJIeHHe 3TOW CChLIOYHON IeJIOCTHOCTU. DTa
orepaliisg He MOXKeT ObITh BBINTOJIHEHA,TaK KaK JjIs VAAJEHUs CTPOKH, COOTBETCTBYIOIIEH
HACJIeCTBEHHOMY K01y, HEOOXOIUMO YIAIUTh BCE CTPOKH, CBI3AHHBIE C KJIIOUIOM ITOTOM-
Ka.

OTobpakeHue JIOMEHOM CaMOro cebsi COOTBETCTBYET TPEOOBAHUAM €JIMHUIHOTO MOP-
dusma. Enuananoe orobpaskeHne He MeHsieT CTPYKTYPbI joMeHa. Kommosuims oTobpa-
JKeHII oIpeieisieTcs caeayomumM obpasom. Eciu paccMarpuBaTh JOMEH KaK MHOYKECTBO,
To juist 1BYyX MHOXKecTB A u B nion Hy, (A, B) oOHUMaeTcst MHOKECTBO BCEX OTOOpazKe-
Huit A BB, a moj kommosuipeii ¢ x ¢ - ob6bluHasg KoMnosuiust orobpazkenuii [9]. B arom
cnydae Ko n Kj; coBMeCTHO 00pa3yloT KaTeropuio. SHAUNUT, KATETOPHBIN TOJIX0JT U JIIs
HCCJIEIOBAHUS 00eCIIeYeHsI CChLIIOUHOM MEeJIOCTHOCTH TaKyKe MPUMEHHIM.

4 BrIBoJbI

Takum obpas3om, B JaHHOI cTaThe pacCMOTPeHa apryMeHTHPOBAHHOCTH KATErOPHOTO
OIMCAaHMUS COXPaHEHHUsl IeJIOCTHOCTH JIaHHbIX B OazoBoit crpykType OVC. Aprymenrarus
IIPOBOJUTCA B OCHOBHBIX TPEX KJ/IIOYEBbIX HalIpaBJICHHUAX COXPaHCHHA IMEJIOCTHOCTHU daH-
HBIX: COXPaHEHUe IEeJIOCTHOCTU JIOMEHOB, COXPAHEHUE MEJTOCTHOCTH TaOJIUIBI U COXPAHe-
HIIEe CCBLIOYHOM I1eocTHoCTH Tabauibl B/1 pensinonnoro tuma. 3 m310:KeHHBIX BBIIIE
paccyKIeHuil 1 JIOKa3aHHBIX YTBEPXKIEHUI JleslaeM ciemyionme BuBoabl. LlesocTHOCTH
nomena rapantupyet, uro b/l OUC wne comepxkut GeccMbiciieHHbIX jaHubIX. CiemoBa-
TEeJbHO, 3HAYEHUs B CTOJIONE eCTh 3HAYeHUs CTOJIONA JOMEHA, T.e. 00pa3yeTcd MHOKECTBO
BO3MOXKHbBIX 3HA4YEHUN JOMEHa. ILPYFI/IMI/I CcJioOBaMu, CTPOKa Ta.6JH/H_[bI HE BKJIIOYa€CTCd B
TabJINILY, €CJIM KarKJIbIil 9JIEMEHT CTPOKHU HE MPUHAJJIEKUT COOTBETCTBYIOIIEMY JTOMEHY
crosibnia. Kpome Toro, 3HaveHust B TabJinIie JOJKHBI OTJIMYATHCS, 110 KpailHeil Mepe, Jist
OJIHOT'O 3JIEMEHTa, 9TOObI 00ECIIeYUTh IEJTOCTHOCTD JoMeHa. To ecThb 3alperiaeTcsa UMeTh
noBTopstomnuecs crpoku. ObecredeHue MeJJOCTHOCTH JIOMEHOB O3HAYAET, UTO MeXKTab/Imd-
HBIC CB4A3U B BIL PEAANMOHHOIO THUIla HaJdE?KHbIC U HaXOAATCdA B CTPOI'O OIIPEJICJICHHOM
MIOPSAJIKE.

Jl1st coxpaneHnus 1EJI0OCTHOCTU Beell TaOJIUIbI HEOOXOIMMO OIIPEJIE/IUTh OJIUH CTOJIOEI]
WJIA I'PYIIITY HECKOJIbKUX CTOJI6HOB B Ka49€CTBE IEPBUYIHOT'O KJIIOYa. yHI/IKaJH)HOG 3Ha4dYCHUE
KJIFOUEBOTO CTOJIONA JO/IZKHO OBITH BKJIFOUEHO B KAXKJIYIO CTPOKY CIEIHaTbHBIM 00pPa30oM.
DTO 0O3HAYAET, YTO KarKJas CTPOKa JIOJ’KHA WMETh YHUKAJIbHOE 3HAUeHUe MePBUIHOTO
KJo49a. Ecam y Bac ecTh CIOXKHBIN KJII0Y, TO B 9TOM CJIy9dae CTOJOIbBI JOJIXKHBI NUMETh
IPYIILY 3HAYEHUI.

Obecneuenne CChIIOYHOM MIETOCTHOCTH JTAHHBIX SIBJISETCSA OJHIUM U3 CTAHIAPTHBIX IPa-
BIJT ODeCIIedeHnsl MeJJOCTHOCTH JaHHBIX. CChITOTHAS 1IEJIOCTHOCTH HE TOJIBKO OMpeIesseT
[OTEHIINAIbHBIC 3HAUECHNsT BHEITHEI'O KJII0Ya, a TaKKe 00ecednuBaeT MeJJOCTHOCTh MaHuU-
MYJISIIAN TIPU BBITIOJIHEHUU ONEPAIIA ¢ HAC/IEICTBEHHBIM KJTIOUOM.
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[To cytu, B OVC npoucxoagaT AuHAMIIeCKHe TPOIECCH ¢ MTUPOKNM MaCIITaOMPOBaHU-

eM u Bupryasuzarueii. C MOMOIIBIO KaTErOpHOTO MOJIX0/a UCCICTOBAHBI JIMHAMIYICCKUE
nporiecckl B OVC ¢ akieHTOM Ha obecriedeHne COXpaHHOCTH TeJI0OCTHOCTHU JTaHHbIX. KaTe-

POPHBII 110/IX071 TI03BOJIN paccmaTpuBaTh KomionenTbl OVIC Kak MHOXKECTBO €O CTPYK-
Typoii. MHOXKeCTBO CO CTPYKTYpOil B 3aBUCUMOCTU OT OIlepaIlnii, BBEJEHHLIX B HEM CO-
371aeT aaredbpy, Koropeie omucbiBaioT cBoiicTB OMC. Tem caMbIM, 9TOT TOIXOJT TTO3BOJISIET
npuBsed K uccsenoBannio csoiicts OUC pasBuThie METOBI YHUBEPCAJIBHON ajirebpbl u
SIBJIIETCS] CBOEOOPA3HBIM MOCTOM B 9TOM HAIPABJICHHH.
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Ensuring data integrity in cloud information systems ensures the correct operation
of the entire system as a whole. The use of an abstract mathematical apparatus in the
form of categories creates a theoretical basis for the study of data integrity. Ensuring the
integrity of data in cloud systems is achieved by solving many problems, the dominant of
which is ensuring the integrity of domains, table integrity, and referential integrity. To
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solve these problems, the article discusses the applicability of category theory methods,
namely, the argumentation of the categorical description of the problems of preserving the
integrity of domains, tables and referential integrity is given. The categorical description
allows you to imagine a cloud information system in the form of a dynamic system. In
a dynamic system, processes in the form of morphisms, in particular morphisms in the
form of mappings, are considered as an object of study.
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O6 uzganun

Hayunbrit xxypuas «IIpobemMbl BBIMUCTUTE/IHHON W IIPUKJIATHON MATEMATUKI» OCHO-

BaH B 2015 romuy.

Caugerenbctso o peructparuun CMU 3a Ne 0856 Boiiano 5 aBrycra 2015 roga Y306ek-

cKUM ATEHTCTBOM TI0 TIeYaTH U UH(POPMAIIIH.

[lepuogmanocTs BbIXOJIA — 6 BBIITYCKOB B T'OJ.
TemaTuka KypHaJia BKJIIOYAET B ceOs CJIeIYIONIIEe OCHOBHbBIE HAITPABJICHUS:

— MaTeMaTU4decKoe MOJIe/IUpOBaHne (DU3NYIECKUX, TEXHUYECKUX, OUOJIOTMYECKUX WU
COIMAJILHO-3KOHOMIYCCKUX CUCTEM;

— BBIYHCJ/IMTCJ/IbHaA MaTEMaTHUKa W YHUCJI€HHBbIE METOAbI JIJId PpEHICHHA ITPUKJIaIHBIX
3a,/1a4;

— pemenue O6paTHbIX 1 HEKOPPEKTHO ITOCTaBJICHHbIX 3a/a4;

— MHTEJUIEKTYaJbHBIN aHaIu3 JaHHBIX, PAaclio3HaBaHue 00pa30B U 00pabOTKa M300pa-
JKEHUM;

— HMCKYCCTBEHHBIN MHTEJIJIEKT U TEXHOJIOTHH 00paboTKu 6a3 3HaHUIi;
— TEXHOJIOTHUH ITapaJiJICJIbHBIX U pacCIIpeJe/JIeHHbIX BquI/ICJIeHI/Iﬁ;

— TEXHOJIOI'MU IIPOrPAMMUAPOBAHNUSI.
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